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Abstract

In this paper we establish some formulas in counting restricted
functions f|g under each of the following conditions:

(1) fle) = gla), Ya € S where g is any non-negative real-valued
continuous function.

(@) g1{e) £ fla) < g2(a), Ya € § where g and g2 are any two
non-negative real-valued continuous functions.
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1 Introduction

Consider a mapping f from Ny, to Ny where N = {1,2,...,k}. Accor ding s
Cantor's propesition on counting function (4], the number of possible funcyiq,
we can form from this mapping is equal to n™. However, if we restrict gy
domain to 8; © Ngn with |S;| = {4, then there are n* possible restricteg

functions swe can form. When U is the set of all fis, overall S; € Ny, with

53l =
{fls,}| ()
'\C;\m

mi,m o

Thus, with ¥,, = U Wi m:
=0

m o=
I‘yml = Z Ilpi.ml — Z (??)n‘ = (l 4 'n)m
=0

i=0

This means that the total number of restricted functions fis overall 5 C

N is equal to (1 +n)™.

2 The Condition f(a) < g(a)

In this section, we will consider a function f : Ny, — N, where N is toe
set of natural numbers. We are going to count the number of restricted
functions fis such that f(a) < g(a), Yo € § € Ny where g i8 30 DOF
negative real-valued continuous function. Note that an element @ € $ can P’
mapped to any of the natural numbers 1,2,..., [g(a)]. where ‘g(ﬂ” is t°

v Ce -l
sreatest integer that is less than or equal to a real number g(a): Hen
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St' = jhj?' v sjh then
[{AsH = 1 Tetio)
(=1

with |{fis,}| = 1. Thus, with &, = | | {51,

sigNm

| = Z ]j [g(7)] .

1S <jz<e<jism =1

This result is embodied in the following proposition.

Proposition 2.1 Let [ be a function from N, to M such that f(a) <
g(e), Va € N, where g is any nonnegative real-valued continuous function.
Then the number of restricted functions fis: overall 5; C N, such that |S;| =
1 i8 given by

|‘i’f.m| = Z H [9(7:)] -
1€y < dg e Sone I1

where |Wo | =1, |¥;,n| =0 when i > m.

For a quick computation of the first values of |\Il .m|: we have the followi ing

recurrence relation.

Proposition 2.2 The nuwmber |\i’,-,m| satisfics the following recurrence re-

lation:

I\i’i.m-l-ll — I‘i"i,m' ¥+ ’.g(m T 1)-] Iii-lzml

Proof: Note that |¥; 4| counts the number of restricted [unctions fis,
overall 5; € N,,. This number can also be counted by considering the fol-

lowing cases:
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Case 1. m +1 ¢ S,. Counting the desired restricted functions ngg
this case is equivalent to counting restricted functions fis. overall g, Cw
Hence, there are |\i'i,m| such restricted functions.

Case 2. m+ 1 € 5;. Counting the desired restricted functions under this
case is equivalent to the following sequence of events: i) counting restrictag
functions fis, overall S;—1 © NVm, which is equal to

i-1

S>> IIfetan -

1€ <ja<<fiam =1
ii) insert m + 1 to cvery S;_; and map m + 1 to any of the natural numbeny

1,2,...,[g(m+ 1}]. By Multiplication Principle (MP), the number of such
restricted functions fig, with S; = S;1 U {m + 1} is equal to

=1
gm+11 > TITet = letm+ 1] Wicral

1<) <Jp<<gi<m i=1

Using Addition Principle (AP}, we prove the proposition. a

We are now ready to prove the following proposition.

m
Proposition 2.3 Let v, = U \il,-,m. Then
=0

[Fon| = [ (1 + [a(2)1)

i=1

with |\i’0, =
Proof: We will prove this by induction on m. Form = 0,

ol = [Fpal = =

U {fh'o}

SyCNm
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For m = 1, with the help of Proposition 2.2, we have

|y = |‘i’o.1|+l‘~iﬁ,1|

= 1+1]g(1)]

LIt + Tatony .

Suppose it is true for k > 1, ie,,

N k . k
(Wil = D7 Noae| = T2+ [oti)]) -
=0 I

Then, by Proposition 2.2, we have

k1

|‘i’k1 | = Z |‘i’i.k-| 1]
1=0
E+l k1)
= > Ikl +[glk+1)] D Wil
=0 i=0

k &
= Do 1Fal +Ta(k+ 1013
=0

=N

Tsing the inductive hypothesis, we obtain

i+l
[Feia| =[O+ [0}y . U
i=1

Example 2.4 Guwen f a function on Ny. If gla) = 26° + 3, how many
possible restricted functions fig can be formed overall S C Ny such thot

f(a’) = .Q(a) Jor everya € N5 7

Solution: The values of [g{a)], @ = 1,2,...,5 are shown in the table

below:
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A 2 13| 4 3
[gla)] | 5[ 19] 567 1311253

Using Proposition 2.3, the number of restricted functions fis that ceq 1,.
formed is

Bs] = (6)(20)(58)(132)(254)

= 233,354,880 .

