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Abstract

Any path of length distg(u,v) is 2 u-v geodesic in G, where « and
v are vertices of a connected graph (. The set [ [, ] denotes the
closed interval consisting of u, v and all vertices lying on somne w-v
geodesic. If A C V(G), then I[4] is the union of all sets T, w] for all
w v €A IEIA] = V{G), then A is a geodetic cover. A geodetic cover
of minimum cardinality is called geodetic basis.

The corona of graphs G and I is the graph obtained by taking a
capy of G of order n and n copies of H, and then Joining the ith vertex
of (7 to every vertex in the ith copy of H. In this paper, we give the
order of the geodesic basis of the corona of two connected graphs.
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1 Preliminaries
v € V(G)- The distance dg(u,v)

inG.
between u and v in G is the length of a shortest u-V path P(u,v) in Such
u-v path of length dglu, v) is called a u-v geodesic. The couple (V(G), dg),

where V(G) is the vertex set of G, is & metric space. The symbol Ig[u,v|
u,v and all vertices lying on some

Let G be a connected simple graph and u,

is used to denote the set consisting of

u-v geodesic in G. A subset C of V(G) is convex
u,v € C, Ig[u,v] € C. A geodetic cover of G is a subset A of V(G) such that

if for every two vertices

every vertex of G is contained in a geodesic joining some pair of vertices in
A: that is, Ig[A] = V(G), where Ig[A] = Uy zea Ifu,v]. A geodetic number
g(G) of G is the minimum order of its geodetic covers, and any cover of order
g(G) is called a geodetic basis. It can easily be verified that A C I[A] and
that Ig[A) = A if and only if A is convex. When no confusion a.rise_s, we
simply refer Ig[A] as I[A].

The concept of geodetic basis and geodetic number of a graph was inves
tigated in (1], [2], 3], [4], 3], [6], [7], [8] and [11]. For other graph theoreti
terms, which are assumed here, readers are advised to see [10].

The following result can be found in [2] but no proof is given.

Lemma 1.1 Let G be a connected graph. Then g(G) = V(G if ond
only if G is a complete graph.

. '
Proof: Suppose G is a complete graph. 1f § C V(G), then S ind®
complete subgraph of G. It follows that § is convex in G and hence 181”
r.‘.
S. This implies that I[S| = V(G) if and only if S = V(G) There!

9(G) = [V(G)l.
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Conversely, suppose that g(G) = [V(G)|. Assume further that & is not
complete. Then there exist a,b € V(G) such that d{a,b) > 1. Let ¢ be a
vertex in some a-b geodesic that is distinct from @ and b. Set § = V(G)\{c}.
Clearly. S is not convex in G; that is, I[S] # §. Also, because ¢ € I|u, b], it
follows that ¢ € I[S]. Thus, I[S] = V(G); that is, S is a geodetic cover in
G. Therefore, g{G) < |S| = |V{G)| - 1. This contradicts our assumption.

Therefore, (7 is a complete graph. -

2 Corona of Graphs

Definition 2.1 [2] The corona of two graphs G and H, denoted by GoH,
is the graph obtained by taking a copy of G of order n and n copies of H.

and then joining the ith vertex of G to every vertex in the ith copy of .

Remark 2.2 If [ = K;. then the above definition is the same as that
of [9].

We denote by w+ H, a subgraph of G o /I obtained by joining the vertex
wol G and all the vertices of a COpY Hu of H. Thus: u + Hu — ({U}) + H“
' an induced subgraph of G o H.

Remark 2.3 Lot G be a connected graph. Then the following holds in
¢ 0 H .

" UsevigyV(H,) UV(G) = V(Co H);

v
Viet H)O V(v + H,) = 0 and
N ' . ‘
Elu+ H,) i E{v+ H,) = @ for all distinct vertices u,v in G;
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3. If G is trivial, then Go H = I + K;; and

4. 1f G is non-trivial, then every vertex of G is a cut vertex in Go g

Theorem 2.4 [10] Let G be a (non-trivial) connected graph, Then s
a cut vertez in G if and only if there exists a partition of VIGH\{v) i
subsets U7 and W such that for all w € U and w € W, v & on eiery gy
path.

Theorem 2.5 Let G be a non-trivial connected graph. IfU. W C V(G
are partitions of V(G)\{v} such that v is on every u-w poth for all u €l
and w € W, then WU {v} and U U {v} are convez sels in V(C).

