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Abstract 

Any path of length dist a ( u, v) is a u-v geodesic in G, where u and 
v are vertices of a connected graph G. The set I[u, v] denotes the 
closed interval consisting of u, v and. all vertices lying on some u-v 
geodesic. If AC V(G), then J[A] is the union of all sets I[u, v] for all 
u, v E A. If I[ A) = V ( G), then A is a geodetic cover. A geodetic cover 
of minimum cardinality is called a geodetic basis. 

The corona of graphs G and His the graph obtained by taking a 
copy of G of order n and n copies of H, and then joining the ith vertex 
of G to every vertex in the ith copy of H. In this paper, we give the 
order of the geodesic basis of the corona of two connected graphs. 
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1 Preliminaries 

L t G b . (G) The distance de( u v) 

e e a connected simple graph and u, v E V • ' 

between u and v in G is the length of a shortest u-v path P(u, v) in G. Such 

u-v path of length dctu, v) is called a u-v geodesic. The couple (V(G), de), 

where V(G) is the vertex set of G, is a metric space. The symbol Ia[u,v] 

is used to denote the set consisting of u, v and all vertices lying on some 

u-v geodesic in G. A subset c of V(G) is convex if for every two vertices 

u, v E C, Ic[u, v] c C. A geodetic cover of G is a subset A of V( G) such that 

every vertex of G is contained in a geodesic joining some pair of vertices in I 
A; that is, Ic[A] = V(G), where Ic[A] = Uu,vEA I[u, v]. A geodetic number 1 

g( G) of G is the minimum order of its geodetic covers, and any cover of order 

g(G) is called a geodetic basis. It can easily be verified that A C Ic[AJ and 

that Ic[A] = A if and only if A is convex. When no confusion arises, we 
• 

simply refer Ic[A] as I[A]. 

The concept of geodetic basis and geodetic number of a graph was inves-

tigated in fl), [2], [3], [4], [5], [6], [7], [8] and [11]. For other graph theoretic 

terms, which are assumed here, readers are advised to see (10]. 

The following result can be found in [2) but no proof is given. 

Lemma 1.1 Let G be a connected graph. Then g(G) = IV(G)I if a11d 

only if G is a complete graph. 

Proof: Suppose G is a complete graph. If S c V(G), then S induces 
3 

complete subgraph of G. It follows that S is convex in G and hence J[S] 

S. This implies that I[Sj == V(G) if and only if S = V(G). Therefore, 

g(G) = /V(G)/. 
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Conversely, suppose that · g( G) = IV ( G) I- Assume further that G is not 

complete. Then there exist a, b E V ( G) such that d( a, b) > 1. Let c be a 

vertex in some a-b geodesic that is distinct from a and b. Set S = V ( G) \ { c}. 

Clearly, S is not convex in G; that is, I[S] =I= S. Also, because c E I[a, b], it 

follows that c E I[S]. Thus, I[S] = V(G); that is, Sis a geodetic cover in 

G. Therefore, g(G) < ISi = IV(G)I - l. This contradicts our assumption. 

Therefore, G is a complete graph. 

2 Corona of Graphs 

Definition 2.1 [2] The corona of two graphs G and H, denoted by GoH, 

is the graph obtained by taking a copy of G of order n and n copies of H, 

and then joining the ith vertex of G to every vertex in the ith copy of H. 

Remark 2.2 If H rv K 1 : then the above definition- is the same as that 

of [9]. 

We denote by u + Hu a subgraph of Go H obtained by joining the vertex 

u of G and all the vertices of a copy Hu of H. Thus, u +Hu= ({u}) + Hu 

is an induced subgraph of G o H. 

Remark 2.3 Let G be a connected graph. Then the following holds in 

GoH: 

J. UuEV(C) V(Hu) U V(G) = V(G o H); 

2
• V(u+Hu)nV(v+Hv)=0and 

E(u + Hu) n E(v + Hv) = 0 for all distinct vertices u, v in G; 
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3. If G is trivial, then Go H rv H. + K1; and 

4. If G is non-trivial, then every vertex of G is a cut vertex in G
O

H. 

Theorem 2.4 flO] Let G be a ( non-trivia0 connected graph. Then v 

a cut vertex in G if and only if there exists a partition of V(G)\{v} into 

subsets U and W such that for all u E U and w E W, v is on every u-w 

path. 

Theorem 2.5 Let G be a non-trivial connected graph. !JU, W V(G)\{v) 

are partitions of V ( G) \ { v} such that v is on every u-w path for: all u E U 

and w E W, then WU {v} -and U U {v} are convex sets in V(G). 

