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Abstract

Primitives play a key role in many significant results in Henstock
integration. For instance, they are used to characterize absolute in-
tegrable functions. The controlled convergence theorem which is the
best possible convergence theorem for Lhe Henstock integral involves
primitives.

Bilinear Henstock-Stieltjes integral had been the subject of study
in previous works of the authors, This paper investigales primitives
of bilinear Henstock-Stieltjes integrable functions under certain condi-
tions on the integrands and integerators. It is known that in the case
of bilincar Stieltjes integrals, a primitive, up to some extent, is influ-
enced by its integrator. Interestingly, it has been known that unlike in
the real and ordinary case, a primitive is not necessarily continuous.
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1 Preliminaries

Let us recall a few concepts mentioned in [1], [3] and [7]. Here we Use:
Y and Z to denote real Banach spaces, and L{X, Y\ Z) to stand fy;
space of all bounded bilinear transformations A: X xY — Z. By a bilins,.

transformation A: X x Y -— Z, it has the property that for all z, ¢, ¢ X
y.1in €Y and a € R, we have

() Alc+,y) = Al y) + Alx,v)
(i) Alz,y+y) = Alz.y) - Alx, )
(118} Alar,y) = oAz, y)
(iv) Alz, ay) = ad(z,y)
A is said to be bounded whenever there is a positive nimbar M such thal
llAlz. )| < M - ||zl| - |y]

foralze X, ycY. In L{X,Y,; Z) we define the norm (||| by

Al = inf{M : | Az, w)|| < M|iz||lyl| for anyz € X andy €Y}

Let f: [a,b] = X be any function, We say that [ is requlated if for et
£  la,b), the right-sided limit F(E+) exists and is finile, and for € € (5.0
the left-sided limit f(£—) exists and is finite. A regulated function f B’

countable number of points of discontinuity,

We say that f is of bounded variation on [a, b] whenever

Var(fila,b) = sup(P) 3" | f(t:) — fltea)]| < o
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where the supremum is taken over all partitions P={a={,<t; < ... <
tn = b} of [a,b]. A function of bounded variation is regulated [6].
Function f is absolutely continuons on [e, b] whenever given ¢ > 0, there

exists ¢ > 0 such that if { [a;,b:]} is a finite or infinite sequence of non-
overlapping intervals in (e, ] we have

STl <3 implics 3169~ flanl <

An absolutely continuous function on [a, b is continuous on the same interval
[a.b]. The converse, however, is not true.

We now turn to bilinear Henstock-Stieltjes integral. Civen a positve
function §(¢) on |a, b, a 8-fine division is a set of interval-point pairs D =
{(la,8];€)}, where the [2.v]'s form a partition of la,b] and for every pair
([#,2]; &) in D, we have

€ € [u,v] C (€ —8(£),€ +d(€)).

Any subset of a é-fine division of [a,b] is a 6-fine partial division of [a, 8).

Let A € L(X,Y;Z) and let £ : [a,b] — X and ¢ : [0,5) = ¥ be any
functions.We say that f is Henstock-Stielljes integrable with respect to A
and g on [a,b] if there is a vector J in Z satisfying the following condition:
For every ¢ > 0 there exists a positive function §(£) defined on [a, b] such
that for any é-fine division D = {([u, v]); €)} of [a, b],

1(D) D~ A(F(€), alv) — gu)) — J|| < .

In this, we write

b
J = (HS) j A(f, dg).

21



THE MINDANAO FORUM

VoL. XIx No 1

We also include the definition

J = (HS) / " A(f,dg) = 0.

"‘HS"" stands for Henstock-Stieltjes, and the integral is called bilineqy Hengy
Stieltjes integral. If no confusion arises, we may as well omit "HS” g, i
plicity.

For the algebraic properties and other related results concerning the i
tegral, the reader may refer to [1], [2], [3] and [4].

2 Results

Let A€ L(X,Y;Z), and let f : [a,b] — X be Henstock-Stieltjes integrabl
with respect to A and g: [a,b] — Y on [a,b]. If F : [a,b] — Z is given by

F)= [ Al do)

for all z € [a, b], then for any partition D = {[u, ]} of [a,}], we have

b
()T HF0) - Fw)} = [ A7, do).
Lemma 2.1 Let A € L(X,Y;Z), and let § : |a,b] — X be Henstock
Stieltjes integrable with respect to A and g : [a,b] =Y on [a,b]. There ens¥

a function F : [a,b] — Z with the property: Given € > 0, there is a positi
function §(§) on [a,b] such that for any 6-fine division D = {([u, 9]¢} of
[a’ b]:

(D) Y _{F () - P(u) - A(f(€), 9(v) - g(u))}l <

A function F that has the property in Lemma 1 is called a primiﬁ”‘d

J with respect to A and g on [a,b]. For convenience, we write F(t ) B
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the difference F'(v) — F(u). It is worth noting that if F is a primitive, then
F(a,b) is the value of the integral.

