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Abstract 

Primitives play a key role in many significant results in Henstock 
integration. For instance, they are used to characterize absolute in-
tegrable functions. The controlled convergence theorem which is the 
best possible convergence theorem for the Henstock integral involves 
primitives. 

Bilinear Henstock-Stieltjes integral had been the subject of study 
in previous works of the authors. This paper investigates primitives 
of bilinear Henstock-Stieltjes integrable functions under certain condi-
tions on the integrands and integerators. It is known that in the case 
of bilinear Stieltjes integrals, a primitive, up to some extent, is influ-
enced by its integrator. Interestingly, it has been known that unlike in 
the real and ordinary case, a primitive is not necessarily continuous. 
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1 Preliminaries 

Let us recall a few concepts mentioned in [1], [3] and [7]. Here we use X 
1 

y and z to denote real Banach spaces, and L(X, Y,; Z) to stand for the 

space of all bounded bilinear transformations A : X x Y --+ Z. By a bilinear 

transformation A : X x Y Z, it has the property that for all x, x
1 

EX 
1 

Y,Y1 E Yanda ER, we have 

(i) A(x + x1 , y) = A(x, y) + A(x1, y) 

(ii) A(x, y + Yi) = A(x, y) + A(x, Y1) 

(iii) A(ax, y) = aA(x, y) 

(iv) A(x, ay) = aA(x, y) 

A is said to be bounded whenever there is a positive number M such that 

IIA(x, Y)II < M • llxll · IIYII 

for all x EX, y E Y. In L(X, Y,; Z) we define the norm 11-11 by 

IIAII = inf {M: IIA(x, Y)II < Mllxll llYII Jor any x EX and YE Y}. 

Let f : [a, b] --+ X be any function. We say that f is regulated if for ever) 

E [a, b), the right-sided limit f (€+) exists and is finite, and for~ E (a,b] 

the left-sided limit f (€-) exists and is finite. A regulated function f has 8 

countable number of points of discontinuity. 

We say that f is of bounded variation on [a, b] whenever 

Var(J; [a, b]) = sup(P) L II! (ti) - f(ti-1)11 < 00, 
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where the supremum is taken over all partitions P = { a = t 0 < t 1 < · · · < 
tn = b} of [a, b]. A function of bounded variation is regulated [6]. 

Function f is absolutely continuous on [a, b) whenever given f > 0, there 
exists 8 > 0 such that if {[ai, bi)} is a finite or infinite sequence of non-
overlapping intervals in [a, b) we have 

L lbi - ail < 8 implies L 11/(bi) - f(ai)II < E. 
i i 

An absolutely continuous function on [a, b] is continuous on the same interval 
[a, b]. The converse, however, is not true. 

We now turn to bilinear Henstock-Stieltjes integral. Given a positve 
function 8(€) on [a, b], a 8-fine division is a set of interval-point pairs D = 
{ ( [a, b]; €)}, where the [u, v]'s form a partition of [a, b] and for every pair 
([u, v]; ¤) in D, we have 

¤ E [u, v] C (e - 8(€), e + 8(e)). 

Any subset of a 8-fine division of [a, b] is a 8-fine partial division of [a, b]. 
Let A E L(X, Y; Z) and let f : [a, b] -t X and g : [a, b] -t Y be any 

functions.We say that f is Henstock-Stieltjes integrable with respect to A 
and g on [a, b] if there is a vector J in Z satisfying the following condition: 
For every E > 0 there exists a positive function 8(€) defined on [a, b] such 
that for any 6-fine divii;ion D = { ([u, v]); €)} of [a, b], 

In this, we write 

ll(D) L A(f( €), g(v) - g(u)) - JII < E. 

J = (HS) [ A(f,dg). 
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We also include the definition 

J = (HS) 1a A(f, dg) = 0. 

"'HS"' stands for Henstock-Btieltjes, and the integral is called bilinear Hen t 
s oc~. 

