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Abstract

In this paper, the concept of s-connectedness will be introduced.
Some results concerning the relationship between connectedness and
s-connectedness will be given, In particular, it is shown that con-
nectedness is weaker than s-connectedness. Characterizations of s-
connectedness are also obtained.
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1 Introduction

The concepts of semi-open sets and semi-continuity in a topological space
were introduced by Norman Levine in 1963 [5]. Apparently, the family of
all semi-open sets in a topological space X contains all the open sets, Even
though an arbitrary union of semi-open sets is semi-open, the class does not

always form a topology on the underlying set. In particular, the intersection

of two semi-open sets need not be semi-open,
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2 Definitions and Known Results

Deﬁnition 2.1 gpace Y is connected if it
non-empty disjoint open sets. Otherwise, y is disco

VY is connected if it is connecled as 2 subspact of ¥

(21

"The proofs of the following results can be found in

Theorem 2.2. The only connected subsets of B hawing TROTE than one

point are R and the intervals (open, closed, or half-open)-

Theorem 2.3. The following thyee properiies Gre equivalent:

(1) Y 1= connected.
(2) The only subsets of Y both open and closed are @ and Y

(3) No continuous f:Y —» 2 is surjective, where 2 is the space X = {0 1}

with the discrete topology.

Definition 2.4. Let X bea topological space. A subset OQof X is semi
open if O C d(int(0))- Equivalently, O is semi-open if there exists ab opes
set G in X such that

GCOCdG).

The family of semi-open sets in X is denoted by SO(X)
Definition 2.5. Let X and ¥ be topological spaces. A function fiX 2

Y is semi-continuous on X if f~'(0) is semi-open in X for every opelt #

OinY.
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Definition 2.6. Let X and Y he topological spaces. A function f: X —
Y is semi-continuous at p in X if for every semi-open subset V' of Y

with f{p) € V, there exists a semi-open set {f in X such that p € U and
foev.

In [1], the authors proved the following:

Theorem 2.7. f is semi-continuous if and only if it is semi-continuous

af cvery element p of X.

3 Results

This section presents the results on semi-continuity and s-connectedness. See

below some characterizations invalving these concepts.

Lemma 3.1. Let X be an infinite set with the cofinite topology Fx. Then
SO(X) = Gy,

Proof. Since open sets are semi-open sets, Iy € SO(X). So it remains to
show that SO(X) C Fx. To thisend, let G € SO(X)\Fx. Then there exists
A € T \{@} such that A C G C cl{A); henee, G¢ T A°. Since A is finite, it
follows that 3° is finite. Therefore G € Jx. Accordingly, SO(X) = Fx. O

Theorem 3.2. Let X be an infinite set with the cofinite topology and Y

an arbitrary space. Then the following statements are equivalent;
(@) f:X =Y is semni-continuous;
() If O is open subset of Y, then [~HO") = X or f~HO*) is finite.
(e} /1 X — Y is continuous.
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Proof. (a):(b) Let O be an open subset of Y. Then by semi-continuity of f
f71(0) € so(x); hence, f~1(0) € Fy by Lemma 3.1. This implies that
(F o) =r10)

is X or f~1(0°) is finite. Hence, (b) holds.
(b):(c) Let O be an open set in Y. Then f~(0) = @ or (f~1(0)) is
finite, by assumption. Therefore f~Y(0) is open in X; hence, f is continuous.

(¢):(a) This is immediate from Lemma 3.1. 0

Lemma 3.3. Let (X,.7) be a topological space and Y an open subset of
X. Then

SO(Y)={GeSO(X): GCY}=T.

Proof. Suppose O € SO(X) and O € Y. Then there exists an open set G

in X' such that G € O C ¢l(G). Since O C Y, it follows that G C Y hence,
G =GnNY € 9. Therefore,

G=GﬂY(_ZO=OﬂY§Yﬂcl(G) \
Le.,
GCOoCYndG) =y (@) .
This implies that O € SO(Y); hence
T={GeSO(X): GC Y} C SOY).
Next, let O* € SO(Y). Then O* C Y and there exists G* € Jy such L
3 C O C ely(G*)

Tl



JUNE 2005 ON TOPOLOGICAL PROPERTIES INVOLVING SEMI-OPEN SETY

It follows that there exists G € & such that
GNY CO*CYne(C) C a(G*) =c(GNY).
Let H=GNY.SinceY €7, He 7 and
HCO'CH).
This shows that 0* € SO(X). Thus SO(X) C T. a

Theorem 3.4. Let f: X — ¥ be a function and X = X, U X,, where X;

and X, are open subsets of X. If f|x, and f| X, Gve semt-confinuous, then f

is semi-continuous,

Proof. Let p € X and let V be a semi-open subset of ¥ with flp) e V.
Then p € X or p € X,. Without loss of generality, assume that p € X,.
By semi-continuity of f|x,, there exists IV € SO(X,) with p € U such that
f(U) € V. Consequently, by Lemma 3.3, there exists [J & SO(X) with
p € U such that f(U') C V. Therefore f is semi-continnous at p. Since p was

arbitrarily chosen, it follows from Theorem 2.7 that [ is semi-continuous on

X. O

Theorem 3.5. Let X = Xl UXg and f X =Y. If flxl and _fl;(2 are

seri-continuons at p € X, N Xz, then f is semi-continuous at P.

Proof. Let U7 be a semi-open set in ¥ containing f(p). Since flx, and f | x4
are semi-continuous at p € X; N X,, there exist semi-open sets () and O, in

X1 and X3, respeclively, such that p € Oy N O, and

HO)CU, flo)CU.
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It follows that there exists semi-open set O = O U 0, in X such that p€ 0

and

FIO) = f(O, U0,) = f(O) U f(02) € U.