IfY = Z = R and A is the scalar product: A(z,e) = a -z, and if
g : [a,b] — Y is the identity function g(z) = z, then the integral f: A(f,dg)
turns out to be the integral f: f discussed in [5] by Sergio Cao. It is known
that if F is a primitive of [: f, then F is always continuous on [a, b][5]. This
means F' is continuous regardless of whether or not f is continuous on [a, b].
Therefore, the continuity of a primitive F' of f cannot be attributed to the
function f. If so, then what must have guaranteed the continuity of F'7 At
this point, one may try to consider the second function g(z) = =z, which,
of course, is continuous on [a,b]. We ask : Was it the continuity of g that
guaranteed the continuity of F? This is precisely the very substance of the
following discussion.

Before we proceed let us mention a particular example of a discontinuous

primitive.
Example 2.2 Let A € L(X,Y;Z). Let a1,0,,03 be distinct vectors in
X, by, by, by be distinct vectors in Y, and let

ay, £€ [0'1)
fl&) = { az £=1
as, Ee (112]

e b, £€[0,1)
by, €€ (1,2]
Then [ A(f,dg) = Ala, by — br). If F(z) = [ A(f,dg) for each z €
[0, 2], then
I1F{y) — F)I| = [|A(az, b2 — b))
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forall0 <y <1, and

[|F{y) = F(1)]] = | Az, by — ba}|

forall | <y < 2. 1f A{ag, by — by) # 0, then any positive e < | A(ay, b, - |
can be used to show that F is lefi-hand discontinuous at =1 Anq i

Alag, by — by) # 0, then any positive ¢ < |[A{aq, by — ba)|| shows that g 1
tight-hand discontinuous at £ = 1.

The following theorem is a bilinear Sticltics version of the (weaker) Her.
stock's lemma. A common procedure (see for reference [7] and 8])

and, m
fact, the same lines of arpunients prove Lhe theorem.

Theorem 2.3 Lef A € L(X,Y;Z), and let fila,b] =+ X be Henstack
Stieltyes mtegrable with respect to A and gile.b] =Y onla b with primiie
F. Given € > 0, there ts a positive function (&) on [a,b] such that for i
d-fine partial divisions D = {{[u, v €1} of [a, 8], we have

1(D) Y {Fu.v) - AGf(E). ole) — glul)}] <

COIOllar}' 2.4 Let 44 C L{X, Y. Z)‘ aﬂd zet f . [ﬂ,b] J— X be Heus‘ofk-
Stieltyes integrable with respectlo A and g : [a,6) = Y on a, b] wnth pramitue
F'. Then

<
Fiz)= f A(f,dg) + F{a)
for all x € [a, b].
Proaf: The iutegral fa T A(f, dg) exists for every x € [a, b (see [1] and [7]!
Lel z € (a,b] and let € > 0. By Theorem 2, there exists a positive function

8{¢) on [a, b] such that for all 6-fine partial divisions D = {(iu, v]:€)} of .l
1D Y (RG] A(fig), ofv) — o))} < .
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Thus for all §-fine divisions D = {{[y, v]:€)} of [, ]

I(D) 3 A(F(€), atw) ~ gu) — (F(z) - £la))}l <.
This means that
Flw) = #(a) = [ A7, do) 0
In view of Corollary 2.4, we remark that any two primitives of the same

integral differ by a constant vector,

Example 2.5 Let A ¢ LIX,Y:Z), let f: [@. 6] — X be such that f =0
almost everywhere in [o,5] and let g ; a, bl — Y be absolutely continuous
on [a,b]. Then B * A(f,dg) exists and primitives are constant functions. To
show this, let us proceed with a non-zero A. Let z be a fixed but arbitrary

point in [a,b]. We claim that _f:A( £, dg) exists. Define
E={¢€az]: fg) £0},
and [or each integer n, put
E.={f€ E:n—-1<|f(g)| < n}.
Then £ = U, E, and the measure of each £, is 0.