Proof: Since v is on every w-w path for all u € U and w € W, v i8 iné
w-w geodesic for all w € / and w € W,

¢

Suppose C = W U{v} is not convex. Then there exist =,y € C and 2 ¢

such that z is in some z-y geodesic, say

P{z,y} = [Zl,Ig,...,xm,Z,yllyh--~xysl!

where z; = z,y, =yandr>1,s> 1. ,
=1 Sinc"‘ge['

Case 1. Suppose onc of the vertices = and ¥ is v, say, y
y

y € Wand  # 2, the distinet subpaths [z,, 23, .. ., 2, 2 and et "J;
s,pﬂ’
el
Case 2. Suppose none of the vertices z and y is v. Then ©

9:] gati

of P(x,y) contain the vertex v. This is not pessible because Play!®

This implies that both paths [xy, €y, .. .. 2., 2| and [z,91, 420"

the vertex v. Again, this is impossible,
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Therefore, W u{v} is a convex set in V(G). Similarly, /1 {2} is a convex

<t in V(G)- B

Since V(Hy) and V(G o H)\V(u + H,) are partitions of V{G o [1){u}
and {u} is a cut vertex of V(G o H) for all u € V((G), we have the following
consequence of Theorem 2.5.

Corollary 2.6 Let G be a non-trivial connecled graph. Then Viu + H,)
and V(G o H)\V(H,) are convex sels in V(G o H) for every v € V(G).

Lemma 2.7 Let G be a non-frivial connected graph. If A and B are
non-emply subsels of V(G) with A € B, then I|A] C 18],

Proof: Let = € I{A]. Then there exist u,u € A such that z € J[u,u].

Since A € B, there exist u,v € B such that z € I[u,»]. Thus, z € I[B].

Thercfore, I[A] C I(B], O

Theorem 2.8 Let G be 4 non-trivial connected graph. IfU,W C V{G)\{v}
wre partitions of V(G)\{v} such that v is on every u-w path for allw € U
andw € W and if A is a geodetic cover in G. then ANU # 0 and ANW £ 0.

Proof; Suppose A is a geodetic cover in G and suppose ANU = 0. Then
A VIGNU. Thus, I[4] C 1[V(G)\U] by Lemma 2.7. Since 4 is a geodetic
fover in G and V(G)\U = W U {v} is convex by Theorem 2.5, we have

I[A] = V(G) C HV(G)\U] = V(G)\ .

This ; i
15 U0t possible becau

se U # §. Therefore, ANU # 0. Similarly,

Li
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Corollary 2.9 Let G be a nontrivial connect;d{ ;;np
cover of Go H. Then SNV(H,) # 0 for all u €

Theo h and let A
rem 2.10 Let G be a non-trivial connected grap be g
geodetic basis . ' thenv ¢ A.

tic basis of G. If v is a cut verter in G,

Proof: Suppose A is a geodetic basis of G. Further, 3.“?P°5e v is a cut
vertexin G and v € A. By Theorem 2.4, there exists a partition of V(G)\{y)
into subsets U and W such that v is on every u-w path for all u € U/ apq
w € W. This implies that v lies on a u-w geodesic in G for all v € I/ and
w & W. Let B = A\{v}. Consider the following cases:

Case 1. Suppose z = v. Since A is a geodetic cover of G, AnU #§
and ANW # @ by Theorem 28. Pick yc ANU and z € ANW, Then
z € Ify, z]\{y, z}, where 4,2 € B. Hence z € I[B].

Case 2. Suppose z € A\{v} = B. Since B C I(B], it follows that

BJ.
’ Ecl’c[:scsl 3. Suppose z € V(G)\A. Then there exist Y,z € A such that
z € I[y, z], say Ply,z) = [?I-yl.ya,....y,.,z] 1s & y-z geodesic, where T = &
(I1<k<r). Ifyz€ B, thnz ¢ I[B]. So, suppose without loss of
generality, that y = v. Then either 2,z € U or T,z € W. Assume d:“
z,z€U. Picky" € ANW and let P(y*,z) = [y*, 21,22, ..., 2, 7) be a ¥2
geodesic. Then y = v is a vertex in P(y", z). It follows that

P(y.,Z) - [y.’zlvxza"-)zp=y=vsyl)y2”"'y"z]

11Bl.
15 a y*-z geodesic, Thus, z €1 fy*, z|, where y',z€ B. Hence z € [

A
tion that
Therefore, B is a geadetic cover of G, contrary to our assump
is a geodetic basis.
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Accordingly, v & A. m,

Corollary 2.11 Let G be @ non-trivial connecied graph and § o geodetiv
hasis of Go H._If v € V(G), thenv ¢ S,

Lemma 2,12 Let G he a non-trivial connected graph of order n. If A,

is o geodetic cover of ux + Hy,, then UF_ Ay is a geodelic cover of G o .