This shows that f is semi-continuous at p. .

Theorem 3.6. If X is s-connected topological space: then X is connected

Proof. Suppose that X is an s-connected topological space- Then X is not

the union of two non-empty disjoint semi-open sets. Since Z € SO (X), Xis

not the union of two non-empty disjoint open sets. Thus X is connected. 0

Remark 3.7. The converse of Theorem 3.6 is not true.

Consider the real line R with the usual topology. R is a connected space
since R and @ are the only subsets of R which are both open and closed
Now, the interval [a, +00) is semi-open in R since there exists an open set

(@, +00) in R such that
(a, +00) C [a, +00) C cl((a, +00)) = [a.+00) .

If follows that
R = (—00,a) U [a, 4+00)

is the union of two non-empty disjoint semi-open sets, i.e., R is not ¥

connected. Thus, R is a connected topological space that is not s-connected

Corollary 3.8. The only s-connected subsets of R having more tha® &
point are R and the intervals (open, closed, or half-open).

Proof. This follows from Theorem 3.6 and Theorem 2.2.
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Theorem 3.9. The cofinite topology on X is s-connceted.

Proof. Suppose X is not s-connected, say X = A U B, where A and B
are disjoint non-empty semi-open sets. Then A and B are open sets hy
Lemma 3.1; hence, X is disconnected. This contradicts the fact that cofinite

topology on X is connected. .

Lemma 3.10. Let X' be any space and x4 the characteristic finction of

AC X, Then xa is semi-continuous if and only if A is both semi-open and

sem-closed.

Proof. Suppose A is both semi-open and semi-closed. Let O be an open set
in (0,7}, Then

g fo=o
X if0={01}
-1 ]: '
Xator=4, if0={1)
4 if0={o}.

Hence, x,*(O) is scmi-open. Therefore, y,, is semi-continuous.

Next, suppose that y, is semi-continuous, Let () = {1} and O, = {0}.
Then O and (0, are open in {0,1}. Hence

XA (01) = A and x710,) = 4°
are semi-Open in X, Thus, A is both semi-open and semi-clogsed. O
Theorem 3,11, The following three properties are equivalent.
Y sconnected.
WEy The ly subsels of Y both semi-open and semi-closed are @ and V.

61



THE MINDANAO FORUM vot. XIX No. |

(iii) No semi-continuous f : Y — 2 is surjective: where 2 15 the space

X = {0,1} with the discrete topology.

Proof. (i):(it) If G is both semi-open and semi-closed, where G is a non.

empty proper subset of Y, then GUG* is 8 decomposition of ¥ hence ¥'ig

not s-connected.

(#):(52) If f : Y — 2 were a semi-continuous 8

[{op) #2.Y

urjection, then

(not Y for otherwise, 3y € Y with y — 1 and y = 0 which is a contre-

diction). Since {0} is open and closed in 2, f ~1({0}) is both semi-open and

semi-closed in Y, a contradiction to (i).
(iii):(i) If Y = AU B, where A and B are disjoint non-empty semi-opes

sets, then A and B are also semi-closed. Consider the characteristic function
of ACY
XaA‘: A— ({0,1}.@) .

By Lemma 3.10, x4 is semi-continuous. This is & contradiction to (). O

Theorem 3.12. The semi-continuous image of an s-connected set is c0%
nected. That is, if X is s-connected and f : X — Y is semi-continuous, then
J(X) is connected.

Proof. Suppose X is s-connected and f : X — Y is semi-continuous. 1f f(X)
were not connected, there would be, by Theorem 2.3, a continuous surjectit®
g: f(X) — 2. It follows that go f : X — 2 is semi-continuous on X- Lt
z € {0,1}. Then 3y € f(X) such that g(y) = z. Also, 3z € X such the
f(z) =y. Thus

9(f(z)) = (9o fllz) =2 .
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This shows that g o f is surjective, a contradiction to the fact that X is

s-connected. O

Theorem 3.13. Each semi-continuous real-valued function on an s-connected

space X takes all values between any two that it assumes.

Proof. Let f : X — R be a semi-continuous function. Then f(X) is a
connected subset of R by Theorem 3.12. By Theorem 2.2, f(X) is an interval.
Thus if f(z) = a and f(2") = b, where a < b, then [a, 4] C f(X). This implies
that if ¢ € [a, b], then 3 z € X such that f(z) =¢. 0

Theorem 3.14. A discrete space having more than one point is never s-

connected and that a space having the indiscrete topology is always s-connected.

Proof. Suppose |X| > 1and let z € X. If 7 = 2, then {z} and X\ {z} are

disjoint non-empty open sets in 2 such that

X = {z}u(X\{z})

Since every open set is semi-open, X is a union of disjoint non-empty semi-
open sets. Thus X is not s-connected.

If(X,7), X #2 and F = S, then @ and X are the only subsets of X
that are both open and closed. This implies that @ and X are the only subsets

of X that are both semi-open and semi-closed. Thus, by Theorem 3.11, X is

s-connected. O

Theorem 3.15. Let 7 and % be topologies on X. If (X,T) is s-
fomnected and J; C 7, then (X, &) is s-connected.

63



IX Na. ;
THE MinDANAO Forum _-___'___,\_':35——)-{——-;

PR b. ‘b r ,
Proof. Let {X, ) be s-connected. By Theoremn 3.11- 1he only subsels of X

' snee J1 € T, th
that are both semi-open and semi-closed are 2 and X- Since 1 E

: ; nd semi-closa
only subsets of X with respect to F; that are bolh sewi-open a3 |

are @ and X. By Theorem 3.11, (X, 5} i s-conmected. O
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