Proof: Since v is on every u-w path for all u E U and w E W, v is in a 

u-w geodesic for all u E U and w E W. 

Suppose C = WU { v} is not convex. Then there exist x, y E C and z C 

such that z is in some x-y geodesic, say 

P(x, y) = [xi, X2, ... , Xr, z, Yi, Y2, • • •, YsJ , 

where X1 = x, Ys = y and r > 1, s > 1. 
1 

S
. e z E (, 

Case I. Suppose one of the vertices x and y is v, say, x == v. inc I 
•.• l Yi 

YE Wandx-=/- z, thedistinctsubpaths [x1,x2, ... ,Xr,z] and [z,yi,Y
2
' tb· 

of P(x, y) contain the vertex v. This is not possible because P(x, y) is a ps ,, 
E h· 

h 'X y 
Case 2. Suppose none of the vertices x and y is v. T en ' •o 

. . . sl conti\l 

This 1mphes that both paths [x1 , x2 , ... , Xr, z] and [z, Y1, Y2, • • • 'y 

the vertex v. Again, this is impossible. 

82 



JUNE 2005 
ON THE GEODETIC COVER AND GEODETIC BASIS ... 

--
, re Wu {v} is a convex set in V( G). Similarly, U U { v} is a convex There1O , 

set in V(G). 

Since V(Hu) and V(G o H)\V(u + Hu) are partitions of V(G o H)\{u} 

and { u} is a cut vertex of V ( G o H) for all u E V ( G), we have the following 

consequence of Theorem 2.5. 

Corollary 2.6 Let G be a non-trivial connected graph. Then V(u + Hu) 

and V(G o H)\V(Hu) are convex sets in V(G o H) for every u E V(G). 

Lemma 2. 7 Let G be a non-trivial connected graph. If A and B are 

non-empty subsets of V(G) with AC B, then I[A] C I[B]. 

Proof: Let x E I[A]. Then there exist u, v E A such that x E I[u, v]. 

Since A C B, there exist u, v E B such that x E I[u, v]. Thus, x E I[B]. 

Therefore, I[A] c I[B]. 

Theorem 2.8 Let G be a non-trivial connected graph. !JU, W C V( G)\ { v} 

are partitions of V(G)\{v} such that v is on every u-w path for all u E U 

and w E W and if A is a geodetic cover in G, then An U =I= 0 and An W ·=!= 0. 

Proof: Suppose A is a geodetic cover in G and.suppose An U = 0. Then 

A<;; V(G)\U. Thus, I[A] c I[V(G)\U] by Lemma 2.7. Since A is a geodetic 

cover in G and V(G)\U =WU {v} is convex by Theorem 2.5, we have 

I[A] = V(G) c I[V(G)\U] = V(G)\U . 

This is n t . 0 
possible because U =/=. 0. Therefore, A n U =/= 0. Similarly, 

Anw 10_ 
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Corollary 2.9 Let G be a nontrivial connected graph and S a geodetic 

cover of Go H. Then Sn V(Hu)-=/ 0 for all u E V(G). 

Theorem 2.10 Let G be a non-trivial connected graph and let A be a 

geodetic basis of G. If v is a cut vertex in G, then v rt A. 

Proof: Suppose A is a geodetic basis of G. Further, suppose v is a cut 

vertex in G and v EA. By Theorem 2.4, there exists a partition of V(G)\{v} 

into subsets U and W such that v is on every u-w path for all u E U and 

w E W. This implies that v lies on a u-w geodesic in G for all u E U and 

w E W. Let B = A\ { v}. Consider the following cases: 

Case l. Suppose x = v. Since A is a geodetic cover of G, An U # 0 

and An W =J 0 by Theorem 2.8. Picky E An U and z E An W. Then 

x E J[y, z]\ {y, z }, where y, z E B. Hence x E J[B]. 

Case 2. Suppose x E A\{v} = B. Since B C I(B], it follows that 

XE J[B]. 

Case 3. Suppose x E V(G)\A. Then there exist y, z E A such that 

x E I[y, z], say P(y, z) = [y, Yi, Y2, ... , Yr, z] is a y-z geodesic, where x == Yk 

(1 k r). If Y, z E B, then x E I[B]. So, suppose without loss of 

generality, that y = v. Then either x, z E U or x, z E W. Assume that 

x, z E U. Picky* EA n Wand let P(y* x) = [y* x x x x] be a y•-x , , 1, 2, .. ·, t, 

geodesic. Then y = v is a vertex in P(y*, x). It follows that 

P(y*, z) = [y*, Xi, X2, · ·,, Xp =y=v, Yi, Y2, ···,Yr, z] 

is a y• -z geodesic. Thus, x E I[y*, z], where y*, z E B. Hence x E I[B]. 

