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Abstract

In this short note we revisit the concepts of semi-open set and
semi-continuity and give some properties of semi-open sets in the
Cartesian product with the Tychonoff topology, Farther. va: char-
acterize semi-continuous functions from a topological space into the
product space. The result we abtain runs parallel to the onc we have
for continuous functions in the product space. Other results involving
semi-continuous functions in the product space will also be given,
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1 Introduction

N. Levine introduced the concepts such as semi-open set and semi-continuity

in topological spaces [3]. The class of all semi-open sets in a topological
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space includes all open sets. Although an arbitrary union of Semi-open seis
is semi-open, the class does not always form a topology on the underlying
set.

On the other hand, the condition for semi-continuity is strictly weaker
than the condition for continuity of a function. However, even for functions
into the space R of real numbers with the standard topology, semi-continuity
is not. generally preserved under algebraic suim, and product of functions.

It is well known that a function f from an arbitrary space X into the
Cartesian product ¥ of the family of spaces {Yy : a € A} with the Ty-
chonoff topology is continuous if and only if each coordinate function p, o f
is continuous where pa is the ath coordinate projection map. In this paper we

give a necessary and sufficient condition for function f to be semi-continuous,

92 Definitions and Known Results

Definition 2.1 Let A be an indexing set and {Yao:a€ A}l bea family
of topological spaces. For each a € A, let 74 be the topology on Y. The
Tychonoff topology on TlaeaYy is the topology generated by a subbase
consisting of all sets {Us) = p3'(Ua), where pa : Haea¥o — Y, is defined
by Pal(ys)) = ¥a, Ua ranges over all members of 7,, and @ ranges Over all

clements of A.

We remark that for each open set U, of Y,

(Ua) = pa (Ta) = U x ] Y-

S;‘-‘u
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Hence a basis for the Tychonoff topology consists of sets of the form
(Bayy Baygy -y Bay )y where B,, is open in Y, for everv i € K ={1,2, ... k}.
The proofs of the following results can be found in (3].

Theorem 2.2 Let {Y, : @ € A} be a family of topological spaces. The
projection map po : NaeaYa — Y, defined by pal(¥s)) = y. for each a € A,

is a continuous open suryection.

Theorem 2.3 Let {Y, : a € A} be a family of topological spaces and
Aa C Y, for each « € A. Then, in MoeY, with the Tychonoff topology,
TA.-T7%,
ocA a«CA

where A, is the closure of A,.

Theorem 2.4 Let X andY be topological spaces. A function f 1 X - Y
is continuous on X if and only if f{A) C f(A) for every sel A C X.

Definition 2.5 Let X bc a topological space, A set O €. X is semi-open
in X if there exists an open set G in X such that G € O C G,

Definition 2.6 Let X and Y be topological spaces. A function f: X -
Y is semi-continuons on X if the inverse image of every open set in Y is

semi-open in X, ie.,
G open in ¥ =:f71(G) is somi-open in X,

In simple terms, we call an element of a basis of a topological space a
basic open sel. Similarly, an element of a subbase will be referred to as a

subbasic open sef. In (1], the authors proved the [ollowing result.
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Theorem 2.7 Let X and Y be topological spaces. A Junction f . X
Y semu-continuous on X of and only if the verse image of every 4,
“

(subbasic) open sel in Y 15 semi-open m X

3 Results

Throughout this section, the Cartesian product Y = [l .Y, carries the
Tychouofl topology. This topological space is referred to as the prodict

space

Lemma 3.1 If O is a non-empty semi-open set in the product space ¥
then pa(Q) =Y, for all but at most finitely many a and p,(0) 1s semy-open
for every a0 € A.

Proof - There exists a non-empty open set G in Y such that GC O C
Thus,
Pa(G) € pa(0) € pu(C)

lor everv o € A By Theorem 2.4, we have

—_—

Pa(G) € pa(0) C pa(G)

lurevery a € A. Since G is a non-empty open set, G contains some basic ope?
wt = (B, By, 0 Ba). Since po(B) = Y, foralla g K = {a1,02. 8
and p, B) < pa(@G), it follows that p,(G) = Y, for all but at most fiaite)
wany oo Hence p,(O) = Y, for all but at most finitely many ¢ N‘m‘éj
2 € A Then either po(O) = Y, or pu(O) # Ya. 1f pa(0) = Yo thea PalC

" = her
et opens S0 suppose that p(Q) = O, # Y, and let palC) = Ga T

Gu ‘: O(l C G\: y

4
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Since the projection map p, is open, p,(G) is open in ¥,. Therefore Pa(0)

1s semi-open for all @ € A. O
Remark 3.2 The converse of Lemma 3.1 is not true.