Let ¢ > 0. For every n € Zt, there is a d, > 0 such that if {la:, 0]} is a
finite or infinite sequence of non-overlapping iutervals in [@, ] with T |
€
' . — .
Z lg{b:) y(ax)" < TLQ“”A“'

1
For each n € Z7, there is a countable collection of disjoint open intervals

In.h In:2, LU SUCh that

By CUidng and Y U{1n;) < 6,
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Define for each € € En, a 8(£) > 0 so that (§ — 6(§).€ + 4(¢)) I
some i, and §(€) = 1 for every £ € [a,b] \ E. Let D = {([u, vl;€)} be
é-fine division of |a,z]. For each [u,v] in D, there is a pair (n, ;)

[%,v] C Iy;. Therefore

(D) ACFE).alv) — glud)l = (D)D" ACS(E). a(v) - g(u))]

1333

< Al 220 1A - llgte) - gpu)
n {ek,

< NAI-Y () lotw) - g(u))
n fekn

< All- Y )

= (,

This means that

| At.ds) =

/ " Alf.dg) =0,

and if F' is a primitive, then , by Corollary 2.4,

Consequently,

F(z) = F(a) for all z € [a,b]. L

Theorem 2.6 Let A € L(X,Y; Z), and let a bounded function f : [a.ll~
X be Henstock-Stieltjes integrable with respect to A and g - [a, 8] = ¥ o0 **

with primitive F'. If g is absolutely continuous on [a,b], then so @ F.

vl
Proof: Assume ||A|| # 0, and let M be a positive bound for f. o

y 24 ["d'
¢ > 0 let & > 0 be such that for all finite or infinite sequencs of
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overlapping intervals {[aisbi]} in [a,b]

D lb—ad <8 implies Y |lg(b:) - g(as)]| <

€
2M||A|l
Now let {[a;, &)} be a finite or infinite sequence of non-overlapping intervals
in [a,b] such that ), |b; — a;| < 4. For every i = I,2,---, there exists a
positve function d;(€) on [e,b] such that if

Dity=zpy<zj<--<of =b, (€& .6)

is any d;-fine division of [a;, b;], then

17 () — Flal - 1(D:) > ACF(€), g() — gla))ll
< |1F(b) — Fla) — (Di) D A(F(E), olv) — glw))|

€
241"

For every ¢ fix & D;, and consider the sequence {[z{_,, z{[},—14.. . The
intervals [z ,,z7],r =1,2,-+- \n;,i=1,2,--- are non-overlapping. Since

Y. r—1|—ZZ|$ r—1|=§:lbi_ﬂi|<6,

=12, thji=12,- t r=1

we have

S IIFb) - Fla)l < Z{{D»ZNA(!(&),@(») g(u))||+2+l
< MIlAIIZ{(D 1Y llgtw) — glu) ||}+L,.“
- Ml Y late) - of ,-1)||+2,,.+|

r=1,2, n;ii=12,--
C

< Mg+

= &,
and the proof is complete, 0
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Theorem 2.7 Let A € L(X,Y;Z), and let [a,b] — X be Hensyo

Stieltjes integrable with respect to Aandg:la b =Y on [a;b] with primiy;,

F. If g is continuous on [a,], then F 15 continuous on [a, b].

Proof: Let = € |a,b]. Assume A +£ 0 and take a positive number M whey

If(z)|| < M. Ifgis continuois on

such that for any ¥ € [a, b},

[a, b], then given € > 0, therc exisls 8, >

3 . { c—
lr —y] <& implies ||g(z) g(wll < 2M || Al

By Theorem 1, thereisa 0 < J, < 6, on [a, b] such that for all do-fine partial

divisions D = {([u v)i€ )} of [a, b], we bave
1(D) S (Fww) — A€ 90) — gD < =
and y—=z < da(z). Then ERT N

Now, let y € [a, b] be such that z < ¥

is a d,-fine partial division of [a,b], and so we have

< ||F(zy) — Alf(=)9) - g(z)|| + A=), 90W) — g{=)l

| F(z, y)l
< S+l 1@ el - g(@)|l
< ; sapa Al 1@
B

T —y < 62(-]'-): the?