Stieltjes integral. If no confusion arises, we may as well omit "HS" for sini. 

plicity. 

For the algebraic propei:t.ies 'and other related results concerning the in-

tegral, the reader may refer to [1], [2], [3] and [4]. 

2 Results 

Let A E L(X, Y; Z), and let f : [a, b] -4 X be Henstock-Stieltjes integrable 

with respect to A and g : [a, b] -4 Y on [a, b]. If F : [a, b] -4 Z is given by 

F(x) = l' A(f, dg) 

for all x E [a, b], then for any partition D = {[u, v]} of [a, b], we have 

(D) L)F(v)- F(u)} = [ A(f,dg). 

Lemma 2.1 Let A E L(X, Y; Z), and let f : [a, b] -4 X be Henstock· 

Stieltjes integrable with respect to A and g : [a, b] -4 Y on [a, b]. There exists 

a function F : [a, b] -4 Z with the property: Given f > O, there is a positive 

function <5({) on [a, b] such that for any <5-fine division D = { ([u, v]; ~)} of 

[a, b], 

ll(D) L{F(v) - F(u) -A(f({),g(v) - g(u))}II < f. 

. • . ·rve of A function F that has the property in Lemma 1 is called a primi i 

. F( v) for f with respect to A and g on [a, b]. For convenience, we wnte u, 
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the difference F( v) - F( u). It is worth noting that if F is a primitive, then 

F(a, b) is the value of the integral. 

If Y = Z = R and A is the scalar product: A(x, a) = a. x, and if 

g: [a, b] Y is the identity function · g(x) = x, then. the integral J: A(f, dg) 

turns out to be the integral 1: f discussed in [5] by Sergio Cao. It is known 

that if Fis a primitive of 1: f, then Fis always continuous on [a, b][5]. This 

means Fis continuous regardless of whether or not f is continuous on [a, b]. 

Therefore, the continuity of a primitive F off cannot be attributed to the 

function f. If so, then what must have guaranteed the continuity of F? At 

this point, one may try to consider the second function g(x) = x, which, 

of course, is continuous on [a, b]. We ask : Was it the continuity of g that 

guaranteed the continuity of F? This is precisely the very substance of the 

following discussion. 

Before we proceed let us mention a particular example of a discontinuous 

primitive. 

Example 2.2 Let A E L(X, Y; Z). Let a1, a2, a3 be distinct vectors in 

X, b1 , b2 , b3 be distinct vectors in Y, and let 

and 

a1, € E [O, 1) 

f ( €) = a2, € = 1 

a3, ( E (1, 2] 

b1, € E [O, 1) 
g(€) = b.i, € = 1 

b3, €E(l,2] 

Then f
0

2 A(f, dg) = A(a2, b3 - b1)- If F(x) = fax A(f, dg) for each x E 

[O, 2], then 

IIF(y) - F(l)II = IIA(a2, - b1)II 
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for all O < y < 1, and 

11 F (y) - F ( 1) 11 = 11 A ( a2, b3 - b2) 11 

for all 1 < y < 2. If A(a2, b2 - b
1

) # 0, then any positive E < IIA(a2, b
2 

- bi)II 

can be used to show that F is left-hand discontinuous at = 1. And if 

A(a2, b3 - b2) f 0, ·then any positive E < IIA(a2, b3 - b2)II shows that pis 

right-hand discontinuous at = 1. 

The following theorem is a bilinear Stieltjes version of the (weaker) Hen-

stock's lemma. A common procedure (see for reference [7] and [8]) and, in 

fact, the same lines of arguments prove the theorem. 

Theorem 2.3 Let A E L(X, Y; Z), and let f : [a, b) X be Henstock-

Stieltjes integrable with respect to A and g : [a, b) Y on [a, b) with primitive 

F. Given E > 0, there is a positive function 8(€) on [a, b] such that for al! 

8-fine partial divisions D = { ([u, v]; ~)} of [a, b], we have 

ll(D) L{F(u,v)-A(f( ¤),g(v)- g(u))}II < E. 

