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Determination of Thermal Diffusivity by 
Transient Analysis of Spherically Shaped 

Metal Specimen 

ELISEOP. VILLANUEVA 

Abstract 

The partial differential equation that governs the conduction of heat is ap 

plied to a spherically shaped specimen. The solution to the equation was derived 

with the assumption that the surface heat resistance is negligible compared with 

the body heat resistance and that the body does not generate heat. The solution is 

an equation with time and thermal diffusivity as the independent variables and 

temperature as the dependent. The equation is to be used for the determination of 

thermal diffusivity with known values of time and temperature. A computer pro 

gram was generated for the numerical calculation of the thermal diffusivity and 

its accuracy was investigated. 

Introduction 

hen a solid body is suddenly immersed into an environment of dif 

ferent temperature, some time must elapse before an equilibrium 

temperature condition prevails in the body. The equilibrium condi 

tion is referred to as the steady state and the interim period before equilib 

rium is established as the transient heating or cooling process. In the tran 

sient or unsteady state, the analysis must take into account the change in 
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internal energy of the body with time and boundary conditions must be ad-
justed to match the physical situation that is apparent in the unsteady heat 
transter problem. The property of a material that indicates its ability to cho 
internal energy with time is thermal diffusivity. It is defined as thermal con 
ductivity divided by the product of the specific heat and density. It reflects 
the ability of the material to conduct thermal energy comnpared to its ability 
to store thermal cnergy. Materials with a large thermal diffusivity respond 
quickly to changes in the thermal environment. Once the thermal diffusivity 
is determined, the thermal conductivity may be calculated after measuring 
the specific heat assuming that the density has been determined. 

Objectives of the Study 

The objectives of the study are the following: 
1) to derive a solution to the general heat conduction equation of a case 

where the boundary conditions and assumptions can be possibly per 
formed experimentally; 

2) to generate a computer program that can numerically determine the 
thermal diffusivity from a set of temperature and time elapsed data 
obtained by transient heat transfer experiment; and 

3) to evaluate the reliability and accuracy of the numerical calculation. 

Review of Related Literature 
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The heat flow in a body of homogeneous material is governed by the 
heat transfer equation (Holman, 1997) in rectangular coordinates shown be 

low: 

8'u 'u 
+ 
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where: 

= thermal diffusivity 
= temperature 

Analysis 
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= time 

= thermal conductivity 
= energy generated per unit volume 

The above equation can be transformed into either in cylindrical or 
spherical coordinates form by standard calculus techniques (Wylie, 1982). 
Solutions to the conduction heat transfer partial differential equation may be 
solved in situations where appropriate boundary and initial conditions are 
applied. The numerical evaluation of the solutions is done by employing 
available numerical methods (Chapra, 1998). 

Equation l is applied to a situation where a body at a certain tem 
perature is suddenly immersed in an environment of different temperature. 
The temperature variation with respect to time is then deternined. 

In solving equation 1 the following assumptions are applied: 

I) the shape of the body to be analyzed is spherical with radius R; 
2) the body is made of a homogeneous material: 
3) the temperature of the surrounding environment does not change with 

time; 
4) the surface heat resistance is negligible compared with the body heat 

resistance; 

5) the body does not generate hecat; and 
6) the body is initially at a uniform temperature 

The above assumptions are based on the premise that they can be 

possibly applied in an experimental set-up. 
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Equation l is solved by first transtorming it into a spherical co0rd; 

nates form. The transformed equation is shown below: 

Ou 
+ 

2 Ou 

r'sin 

r ôr 

Applying the above assumptions, equation 2 after rearranging becomes 

O sin 

The boundary and initial conditions are 

, for 0 <r<R 

Ou 

a) as r’R, u ’ u, , for 0<t 

a) 
b) as t’0* 

b) as t’0*, u Uo for 0 <rsR 

u= 

+ 

The above conditions can be translated to another reference point by 

letting u =u- u, resulting to 

as r’R, u ’ 0, for 0<t 

Substituting it into equation 3 with 
Ou 

ôr 

r' sin' 0 Og' k 

and after simplifying would result to 

Equation 3 can be transformed into a simpler form by changing the depen 
dent variable to 

r Or 
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(2) 