Similarly, if y € la,b] is such that y < T and
], and

{{[y,z); £)} is a dp-fine partial division 2 = {{[u,v]; €)} of [a, B,
[#(z) = Flylll <«

Set § = &,(x) and we have that F is continuous at z. Since T 18 arbitrar¥:

C

is continuous on [a, b].
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Corollary 2.8 Let A € L(X,Y; Z), and let J:la,b] — X be Henstock-
Stieltjes integrable with respect to A and to a regulated function g - [a,b] =Y
on [a,b]. If F is a primitive of f with respect to A and g on [a,b], then F is

continuous on [a,b] except possibly for a countable number of points.

Proof: If g is regulated, then g has at most countably many points of
discontinuity. The conclusion follows immediately from Theorem 5. d
Finally we turn to a mean convergence theorem. Versions of such in
the classical case are thoroughly discussed in [8]. The oue that follows is a

Stieltjes version of the mean convergence theorem introduced by Cao in [5].

Theorem 2.9 Let A € L{X,Y;2Z), and let g : la,b] Y be of bounded
variation. Let {f, : [a,b] — X} be a sequence of Henstock-Stieltjcs integrable
functions with respect to A and g on [a,b], cach with primitive F,, satisfiing

the following conditions:
(1) fulz) — f(z) for all z € [a,}];
(i) the primitives F, converge potntwise to ¥ on [a,b);

(12i] [a, b] s the union of sets {F;} such that for all i and for all ¢ > 0, there
exists an integer N, there exisls 0(€) > 0 on [a,b] such that whenever
D = {([u,v];€)} is a d-fine partial division of la,b] with ¢ € E,, we
have

[E2DBEATRIES MR BF

Joralln.m > N,

Then [ is Henstock-Stieltjes integrable with respect Lo A and g on ‘a,b) with

primilive &
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Proof: Let e > 0. Condition (iii) implies that for all 2, 7, there exiy ,,

\l

there exists &(¢) > 0 on [a, }] such that whenever D= {{[u,];6)}is 4 bt
partial division of [a,b] with £ € E;, we have

|(0) S ttwo) - a0} < 55

for all n,m > N;;. In view of condition (i), the above inequality impli
that

“(D) Z{Fu[u, u,-z,)}" < 2:+;'
for all n > N,

For each i, we may choose {Fu,,; 7= L2 -} as & subsequencs ¢
{Fa,; 15 =1,2,---} Set N{i) = Nz, and consider the sequence {Fy:
I e

Let Ef = Ey and B} = E; — Uiz & for i > 1. Then the sets E ar
pairwise disjoint whose union is [a,b]. Now condition (1) implies that for each

£ € E?, there exists a positive integer m{e, €) > N{i) such that

||fm{c{) f[f ” <E

We may choase mfe, £) = N(j) for some N(j} = N(3).
Since f, is Henstock-Sticltjes integrable with respect to A and g on o1,
with primitive #,, by Theorem 2, there exists a 63(€) > 0 such that

| (D) Yo 1AUa (6D ale) ~ o)) - Pl "]}” ; -22

for all 83-fine partial divisions D = {{[u, v];€)} of [a, b].
Put, for each € € E],

8(¢) = min{dy;, o (€), &(E)}:
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and let = {([u, v];£)} be a d-fine division of |a,b]. Then

D) Y= 1Atr @, 0(0) - 9wy - i, v)||
< [ AU - fur(€),900) - )} +
+ |2 AU e ©.906) ~ gt~ Pt 4
+ (P X (P ey ) — P )
Now, for the middle term in the right hand of the inequality, we decompose

D into the union of sets D, (eg): Where Dy e is the set of all interval-point

pairs in D associated with the integer m{e, £). Note that

[P} T AU i), 800 = g10) ~ Pyl )| < g

and thus

[60) S (A teer(€) 9(2) ~ 9t)) — P2} <

n=l]

To get the last term, for each 4, let G ) be the set of all interval-point pairs

€
2ﬂ

([, v]: ) in D where € € F? and £ is associated with the integer m{c, £). Note
also that

> | Comce) Xt ey 0) ~ ) il

m(c,£EERT
f
& Z 21+J
me(e £)EE BT
where N(7) = m(c,£) and N(j) > N;;. Thus

Y A Faies(wv) — Flu,v))

fers

||(D] Z{AU(E)-Q(U} — g(u)) — F{u, v)" < 2 Var(g;[a,b)) + Z SIS Z o
u—l

= ¢ {2Var(g: [a,d]) + 2}.

b
This means that {HS) / A(f,dg) = F(a,b) = lim F,(a,b). Cl
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