Remark 2.5 1. When g(a) =n, n € M, we have

A , my . a
a. | Yl = Z'n‘ = (,'_)"" = |¥;ml

ISji<ja<-~<sm

b ¥ = [J{1 +7) = (1 4+0)™ = |2y

i=1

2. When gle) =a. a € N, we have

o lbwl= Y [Iein= ¥ Il

1€ 1< <iism =] 1Zn << -<)ismi=1
P "
b [ Wl = [T+ o) =1+ ) = (1 +m)L .
i=1 =1

3 The Condition g(a) < f(a) < g(a)

In this section, we are going to count the number of restricted functio®
fis + § — N such that aifa) < fla) < gla), a € § C Nu where &

S el
and go arc any two nonnegative real-valued continuous functions. It
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casily be seen that an element a S can be mapped to any of the natural
numbers [gi(e)], lgi(a}] +1..., [ga(a)] where lg1{a}] is the leasl integer
that is greater than or equal to real number g1(a). Hence, each a ¢ S; can

be paired Lo [g2(a}] - |g1{a)] +1 clements of ¥, Thus, if S; = {j1, 42, ..., 7},
then

|f|.s‘|—l_[<f(3-) G = [9203)] - (@3] +1.

Thus, with ;.. = | J {fis.},

S5;CNm

I‘f’:.ml - z H gia) -

I <fasl i <o -1

This result is embodied in the following proposition:

Proposition 3.1 Let f be a function from N, to N such that gila) =
fle} =< gula). @ € § T N, where g and ¢; are any two nonncgalive real-
valued continuous functions. Then the number of restricted functions f|S;

overall 5; C Ny, such that |S;| =i is given by

(W] = Z H?(J't):}t = [gala)] = |gu(a)] +1

141 < aoedidm (=1

where |qfu_,,.] =1 |\I',mj 0 when & > m.

The next proposition is @ recurrence relation of |y, |, which can be

proven using the same argument as in the proof of Proposition 2.2,

Proposition 3.2 Le! if,n = U \i!t-'m. Then
=0
m

(V| = T J(1 + @(3)

=1

with |y = 1.
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To illustrate these results, let us consider the following example,

Example 3.3 Let gi{z) = A2, gola) = T, and f: N5 — Naugy i
qmia) € fla) < go(a). How many possible restricted functions [ Ovary
§ C N can we form? How many of these restricted functions whose dorngy,

is S, 0 =0,1,2,3,4,5?

Solution: First, let us construct a table of values for gla):

& [tjals ] £]6]
mla) | 42 | 84 [126] 168 [21]
pla) | 084|336 |7.56]13.44 |21
C[gla)] | 4 | 8 [ 12| 16 |21
Lar{a)] | 1 4 | 8 14 |21
jla) | 4 | 5 | B g |3

Now, using Proposition 3.2, the total number of restricted functions [
overall § C N is given by
[ = (1 + 431 +5)(1 + 531+ 3){1+ 1) = 5(6){6){4)(2) = 1440 .
On the other hand, nsing Proposition 3.1, the number of restricted function®
fig, i =10,1,2,....5, can be computed as follows:

i=0, Wog| = 1

i=1 |¥5] = 4+545+3+1=18
i=2, [gs] = 4(5)+ 4(5)+4(3) + 4(1) + 5(5) + 5(3) + 5(L) +5(
+5{1) +3(1} = 124
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1=3, [Wys| = 4(5)(5) + 4(5)(3) + 4(5)(1) + 4(5)(3) + 4(5)( L) +4(3)(1)
+5(5)(3) + 5(5)(1) + 5(3)(1) + 5(3)(1) = 402
i =4, [Was| = 4(5)(5)(3) +4(5)(5)(1) + 4(5)(3)(1) + 4(5)(3)(1) + 5(5)(3)
= 595
i=5, |[Wss| = 4(5)(5)(3)(1) =300 .

Note that

O
D 5] = 1+ 18 + 124 + 402 + 595 + 300 — 1440 — |, .

i=0

Remark 3.4 When ¢y(a) — 1 and g(a) = gla), Ya € N, j(a) = [g{a)]

and
(@) [Wim| = | Wil

(b) '\-pml e lmml'

4 Recommendation

The functions that we are counting here are [unctions of one variable which
contain points on the z-y plane with positive integral coordinates. For pPos-
sible future research, it is also interesting to consider a function whose ele-
ments are points with positive integral coordinates on an n-dimensional space
where n > 3. The authors believe that the results obtained in this paper can
be extended (o a more general case by counting such restricted functions.
Moreover, it is also worth considering those restricted functions on an n-
dimensional space, which are one-to-one and onto. There are already results

in |[1] about counting one-to-one and onto functions of one variable. One

17



Tur MINDANAO FORUM

Vou,. XIix No
—Jo)

may try to apply the method used in [1] to count the number of Festricq

one-to-one and onto functions on an n-dimensional space.
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