O'u la'v 2 O 
r or' r' or 
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where the boundary and initial conditions are 

a) as r’R 

B= 

By the method of separation of variables 

b) as t’0* 

R 

Then v= exp- hB B sin Bp 

n=l 

B, = 

ve op-i'p'4cospr + Bsinßr] 

Applying the boundary conditions; when r’R 

0= B sin r exp-h° p), sin Br =0 

v=Xexp 

Substituting ß would result to 

V’0 , for 0 <t 

R 
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V’ ur - u,r 

When r =0, 0= expl- h°B'1[4+0]: thus A=0 

n=1,2,3,4.,.... 

hnn 

R 

Sin 

2Rlu,-Ml(-1 

B, sin 

nT 

nn 

R 

for 

Applying the initial condition, t ’0* , v’u,r- u,r and using Fourier series 

then 

(4) 
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Substituting into the equation for v and solving for u knowing that vur would result to 

u= 

u = u, t 

u=u, + 

hnn 

2R\u, -u)) 

Since u =u-u, then the final form of the equation for u would be 

-exg 

R 

ex 

R 

Sin 

hnn ) 

The temperature at the center of the sphere, i.e., r0, can be determined by rearranging 
equation 6 and expanding the term sin 

R 

u, =u, +2(uo -u -1) exp 

nn 

R 

nn 

sin R 

r. resulting to the folowing: 
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3 R 

(6) 

5! R 

Atr=0 the cquation for the center temperature of the sphere at any time t will be 
(7) 

The above equation can be used in the determination of the thermal diffusivity 
h.A computer program applying the incremental and bracketing techniques 
in numerical calculation is generated in order to determine it. 

The accuracy of the numerical calculation of the thermal diffusivity is done 
by first calculating the center temperature u, given the values of the elapsed 
time t, thermal diffusivity h', initial temperature u,, and surrounding toi 
peratureul using equation 7. With the obtained values of the center tempela 
tures and the elapsed time and using the same values of the other variables, 
the values of the thermal diffusivity are then calculated applying the numeri-
cal techniques. The results of the numerical calculation are then compared 



Junc 2000 ELISEOP. VILLANUEVA 

center temperatures. Theoretically, the values should be equal. If there are 
with the values of the thermal diffusivity used in the determination of the 

differences, then, they can be attributed to errors in the numerical calcula-tion. The errors in percentage are determined as the calculated value minus 
the exact value divided by the exact value times one hundred. 

Results and Discussion 

The calculation of the center temperatures is based on the 
following data: 

Radius of sphere =.02 m 
Initial temperature of sphere = 30 °C 
Surrounding temperature = 200 °C 

The materials to be used are aluminum (pure), cast iron (4% C), and stain 
less steel (AISI 302) that have values of the thermal diffusivity equal to 9.71 
e-5 m²/s, 1.67e-5 m²/s, and 0.39le-5 m²/s respectively (Hagen, 1999). The 
materials represent the relatively high to relatively low values of the thermal 
diffusivity of metals. 

Tables 1 to 3 show the results of the calculation using equation 7 and 
the numerical method of determining the thermal diffusivity. The errors are 
also indicated. It can be observed that there are some calculated values which 

are not indicated. It means that the numerical calculation does not yield any 

result during the iteration process. The computer program is designed in such 

a way that, for a given acceptable accuracy, it will only iterate within a de 

fined maximum number of iteration and will proceed to the next set of time 

and temperature data even if no result is obtained. The maximum number of 

iteration used is 10,000. 
Figures 1 to 3 show the plots of the numerical calculation of the ther 

mal diffusivity as compared with the exact values. 
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Table 1. Results of the calculation using equation 7 and the numerical method of determining the thermal diffusivity v for pure aluminum 
Time (sec.) 