Corollary 2.4 Let A E L(X, Y; Z), and let f : [a, b] X be Henstock-

Stieltjes integrable with respect to A and g : [a, b] Y on [a, b] with primitive 

F. Then 

F(x) = [ A(!, dg) + F(a) 

for all x E [a, b]. 

Proof: The integral J: A(f, dg) exists for every x E [a, b) (see [1] and [7]). 

Let x E ( a, b] and let E > 0. By Theorem 2, there exists a positive function 

8(~) on [a, b] such that for all c5-fine partial divisions D = {([u, v];€)} of [a,b] 

ll(D) L{F(u,v)-A(f( ¤),g(v)- g(u))}II < E. 

24. 
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Thus for all <5-fine divisions D = {([u, v]; €)} of [a, x] 

ll(D) L A(f(€), g(v) - g(u)) - (F(x) - F(a))}II < ~-

This means that 

F(x) - F(a) = [ A(J, dg). 

In view of Corollary 2.4, we remark that any two primitives of the same 
integral differ by a constant vector. 

Example 2.5 Let A E L(X, Y; Z), let f: [a, b] X be such that f = 0 
almost everywhere in [a, b] and let g : [a, b] Y be absolutely continuous 
on [a, b]. Then J: A(f, dg) exists and primitives are constant functions. To 
show this, let us proceed with a non-zero A. Let x be a fixed but arbitrary 
point in [a, b]. We claim that J: A(f, dg) exists. Define 

E = {~ E [a,x]: /(~)-/ O}, 

and for each integer n, put 

En={~ EE: n -1 < llf(~)II < n}. 

Then E = UnEn and the measure of each En is 0. 

Let E > 0. For every n E z+, there is a 8n > 0 such that if {[ai, bi]} is a 
finite or infinite sequence of non-overlapping intervals in [a, x] with I:i lbi -

ail < 8n, then 

L llg(b,) - g(a;)II < n2n\lAII. 
i 

For each n E z+, there is a countable collection of disjoint open intervals 

In,1, In,2, • • • such that 

En c Uiln,i and L l(In,i) < 8n-
i 
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Define for each { E En, a <5({) > 0 50 that ({ - <5({), { + <>({)) c 
1 . 

Ti.a tr., 
some i, and <5({) = 1 for every { E [a, b] \ E. Let D = { ([u, v]; {)} be cit, 

<5-fine division of {a, x]. For each [u, v] in D, there is a pair (n, i) SUch • 
t~'. 

[u, v] C In,i· Therefore 

ll(D) LA(f(~),g(v)- g(u))II - ll(D) LA(f({),g(v)- g(u))II 

This means that 

Consequently, 

(EE 

< IIAII • L( L 11!({)11 • llg(v) - g(u)), 
n (EEn 

< IIAII • L(n L llg(v) - g(u))II) 
n ~EEn 

< I\AII • L(n. n2",IAI\) 
n 

- E. 

[ A(f,dg) = 0. 

[ A(f,dg) = 0, 

and if F is a primitive, then , by Corollary 2.4, 

F(x) = F(a) for all x E [a, b) . 
[ 

Theorem 2.6 Let A E L(X, Y; Z), and let a bounded function!: [a,b]--
b' X be Henstock-Stieltjes integrable with respect to A and g : [a, b] --t Yon [a,' 

with primitive F. If g is absolutely continuous on [a, b], then so is F. 

f 
Givev 

Proof: Assume IIAII # 0, and let M be a positive bound for • 
of nou-

E > 0, let fJ > 0 be :;uch that for all finite or infinite sequence 
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overlapping intervals {[Cli, bi]} in [a, b] 

L lbi - <lil < 8 implies L llg(bi) - g(ai)II < E • . . 2MIIAII 1. 
1. 