Prosf: Let Ay be a geodetic cover of u, + H,,, § = Wi Ax and z &
V{GoH). Thenx € V{ux + H,) = 1,,, i, [Ax] for some w;, € V(G). This

implics that
T € Lganu, [Ak] € losn[As] € Igan (Ui Al = lgonS)

by Lemuma 2.7, Hence V(G o H) C Ig.»(S). Thercfore, S is a geodetic cover
of Geo H. )

Lemma 2.13 Let G be @ non-trivial connected graph of onder n. If S is

a geodetic basis of G o H, then

S = O[Sn V{H,)| = O[S NV (w+ H)] -

i=1 i1
Proaf: First, note that SN V{H,.} # @ for all i by Corollary 2.9. Now.,

let S be a geodetic basis of G o H. Clearly,

n

U[S NViu+ H,) = Sﬂ [Cl Vi + {1, )] cCS.
=1

i=1
Now,ifx € §, then « € V{(G) by Corollary 2.11. It follows from Definition 2.1
that 2 € Ue_ v¢ H,,) €Ul V(g + #H,,). This implies that « € U? [[§N
Vi, )], showing that § = U, [§ 0V (w + H,,).
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Next‘ 1et y & Tllen y g ‘/.((-:) < U?_;{u‘.} b}r Corolla.r}v 2.11, Thu.ﬂ

Sn{w}=0foralli=1,...,n Since = Ut N Viu + Hi )l ot follows

that

= LnJlS MHw UV (H ) = Ui.ts N US MV IE)

Therefore, § = O[sﬂ V{H,, ) 0

1=1
Lemma 2.14 [8] Every geodetic cover of o graph confains tfs extren

verlices.

If If is complete and u € V(G), then every element v € V(H,) is a

extreme vertex in V{G o H). By Lemma 2.14, we have the following.

Corollary 2.15 Let S be o geodetic cover of Go H. If H is complel
then V(1) € 8 for all u € V(G).

Lemma 2.16 Let G he o non-trivial connected graph and § « geodt”
basis of Go H. If H is complete, then § = U vV (Hy)-

Proof: Suppose S is a geodetic basis of G o H. This implies that

S= |J SavE) = |J vid).
wEV(G) ueV{C)
by Lemma 2.13 and Corollary 2.15.

TR Y
A

Theorem 2.17 Let G be a connected graph of order n. Then

- m+1 fGis trinal,
NG o Kn) = { mn ifGas non-triviol.
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ow Suppose G is t;l'iViﬂ-l- Then G o Km = I{HI -+ }(] — I{m-{-l. ThllS,
r -

aG e Ku) = 91 Kpni1) =m+1 by Lemma 1.1.

! suppose G is non-trivial and S is a geodetic basis of ¢ o K... Since
i = K, 1t Tollows that 5 = Uuevicy)V(H.) by Lemma 2.16. Thercfore,
a(G o Kin) = niV ()| = niV{H)| = nm. -

Corollary 2.18 Letn and m be two positive integers, wheren > 2. Then

oI © K ) = mem.

Lemma 2.19 Let ' be ¢ non-trivial connected graph of order n and H
a non-complete graph. If § 45 a geodetic basis of G o H, then § = UF A,
where A, s a geodetic basis of u; + H, .

Proof: Let § be a geodetic bagis of G o H, Put 4; = 51 V(H.). By
Lemma 2.13,

S=OwnWm+mJ.

i=1
Thus,
§=JIsnV({#H.,))
=1
by Lemma 2.16. Hence § = U2 A, let &k ¢ {1.2....,n} and v € Vg 1
I{ug;'.