0.5 
1.0 
1.5 

2.0 
2.5 
3.0 
3.5 
4.0 
4.5 

5.0 

Time (sec.) 

1.0 
2.0 
3.0 

4.0 
5.0 
6.0 

7.0 
8.0 
9.0 
10.0 
11.0 
12.0 

material. 

13.0 
14.0 
15.0 

Center 

Temperature 
(°C) 

100:1975 

169.0523 
190.6527 
197.1788 
199.1485 
199.7430 
199.9224 
199.9766 
199.9929 
199.9979 

Center 
Temperature 

(°C) 

32.35539 
63.25083 
103.6503 
135.055 

156.7694 
171.3271 
181.0024 
187.4167 
191.666 
194.4805 
196.3445 
197.579 
198.3967 
198.9381 

Calculated 

199.2967 

Thermal 

Diffusivity 
(ms) 

9.702246e-5 

Table 2. Results of the calculation using equation 7 and the numerical method 
ofdetermining the thermal diffusivity for cast iron (4%C) material. 

9.702246e-5 
9.702246e-5 
9.603996e-5 
9.603996e-5 
8.835998e-5 
8.099999e-5 
7.39600 le-5 
6.72400le-5 

Calculated 
Thermal 

Diffusivity 
(m'/s) 

1.670765e-5 
1.670765e-5 

1.670765e-5 
1.670765e-5 
1.670765e-5 
1.670765e-5 
1.670765e-5 
1.670765e-5 
1.670765e-5 
1.670765e-5 
1.680999e-5 
1.680999e-5 
1.680999e-5 
1.680999e-5 

Exact Thermal 
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Diffusivity 
(m/s) 

9.7le-5 
9.7le-5 
9.7le-5 
9.7le-5 
9.7le-5 
9.7le-5 

9.7le-5 

9.7le-5 

9.7le-5 

9.7le-5 

Exact Thermal 

Diffusivity 
(m'/s) 

1.67e-5 

1.67e-5 
1.67e-5 
1.67e-5 
1.67e-5 

1.67e-5 
1.67e-5 
1.67e-5 
1.67e-5 
1.67e-5 

1.67e-5 
1.67e-5 
1.67e-5 
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1.67e-5 
1.67e-5 

Error (%) 

-0.07986 
-0.07986 
-0.07986 
-1.0917 
-1.0917 
-9,00105 
-16.5809 
-23.8311 
-30.7518 

Error (%) 

0.045808 
0.045808 
0.045808 
0.045808 
0.045808 
0.045808 

0.045808 
0.045808 
0.045808 
0.045808 
0.045808 
0.045808 
0.045808 
0.045808 
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Table 3. Results :of the calculation using equation 7 and d the numericul method of determining the thermal diffusivity for stainless steel (AISI 302) 
Time (sec.) 

1.0 
2.0 
3.0 
4.0 
5.0 
6.0 

material. 

7.0 
8.0 
9.0 
10.0 
11.0 
12.0 
13.0 
14.0 
15.0 
16.0 
17.0 
18.0 
19.0 
20.0 

thermal diffusivity 

Temperature 
(°C) 

30.00003 

Center 

30.00389 
30.2226 
31.62183 
35.21092 
41.15746 
48.99106 
58.04765 
67.72136 
77.5469 
87.2006 
96.47401 
105.2439 
113.4464 
121.058 
128.0809 
134.5338 
140.4448 
145.8474 
150.7769 

0.00015 

0.0001 

0.00005 
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100 

Calculated 
Thermal 

Diffusivity (m'is) 

3.912978e-6 
3.912978e-6 
3.912978e-6 
3.912978e-6 
3.912978e-6 
3.912978e-6 
3.912978e-6 
3.912978e-6 
3.912978e-6 
3.912978e-6 
3.912978e-6 
3.912978e-6 
3.912978e-6 
3.912978e-6 