To see this, consider Y, = {1,2, 3} with the topology 7 = {¥1.0, {2}, {1, 2},
{2,8}} and Y; = {a,b, ¢, d} with topology 7 = {¥3,0, {a}, {c},{a,c}}. Let
O ={(1,a),(2.d),(3,b)}. Then the family B consisting of the sots ¥; x Ya, @,
Yix{a}, Vi x{c}, i x {a,e}, {2} x Y2, {1,2} x V3, {2, 3} xYa, {(1,a), (2,a)},
{(Le) (2,9}, {(2,0)}, {2 I} {(2,0), 2 IM{(2.0), (3.0}, {(2¢). (3,9},
and {(2,a), (2, c), (3, a), (3, c)} is a basis for the Tychonoff topology on Y; x Ya.
Since p1(O) = {1,2,3} = ¥, and ¥} is open (hence, semi-open), pi(O) is semi-
open. Now, p;(0) = {a,b,d}. Clearly, {a} C p(0). Since {a} = {a,b,d},
we find that {a} is an open set in Y; satisfying {a} € p2fO) = {a}. This
implies that p,(Q) is also semi-open. However, @ is not semi-open because

O does not contain a non-empty basic open set in Y] x Y,.

Theorem 3.3 Let S = {a1, a2, ...,ax} be a finite subset of A and @ #
O, CY,, foreach oz € §. Then {On,, Oa,y, ..., On,} 15 semi-open in Y if and

ondy if each O, is semi-open in Yq,.

Proof: Let O = (Oq,, Oay, ..., Oy, ) and suppose each O,, is & non-empty
semi-open set in Y, . Then there exists an open set G,, in Y,, such that
Ga; € O, € G,,. Let G = {Gay,Cayy .-y Ga,). Then G is open in Y
and G = (Ga,,Gaa: -y G ) by Theorem 2.2, Thus, G is an open set in Y

satisfying G € O € G. This shows that Q is semi-open in Y.
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Conversely, suppose O is a non-empty semi-open set in ¥, By Lemg,

d)

3.1, o, (O) is semi-open in ¥y, for every ¢ € {1,2,...,k}. It follows thet i
Oy, is semi-open in Y, .

The proof of the theorem is complete.

We shall now characterize semi-continuous functions from an arbitrap

topological space X into the product space Y.

Theorem 3.4 A function f : X — Y is semi-continuous on X if and

only if each coordinate function p, o f is semi-continuous on X.

Proof: Suppose f is semi-continuous on X. Let o € A and U, be open

in V. Since p, is continuous, p*(U,) is open in Y. Hence,

SR (Ua)) = (Pao )7 (Ua)
is a semi-open set in X. Thus, p, o f is semi-continuous for every o € A, by
Definition 2.6.

Conversely, suppose each coordinate function p, © f is semi-continuous.

Let G, be open in Y. Then {G,} is a subbasic open set in Y and
(Pa <o f)—l (Ga] = f- l(p;l(Ga) = f-l((Gu))

is a semi-open set in X, Therefore, f is semi-continuous on X, by Theoré®
%T- 0

Corollary 3.5 Let X be a topological space, Y the p luct space and
fa: X =+ Yo a function for each a € A. Let f : X — Y be the func®
defined by f(z) = (fal2)). Then f is semi-continuous on X if and ondy if J

is semi-conlinuous for each «« € A,
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Proof: For each & € A and each « € X, we have

(Pa © F)(2) = pa(f()) = pa({falz)}) = fu(z).

Thus p, o f = f, for evory a € A. The result now follows from Theorem
3.4. 0

Theoremn 3.6 Let X and Y be the product spaces of the famnilies of spaces
{Xe:ac A} and{Y, i e A}, respectively. For each v € A, let fo 2 Xy —
Yo be a function. If each f, is semi-continuous, then éhe function f : X =V,
defined by f({za}) = {falza)), is semi-conlinuous on X.

Proof: Let (1) be a subbasic open set in Y. Then

SN = {1 V)

Since f, is semi-continuous, f7(V,) is semi-open in X,,. Hence there exists

an open set G, in X, such that
Ga € f2'(Va) € Ga
Clearly {(7,} is an open set (subbasic open) in X and
(Ga) € {fa'(Va)) € (Ga) .

This implics that {f7'(V.)) is a semi-open sel in Y. Thus, [ is semi-

continuous on X, O

~JI
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