Therefore, B is a geodetic cover of G, contrary to our assumption that A 
is a geodetic basis. 

84 



JUNE 2005 ON THE GEODETIC COVER AND GEODETIC BASIS ... 

Accordingly, v (/. A. 

Corollary 2.11 Let G be a non-trivial connected graph and S a geudetic 

basis of Go H._If v E V(G), then v (/. S. 

Lemma 2.12 Let G be a non-trivial connected graph of order n. If Ak 

is a geodetic cover of Uk+ Huk, then Uk=l Ak is a geodetic cover of Go H. 

Proof: Let Ak be a geodetic cover of uk + Huk, S = Uk=I Ak and x E 

V(G o H). Then XE V(uk + HuJ = luk+HuJAk] for some Uk E V(G). This 

implies that 

by Lemma 2.7. Hence V(G o H) C IaoH[S]. Therefore, Sis a geodetic cover 

of Go H. 

Lemma 2.13 Let G be a non-trivial connected graph of order n. If S is 

a geodetic basis of Go H, then 

n n 

S = LJ(S n V(Hui)] = LJ[S n V(ui +Hui)]·. 
i=l i=l 

Proof: First, note that Sn V(Hu.) -=/- 0 for all i by Corollary 2.9. Now, 

let S be a geodetic basis of G o H. Clearly, 

Now, if x ES, then x ¢ V(G) by Corollary 2.11. It follows from Definition 2.1 

lhat X E u~l V(HuJ C u~l V(ui + Hu.). This implies that X E u~i(S n 

V(ui + Hu.)], showing thats= ui=l[S n V(ui + Hu.)]. 
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Next, let y E S. Then y ff_ V(G) = Uf=1{ui} by Corollary 2.11. Thus, 

Sn{u ·}=0f 11 ·=l s· S=LJ~_[SnV(ui+Hu,)],itfollows 
i or a i , ... , n. mce i-1 

that 

i=l i=l 

n 

Therefore, S = LJ(snv(Hu,)]. D 

i=l 

Lemma 2.14 [8] Every geodetic cover of a graph contains its extreme 

vertices. 

If H is complete and u E V(G), then every element v E V(Hu) is an 

extreme vertex in V(G o H). By Lemma 2.14, we have the following. 

Corollary 2.15 Let S be a geodetic cover of Go H. If H is complete, 

then V(Hu) CS for all u E V(G). 

Lemma 2.16 Let G be a non-trivial connected graph and S a geodetic 

basis of Go H. If His complete, then S = UuEV(G) V(Hu)-

Proof: Suppose S is a geodetic basis of G o H. This implies that 

S = LJ (Sn V(Hu)) = LJ V(Hu) . 

uEV(G) uEV(G) 0 
by Lemma 2.13 and Corollary 2.15. 

Theorem 2.17 Let G be a connected graph of order n. Then 

(G K ) { 
m + 1 if G is trivial, 

g O m = · l 
mn if G is non-trivia • 
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1
. Suppose G is trivial. Then G ° Km = Km+ K 1 = Km+l· Thus, proo • 

) 
=== g(Km+i) = m + 1 by Lemma 1.1. q(G o I<m 

· G is non-trivial and S is a geodetic basis of G o K . Since Suppose 
m 

J( l
·t follows that S = UuEV(G) V(H,.i) by Lemma 2.16. Therefore, H:::::: m, 

g(G o I<m) === n\V(Hu)I = n\V(H)\ = nm. 

Corollary 2.18 Let n and m be two positive integers, where n > 2. Then 

g(Kn o Km) = nm. 

Lemma 2.19 Let G be a non-trivial connected graph of order n and H 
a non-complete graph. If S is a geodetic basis of G o H, then S = Ui=l Ai, 
where Ai is a geodetic basis of Ui +Hui. 

Proof: Let S be a geodetic basis of Go H. Put Ai = Sn V(HuJ· By 
Lemma 2.13, 

n 

S = LJ[S n V(ui + HuJ) . 
i=l 

Thus, 
n 

S = LJ[S n V(HuJ) 
i=l 

by Lemma 2.16. Hence S = Ui=lAi. Let k E {1, 2, ... , n} and v E V(uk + 
Huk). 