Now let {[ai, bi]} be a finite or infinite sequence of non-overlapping intervals 

in [a, b] such that I:i lbi - ail < 8. For every i = 1, 2, • • ·, there exists a 

positve function 8i ( ~) on [a, b] such that if 

is any 8i-fine division of [ai, bi], then 

IIIF(bi) - F(ai)ll - ll(Di) LA(f(t),g(v) - g(u))III 

< IIF(bi) - F(ai) - (Di) L A(f(t), g(v) - g(u))II 
E 

< 2i+1 • 

For every i fix a Di, and consider the sequence { [x~_ 1, x~ Hr=1,2,. .. ,ni. The 

intervals [x~_
1

, x~], r = 1, 2, • · • , nif i = l, 2, • • • are non-overlapping. Since 
ni 

L Ix~ -x~-1I = LL Ix~ -x~-1I = L lbi - ail< 8, 
r=l,2, ··· ,ni;i=l,2, ··· i r=l i 

we have 

L IIF(bi) - F(ai)II < L {(Di) L IIA(f(~), g(v) - g(u))II + 2i:t} i i 

< MIIAII L{(Di) L llg(v) - g(u)II} + L 
2
i:t 

i i 

- MIIAII L llg(x~) - g(x~-1)II + L 
2
i:l 

r=l,2, ··· ,ni;i=l,2,... i 
E ¤ 

< MIIAll 2MIIAII + 2 

= €, 

and the proof is complete. D 
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Theorem 2. 7 Let A E L(X, Y; Z), and let f : [a, b] X be Henstock. 

Stieltjes integrable with respect to A and g : [a, b] Y on [a,-b] with Prirn•t· 
.ZVt 

F. If g is continuous on [a, b], then F is continuous on [a, b]. 

Proof: Let x E [a, b]. Assume A -:f O and take a positive number M where 

Ill (x) 11 < M. If g is continuous on [a, b], then given c > 0, there exists '51 > o 

such that for any y E [a, b], 

f 

/x - y/ < 61 implies [lg(x) - g(y)[I < 
2
M[IA[I' 

By Theorem 1, there is a O < 62 < 61 on [a, b] such that for all 6rfine partial 

divisions D = { ([u, v]; f)} of [a, b], we have 

1/(D) L{ F(u, v) -A(f(~),g(v) - g(u))}/1 < ;. 

Now, let y E [a, b] be such that x < y and y-x < 62 (x). Then {([x, y]; x)} 

is a 62-fine partial division of [a, b], and so we have 

1/F(x, y)/1 < 1/F(x, y) - A(f(x), g(y) - g(.x)/1 + 1/A(f'(x),_g(y) - g(x))/1 

f 

< 
2 

+I/Al/· 1/f(x)// • l/g(y) - g(x)/1 

f f 

< 2 + 2MI/AI/ I/Al/· l/f(x)I/ 

< f. 

Similarly, if Y E [a, b] is such that y < x and x - y < 62(x), then 

{([y, x]; x)} is a b·2-fine partial division D = {([u, v]; f)} of [a, b], and 

1/F(x) - F(y)// < c. 

Set O
 = 62 (x) and we have that Fis continuous at x. Since xis arbitrary, F 

is continuous on [ a, b]. 
0 
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Corollary 2.8 Let A E L(X, Y; Z), and let f : [a, b] X be Henstock-

Stieltjes integrable with respect to A and to a regulated function g : [a, b] Y 

on [a, b]. If F is a primitive off with respect to A and g on [a, b], then F is 

continuous on [a, b] except possibly for a countable number of points. 

Proof: If g is regulated, then g has at most countably many points of 

discontinuity. The conclusion follows immediately from Theorem 5. D 

Finally we turn to a mean convergence theorem. Versions of such in 

the classical case are thoroughly discussed in [8]. The one that follows is a 

Stieltjes version of the mean convergence theorem introduced by Cao in [5]. 

