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Abstract 
In this paper, the concept of s-connectedness will be introduced. 

Some r~sults concerning the relationship between connectedness and 
s-connectedness will be given. In particular, it is shown that con-
nectedness is weaker than s-connectedness. Characterizations of s-
connectedness are also obtained. 
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1 Introduction 

The concepts of semi-open sets and semi-continuity in a topological space 

were introduced by Norman Levine in 1963 [5]. Apparently, the family of 

all semi-open sets in a topological space X contains all the open sets. Even 

though an arbitrary union of semi-open sets is semi-open, the class does not 

always form a topology on the underlying set. In particular, the intersection 

of two semi-open sets need not be semi-open. 
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2 Definitions and Known Results 

. . . t the union of two 

Definition 2.1. A space Y. is connected 1f it 
18 

no B 
. . ected. A subset of 

non-empty disjoint open sets. Otherwise, Y 1s d1sconn 

Y is connected if it is connected as a subspace of Y. 

The proofs of the following results can be found in [
2
] • 

1 
JR having more than one 

Theorem 2.2. The only connected subsets 0 

point are JR and the intervals ( open, closed, or half-open)· 

Theorem 2.3. The following three properties are equivalent: 

( 1) Y is connected. 

(2) The only subsets of Y both open and closed are 0 and Y. 

(3) No continuous f : Y 2 is surjective, where 2 is the space X = {O, 1} 

with the discrete topology. 

Definition 2.4. Let X be a topological space. A subset O of Xis semi· 

open if O C cl(int(O)). Equivalently, 0 is semi-open if there exists an open 

set G in X such that 

G CO C cl(G). 

The family of semi-open sets in X is denoted by SO ( X). 

Definition 2.5. Let X and y be topological spaces. A function f : X .A 

y is semi-continuous on X if 1-1(0) is semi-open in X for every open set 

0 in Y. 
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Definition 2.6. Let X and Y be topological spaces. A function f : X ---+ 

y is semi-continuous at p in X if for every semi-open subset V of y 

with f (p) E V, there exists a semi-open set U in X such that p E U and 

f(U) CV. 

In [l], the authors proved the following: 

Theorem 2. 7. f is semi-continuous if and only if it is semi-continuous 

at every element p of X. 

3 Results 

This section presents the results on semi-continuity ands-connectedness. See 

below some characterizations involving these concepts. 

Lemma 3.1. Let X be an infinite set with the cofinite topology !!7x. Then 

SO(X) = !!7x. 

Proof. Since open sets are semi-open sets, !!7x C SO(X). So it remains to 

show that SO(X) C !!7x. To this end, let CE SO(X)\!!7x. Then there exists 

A E !!l'x\{0} such that AC CC cl(A); hence, cc C Ac. Since Ac is finite, it 

follows that cc is finite. Therefore CE !!7x. Accordingly, SO(X) = !!7x. 

Theorem 3. 2. Let X be an infinite set with the co finite topology and Y 

an arbitmry space. Then the following statements are equivalent: 

(a) f : X ---+ Y is semi-continuous; 

( b) If O is open subset of Y, then 1-1 ( oc) = X or 1-1 ( oc) is finite. 

( c) f : X ---+ Y is continuous. 
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Proof. (a):(b) Let O b b f y Then by semi-continuity of J e an open su set o . , 
J-

1
(0) E SO(X); hence, i-1(0) E !Yx by Lemma 3.1. This implies that 

is X or J- 1 (Oc) is finite. Hence, (b) holds. 

(b):(c) Let O be an open set in Y. Then 1-1(0) = 0 or (J-
1
(O))c is 

finite. by assumption. Therefore 1-1 ( O) is open in X; hence, f is continuous. 

( c): (a) This is immediate from Lemma 3.1. D 

Lemma 3.3. Let (X, !Y) be a topological space and Y an open subset of 

X. Then 

SO(Y) = { G E SO(X) : G c Y} = T . 