200 

temperature 

Exact Thermal 
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Diffusivity (m/s) 
3.91e-6 
3.91e-6 
3.9le-6 
3.9le-6 
3.91e-6 
3.9le-6 
3.91e-6 
3.9le-6 
3.9le-6 
3.9le-6 
3.9le-6 
3.9le-6 
3.91e-6 
3.9le-6 

TEMPERATURE-THERMAL DIFFUSIVITY CHART 
(Pure Aluminum) 

3.9le-6 
3.9le-6 
3.91e-6 
3.91e-6 
3.9le-6 

300 

3.9le-6 

Error (%) 

0.076164 
0.076164 
0.076164 
0.076164 
0.076164 
0.076164 
0.076164 
0.076164 
0.076164 
0.076164 
0.076164 
0.076164 
0.076164 
0.076164 

"diffusivity(calculated) 
I diffusivity(exact) 

Figure 1.a. Plot of the results for pure aluminum material. 



The Mindanao Forum 

thermal difusivity 

TIME-THMAL DIFFUSVITY CHART (Pure Alum inum) 

thermal diffusivity 

0 00012 

00001 

0.00008 
0.00006 

0.00004 

0.00002 

0.0000169 

0.00001685 

0.0000168 

0.00001675 

2 

Figure 1.b. Plot of the results for pure aluminum material. 

0.0000167 

time 

TBMPERATURE-THERMAL DIFFUSVITY CHART 

(Cast Iron, 4%C) 

0.00001665 

100 200 300 

6 

temperature 
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" diffusivty(caiculated) 
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diftusvty(exact) 

"diffusivity calculated) 
difusivity(exact) 

Figure 2.a. Plot of the results for cast iron (4%C) material. 
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thermal diffusivity 

thermal diffusivity 

TIMETHERMAL DIFFUSIVITY CHART (Cast Iron, 4%C) 
0.00001682 

0.0000168 

0.00001678 

0.00001676 

0.00001674 

0.00001672 

0.0000167 

0.00001668 

0.00000398 

0.00000397 

0.00000396 

0.00000395 

0.00000394 

0.00000393 

0.00000392 

Figure 2.b. Plot of the results for cast iron (4%C) material. 
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TEMPERATURE-THERMAL DIFFUSIVITY CHART 
(Stainless Steel, AISI 302) 

temperature 

20 

163 

150 

diffusivity (catulated) 
diffusivity(xact) 

200 

" diffusivity(calculated) 

diffusivity (exact) 

Figure 3.a. Plot of the results for stainless steel (AlSI 302) material. 
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thermal diffusivity 

0 00000398 

0.00000397 

0.00000396 

0.00000395 

0.00000394 

0.00000393 

0.00000392 

0.00000391 

0.0000030 
0 

TIMETHERMAL DIFFUSIVITY CHART 

(Stalnless Steol, AISI 302) 

5 10 

time 

15 20 25 

" diffusvity(cakzulated) 
diffusivity(exact) 

Figure 3.b. Plot of the results for stainless steel (AISI 302) material. 

The above results clearly indicate that the numerical calculation ac 

curately solved the values of the thermal diffusivity at temperatures not near 
the steady state temperature, i.e. in this case 200 °C. It does not yield any 
result after 10,000 iterations at temperatures near the initial temperature of 
the sphere, i.e., in this case 30 °C, for materials of relatively not very high 
thermal diffusivity. 

Conclusion and Recommendation 

The computer program generated can determine the accurate value 
of the thermal diffusivity given the temperature reading and the elapsed u 
It is recommended that experiments be conducted to validate the assunp" 
tions used in the derivation of the solution to the general heat conduction 
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partial differential equation. The experimental set-up is such that it will au 
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lac clapsed time. the input to the computer program 
mattcally get the reading of the center temperatureof the sphere at a particu-time. The reading will then 
the calculation of the thermal I diffusivity. 
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