Theorem 2.9 Let A E L(X, Y; Z), and let g: [a, b] Y be of bounded 

variation. Let {fn : [a, b] X} be a sequence of Henstock-Stieltjes integrable 

functions with respect to A and g on [a, b], each with primitive Fn, satisfying 

the following conditions: 

(i) fn(x) 1----+ f (x) for all x E (a, b]; 

( ii) the primitives Fn converge pointwise to F on [a, b]; 

( iii) [a, b] is the union of sets { Ei} such that for all i and for all c > 0, there 

exists an integer Ni, there exists<>(~) > 0 on [a, b] such that whenever 

D = {((u,v];~)} is a 8-fine partial division of [a,b] with~ E Ei, we 

have 

(D) I: {Fn(u, v) - Fm(u, v)} < ¤ 

for all n, m > Ni. 

Then f is Henstock-Stieltjes integrable with respect to A and g on [a, b] with 

primitive F. 
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Proof: Let €> o. Condition (iii) implies that for all i,j, there exists Ni· 

there exists 6;(~) > o on [a, b] such that whenever D = {([u, v]; el} is a 6i-fi:; 

partial division of [a, b] with E Ei, we have 

( D) L { Fn ( u, V) - Fm ( U, V)} 

for all n, m > Ni,j· In view of condition (ii), the above inequality impli~ 

that 

for all n > Ni,j. 

For each i, we may choose {FNi+l,i : j = 1, 2, • • ·} as a subsequence of 

{FNi,i : j = I, 2, • • • }. Set N(i) = Ni,i, and consider the sequence {FN(i): 

i=l,2, .. ·}. 

Let Ei = E1 and Et = Ei - U~; Ek for i > 1. Then the sets Et are 

pairwise disjoint whose union is (a, b]. Now condition (i) implies that for each 

( E E;, there exists a positive integer m( c, ~) > N( i) such that 

We may choose m(E, ~) = N(j) for some N(j) > N(i). 

Since J n is Henstock-Stieltjes integrable with respect to A and g on [a, b], 

with primitive Fn, by Theorem 2, there exists a <5~(~) > 0 such that 

(D) L{A(fn((),g(v)- g(u))-Fn(u,v)} 

for all 6~ -fine partial divisions D = { ( [u, v]; ()} of [a, b]. 

Put, for each~ EE;, 
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and let D = {([u, v]; {)} be a 6-fine division of [a, b]. Then 

(D) L{A(f(E),g(v) - g(u)) - F(u,v) 

< (D) L{A(J({) - fm(£,e)({),g(v) - g(u))} + 

+ I (D) L {A(fm(i,e)({), g(v) - g(u)) - Fm(£,0 (u, v)} + 

+ (D) L {Fm(i,e)(u, v) - F(u, v) . 

Now, for the middle term in the right hand of the inequality, we decompose 
D into the union of sets Dm(£,(), where Dm(f,{) is the set. of all interval-point 
pairs in D associated with the integer m(E, {). Note that 

and thus 

00 

(D) L { A(Jm(,,{)(~), g.(v) - g(u)) - Fm(,,{)( u, v)} < L 
2
fn • 

n=l 

To get the last term, for each i, let Gm(£,{) be the set of all interval-point pairs 
([u, v]; E) in D where { E E; and { is associated with the integer m(E, {). Note 

also that 

L {Fm(c,o(u, v) - F(u, v)} < L 

where N(j) = m(E, E) and N(j) > Ni,j· Thus 

\\(D) L {A(f(E), g(v) - g(u)) - F(u, v) 

00 

< 2€ • Var(g; [a,b]) + L ;n + L 2i:J 
n=l i,j 

E • {2Var(g; [a, b]) + 2}. 

This means that (HS) lb A(J, dg) = F(a, b) = lim Fn(a, b). 
a n 

D 
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