Proof. Suppose O E SO(X) and O Y. Then there exists an open set G 

in X such that G CO C cl(G). Since O Y, it follows that G CY; hence, 
• 

G = G n Y E !Yv. Therefore, 

c = G n Y o = o n Y Y n cl ( G) , 

i.e., 

G CO~ Y n cl(G) = cly(G) . 

This implies that O E SO(Y); hence 

T = { G E SO(X) : G c Y} c SO(Y) . 

l thot Next, let 0* E SO(Y). Then O• c Y and there exists G* E §y sue 1 
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It follows that there exists G E !Y such that 

G n y C o· C y n cl ( G*) C cl ( G*) = cl ( G n y) . 

Let H = G n Y. Since Y E !Y, H E !Y and 

H C 0* C cl(H) . 

This shows that 0* E S0(X). Thus S0(X) c T. 

Theorem 3.4. Let f : X Y be a function and X = X1 UX2 , where Xi 

and X2 are open subsets of X. If f lx
1 

and f lx
2 

are semi-continuous, then f 

is semi-continuous. 

Proof. Let p E X and let V be a semi-open subset of Y with f (p) E V. 

Then p E X1 or p E X2 . Without loss of generality, assume that p E X1 . 

By semi-continuity of f lx
1 , there exists U E S0(X 1) with p E U such that 

f(U) C V. Consequently, by Lemma 3.3, there exists U E S0(X) with 

p EU such that f(U) CV. Therefore f is semi-continuous at p. Since p was 

arbitrarily chosen, it follows from Theorem 2. 7 that f is semi-continuous on 

X. 

Theorem 3.5. Let X = X1 U X2 and f : X Y. If f lx1 and f lx
2 

are 

semi-continuous at p E X 1 n X2 , then f is semi-continuous at p. 

Proof. Let U be a semi-open set in Y containing f (p). Since flx
1 

and f lx
2 

are semi-continuous at p E X 1 n X 2 , there exist semi-open sets 0 1 and 0 2 in 

X1 and X2 , respectively, such that p E 0 1 n 02 ·and 

59 



.. . , 

THE MINDANAO FORUM 
vvi,, XIX No.~ 

It follows that there exists semi-open set O = 01 U 02 in X such that p E 0 

and 

This shows that f is semi-continuous at p. 

Theorem 3.6. If X is s-connected topological space, then X is connected. 

Proof. Suppose that X is an s-connected topological space. Then X is not 

the union of two non-empty disjoint semi-open sets. Since fl" C SO(X), Xis 

not the union of two non-empty disjoint open sets. Thus X is connected. D 

Remark 3.7. The converse of Theorem 3.6 is not true. 

Consider the real line IR with the usual topology. IR is a connected space 

since JR and 0 are the only subsets of IR which are both open and closed. 

Now, the interval [a, +oo) is semi-open in IR since there exists an open set 

( a, +oo) in IR such that 

(a, +oo) [a, +oo) cl((a, +oo)) = [a, +oo) . 

If follows that 

JR= (-oo,a) U [a,+oo) 

is the union of two non-empty disjoint semi-open sets, 1.e., JR is not s· 

connected. Thus, JR is a connected topological space that is not s-connected. 

Corollary 3.8. The only s-connected subsets of JR having more than one 

point are lR and the interv~ls ( open, closed, or half-open). 
,, 

Proof. This follows from Theorem 3.6 and Theorem 2.2. 

60 



JUNE 2005 
ON TOPOLOGICAL PROPERTIES INVOLVING SEMI-OPEN SETS 

Theorem 3.9. The co.finite topology on X is s-connected. 

Proof. Suppose X is not s-connected, say X = A U B, where A and B 

are disjoint non-empty semi-open sets. Then A and B are open sets by 

Lemma 3.1; hence, X is disconnected. This contradicts the fact that cofinite 

topology on X is connected. 

Lemma 3.10. Let X be any space and XA the characteristic function of 

A X. Then XA is semi-continuous if and only if A is both semi-open and 

semi-closed. 

Proof. Suppose A is both semi-open and semi-closed. Let O be an open set 

in {0, 1 }. Then 

0 if 0 = 0 

XA1(0) = 
X if O = {0, 1} 

A if_ 0 = {1} 
Ac if O = {0}. 