Consider the following cases: 

Case 1. Suppose V(Huk) C S. If v E V(Huk), then the vertex v is 
in s n V(H ) 

Uk = Ak C Iuk+Huk [Ak), Now, let V = Uk- Since Huk is non-com 1 t Pe e, there exist x, y E V(Huk) such that da0 H(x, y) = 2. Thus, 
1J EI l 

uk+Huk x,y) C Iuk+Huk[Ak)- Hence Ak = s n V(uk + Huk) is a geodetic cover of Uk + H 
Uk' 
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Case 2 S h (H )\S s1·nce S is a geodetic bas1•8 
· uppose t ere exists w E V uk • 

of G O H, there exist x,y ES such that w E IcoH[x,y]. It is not possible 

that both x and y are outside Ak because there is no path x-y containing 

w. Now, suppose without loss of generality that x E Ak and Y Ak. Since 

w =I= x and wuk, xuk E E( G O H), it follows that the existence of an x-y 

~eodesic containing w is not possible. Thus, x, y E Ak. Hence dcoH(x, y) == 2 

and V = Uk E luk+Huk [x, y] C luk+Huk [Ak]- Now, if V E V(Huk)\Ak, then by 

following an earlier argument, we find that there exist a, b E Ak such that 

V E luk+Huk [a, b]. Therefore, V(uk + Huk) = Iuk+Huk [Ak]; that is, Ak is a 

geodetic cover of uk + H uk. 

Moreover, Ak is a geodetic basis of uk + Huk by Lemma 2.12 and the fact 

that S is a geodetic basis of G o H. 

Theorem 2.20 Let G be a connected graph of order n and H a 

non-complete graph. Then g(G o H) = n. g(H + Ki). 

Proof: Suppose G is trivial. Then Go H = H + Ki. This implies that 

g(G o H) = g(H + Ki). 

Suppose G is nontrivial and let S be a geodetic basis of G o H • Then by 

Lemma 2.19, S = Uk=iAk, where Ak is a geodetic basis of Uk+ Huk· Thus, 

n n 

g(GoH) = 1s1 = LIAkl = Lg(uk+Huk) =ng(H+Ki). 
0 

k=l k=l 

C II Let G be a 
oro ary 2.21 Let n and m be two positive integers. 

nected graph of order n. Then 

1. g(G O Pm)= ng(Fm) form >-3; and 
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2
_ g(G O Cm)= ng(Wm) form> 4. 

Observe that the graph H' + Km is non-complete if and only if H' is 

non-complete. This notion is used in the following results. 

Lemma 2.22 Let H be a non-complete graph. Then for all n, 

g(H + K1) = g(H + Kn). (1) 

Proof: Suppose His non-complete. Clearly assertion (1) holds for n = l. 

Suppose the assertion holds for n > 2; that is, g(H + K1) = g(H + Kr). 

Now, 

where G = H + K 1 is non-complete. 

Thus, 

by the inductive hypothesis. Therefqre, (1) holds for all n. 

Theorem 2.23 Let G be a connected graph of order n and H a non-

complete graph. If H = H' + Km for some graph H', then g( Go H) = ng( H). 

Proof: Suppose H is a non-complete graph and for some graph H', assume 
th

at H == H' + Km, By the non-completeness of H' and by Theorem 2.20, 
We have 

g(G O H) == ng(H + K1) = ng((H' +Km)+ K1) = ng(H' + Km+1) · 
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This i1nplies that 

) _ (H' + Km) 
g(G o H) = ng(fl' + K1 - ng 

by Lemn1a 2.22. 

Therefore, g(G o H) = ng(H). 0 

Th c 11 · It · d' ect consequence of Theorem 2.23. 
e 10 owmg resu 1s a ir 

Corollary 2.24 Let n and m be two positive integers. Let G be a con-

nected graph of order n. Then 

1. g(G o Fm)= ng(Fm) form> 3 and 

2. g(G o Wm)= ng(Wm) form> 4. 

Definition 2.25 [5] Let G be a connected graph. A subset S of V(G) 

is a closure absorbing set in G if for every x E V ( G) \S, there exist ax, bx E 

N(x) n S with dc(ax, bx) = 2. 

Corollary 2.26 [5) Let G be a connected graph of order n and Km the 

complete graph of order m. If G is non-complete, then 

g(G +Km)= min{ISI : 8 C V(G) and is closure absorbing}. 

rd
,. 

. of o e 
Theorem 2.27 Let G and H be connected graphs, where G is 

n and H is non-complete. Then 

g(G O H)= n · min{ISI : SC V(H) and is closure absorbing}· 
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Proof: Suppose G and H are connected graphs. Then g( G O H) = 
ng(H + Ki) by Theorem 2.20. Thus, for all m, g(G o H) = ng(H + Km) by 
Lemma 2.22. Hence 

g(G o H) = n • min{\S\ : SC V(H) and is closure absorbing} 

by Corollary 2.26. 
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