Consider he following cases:

Case 1. Suppose VIH,)C S Ifv e V{H,,), then the vertex v is
REINVES < A E ) v+t [Ak]. Now, let v = w. Since H,, is
“-complote. there exist r,y € V(H,,) such that dgog(zx,y) = 2. Thus,

e
RN K Sy [Ai)l. Hence Ay = SN V(u + H,,) is a geodetic
“mw+u
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Case 2. Suppose there exists w ¢ V{Hy )45, Since S iy a geodelic bagje
of G e M, there exist z,y € S such that w € Jeen [ y]. It IS not possib,
that both % and y are outside A¢ because there is no path -y containing
w. Now, suppose without, loss of generality thal & € Ay and y ¢ Ay, Sinee
w # v and wug, zw, € FB(G e H), it follows that the existence of an i
seodesic containing w is not possible. Thus, @,y € A llence dgog (2, y) =2
and v = ug € Lyop,, [€.9] € Teran,, [Ax]. Now, if v € V{ o )N\ Ak, then by
following an earlier argument, we find that there exist a,b € Ay such thar
v € Iy,4n,, [0,b]. Therefore, Vim: | Hy,) = lu4n,, [As]; that is, A isa
geodetic cover of u; + H,,.

Mareover, A, is a gendetic hasis of u; -+ H,, by Lemma 2.12 and the fael

that S iy a geodetic basis of (G o H. L

Theorem 2.20 Let G be a connected graph of order n and H ¢
non-complete graph. Then g{G o H) =n - g(H + K,).

Proof: Suppose G is trivial. Then G o H = H + K,. This implies
g(G o H) = g(H + K,).

; - rrhen U
Suppose G is nontrivial and let S be a geodetic basis of G e H- Then ™

Thus
Lemma 2,19, § = U}_, A, where 4, is a geodetic basis of ug + Hy ™
n 7 ; \ -
oG o H) =151 =3 1Au] = Y s + H) =gl + KD
P k=1

s
e & &
Corollary 2.21 Let n and m be two positive integers Let U

nected graph of order n. Then

[ g(GaP,) = ng{#,) form = 3; and
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2 (G o Cm) =19(W) form=4.

Observe that the graph H' + K is non-complete if and only if f' is

qon-cowplete. This notion is used in the following results,

Lemma 2.22 Let I be a non-compiele graph. Then for all n,
g(H + Ki) = g{H + K..). (1)

Proof: Suppose H is non-complefe. Clearly assertion (1) holds for n — 1.
Suppose the asscrtion holds for n > 2; that s, g(H 1 K;) = olH + K.).
Now,
gl + K] = o((H + Kq) + Kq) = 9(G + K,)
where & = H + K is non-complete,
Thus,

g(H + ’11-&1] =g(G + Kl) = 9(H+ KE) =g(H + Ki) .

hy the inductive hypothesis. Therefore, (1) holds for all n. ]

Theorem 2.23 Let @ be a connected graph of order n and H a non-
complete graph. Jf I = H' + K, for some graph H', then g(Go ll) = ng{1{).

Proof: Suppose H is a non-complete graph and for some graph H', assume

that B = g5 g, By the non-completeness of ' and by Theorem 2.20,
W }]w'-e

5G o H) = ng(11 K = ng((H' + Kn) + K1) = ng{H' + K1} -
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This implies that

o . I_&_ K' )
G(G o H) = ng(H' 4 K1) = ng(H n

by Lemma 2.22.
Therelore, g{G » H} = ng(H). C

The following result is a direct congequence of Theorem 2.23.

Corollary 2.24 fef nt and m be two positive integers. Let G be a o

nected graph of order n. Then
1. (G o Fy) = ng(fy,) form 2 3 and
2. 9(G o W) = ng{W,,) for m = 4.
Definition 2.25 [5] Let G be a conuected graph. A subset S of V|G,

is a closure absorbing set in G if for every T € V(G)\S, there exist a5 €

N(z) NS with dg(a., b,) = 2.

Corollary 2.26 [5] Let G be a connecled graph of order n and Ky e

complete graph of order m, If G is non-complete, then

GG + Kn) = min{|S| : § € V(G) and is closure absorbing}-

o ordeT
Theorem 2.27 Let G and H be connected graphs, where G is of

n and H is non-complete. Then

gGeH)=mun- min{|S|: S C V(H) and is closure ubsofbmg} '
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Proof: Suppose & aud H are connected graphs, Then 9(Go H) =
ug(H + K1) by Theoremn 2.20. Thus, for all m, ¢(@ o i) = ng(H + k) by
Lemma 2.22. Hence

giGoH)=n-min{|S]: 8 C V(H) and is closure absorbing}

by Corollary 2.26. .
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