Hence, XA1( 0) is semi-open. Therefore, XA is semi-continuous. 

Next, suppose that XA is semi-continuous. Let 0 1 = {1} and 0 2 = {0}. 

Then 01 and 0 2 are open in {0, 1 }. Hence 

are semi-open in X. Thus, A is both semi-open and semi-closed. D 

Theorem 3.11. The following three properties are equivalent. 

( i) Y is s-connected. 

('i'i) Th 
e only subsets of Y both semi-open and semi-closed are 0 and Y • 
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( ) 
where 2 is the space 

iii No semi-continuous f : y --+ 2 is surjective, 

X = {O, 1} with the discrete topology. 

P 1 ( .) ( .. ) 1 
. losed where G is a non-

roo • i : ii f G is both semi-open and semi-c ' 

·r of Y· hence Yi 
empty proper subset of Y, then G u cc is a decompoSI ion ' 8 

not s-connected. 

(ii): ( iii) If f : Y --+ 2 were a semi-continuous surjection, then 

(not Y for otherwise, 3 y E y with y H 1 and y H O which is a contra-

diction). Since {O} is open and closed in 2, 1- 1
( {O}) is both semi-open and 

semi-closed in Y, a contradiction to (ii). 

( iii):( i) If Y =AU B, where A and Bare disjoint non-empty semi-open 

sets, then t1 and B are also semi-do~. Consider the characteristic function 

of ACY 

XA: A--+ ({O, 1}, P) . 

By Lemma 3.10, XA is semi-continuous. This is a contradiction to (iii). 0 

Theorem 3.12. The semi-continuous image of ans-connected set is con· 

nected. That is, if X is s-connected and f : X -+ Y is semi-continuous, then 

J ( X) is connected. 

Proof. Suppose X is s-connected and f : X -+ Y is semi-continuous. If J(X) 

. . n 

were not connected, there would be, by Theorem 2.3, a continuous surJectio 

9 : f (X) -+ 2- It follows that g O J : X -+ 2 is semi-continuous on X. Lei, 

z E {O, l}. Then 3 YE f(X) such that g(y) = z. Also, 3 x EX such th3t 

J(x) = y. Thus 

g(f(x)) =(yo J)(x) = z . 
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This shows that g o J is surjective, a contradiction to the fact that X is 

s-connected. 

Theorem 3.13. Each semi-continuous real-valued function on ans-connected 

space X takes all values between any two that it assumes. 

Proof. Let f : X -+ JR be a semi-continuous function. Then J(X) is a 

connected subset of JR by Theorem 3.12. By Theorem 2.2, f(X) is an interval. 

Thus if f (x) = a and f(x') = b, where a< b, then [a, b] C f (X). This implies 

that if c E [a, b], then 3 z EX such that f (z) = c. 

Theorem 3.14. A discrete space having more than one point is never s-

connected and that a space having the indiscrete topology is always s-connected. 

Proof. Suppose IXI > 1 and let x EX. If !J" =~,then {x} and X\{x} are 

disjoint non-empty open sets in such that 

X = {x} U (X\{x}) 

Since every open set is semi-open, X is a union of disjoint non-empty semi-

open sets. Thus X is not s-connected. 

If (X, !Y), X =f 0 and !J" = J, then 0 and X are the only subsets of X 

that are both open and closed. This implies that 0 and X are the only subsets 

of X that are both semi-open and semi-closed. Thus, by Theorem 3.11, X is 

s-connected. 

Theorem 3.15. Let !j" and 3'i be topologies on X. If (X, !Y) is s-

r.onnected and S'i !Y, then (X, 3'i) is s-connected. 
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Proof. Let (X, .?) bes-connected. By Theorem 3.11, the only subsets of X 

that are both semi-open and semi-closed are 0 and X. Since .9i C g, the 

only subsets of X with respect to .9i that are both semi-open and semi-closed 

are 0 and X. By Theorem 3.11, (X, .9i) is s-connected. 0 
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