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Abstract 

The author [2] with S.R. Canoy presented results in the topologies 
induced by some special graphs. In this paper, some results on the 
topologies induced by some other special graphs are given as well as 
other proofs for some results in [2] and results of this study. 
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1 Introduction 

S. Diesto and S. Gervacio [3] proved the following proposition. 

Proposition 1.1 Let G = (X, E) be a simple graph. Then G induces a 

topology on X, denoted by T(G), with base consisting of the form Fc(A) = 

X ,Nc(A), where Nc(A) = AU {x : [x, a] E E for some a E A} and A 

ranges over all subsets of X. 

S. Gervacio and R. Guerrero [4] characterized the graphs which induce 

~retc and indiscrete topological spaces. S.R. Canoy and the present author 
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in [l] proved results on the topologies induced by graphs by applications of 

the operations on graphs. In [2]' they described the topologies induced by 

some special graphs; namely, path, fan, wheel and the star graphs. 

In this paper, we will describe the topologies induced by some other 

special graphs; namely, the complete bipartite graphs, the empty graphs and 

the cycle graphs. Furthermore, we will show other proofs of some results in 

[2] and in this paper using the results in (1], (2] and this present paper. 

Throughout this paper, all graphs are simple graphs. Moreover, if G == 

(X, E) is a simple graph where X is the vertex set and E is the edge set 

of G, we denote by /Jc, the base of -r ( G) consisting of all sets of the form 

Fa(A). Finally, we have Bi = Bi- U B[, where B; = {xi : j < i -1} and 

B; ={xi: j > i + l}. 

2 Preliminaries 

A family B of subsets of a nonempty set X is a base for some topology on 

X if and only if X = U{B: BE B} and for any B1, B2 EB, if p E B1 nB2
, 

then there exists BP E /3 such that p E BP c B1 n B.2 . A nonempty family 
5 

of subsets of X is a sub base if the finite intersection of members of S form 
3 

base for some topology on X. 

The following results were proved in [1]. 

the sets 

Lemma 2.1 (Key Lemma) Let G = (X, E) be a graph. Then lo¢ 

Fi ({ }) h • duced topO 
G a , w ere a ranges over all elements of X, form the in 

T(G) of G. 
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Theorem 2.2 Let G = (X1, E1) and H = (X2, E2) be graphs. Then 

Fa+H(A) = 

3 Results 

0 

Fc(A) 

FH(~) 
X1 UX2 

, if An X1 =/= 0andA n X2 =/= 0 

, if A c X1 , A =/= 0 

, if Ac X2, A=/= 0 

,if A= 0 

Theorem 3.1 Let G = Km+ Kn {the complete bipartite graph} where 

Yi, j = 1, 2, ... , m, are the vertices of Km and xi, i = 1, 2, ... , n, are the 

vertices of Kn. Then T(G) has a subbase consisting of the sets V(Kn) \ {xi} 

and V(Km) \ {Yi}. 

Proof: Observe that for all i = 1, 2, ... , n, we have Fa(xi) = V(K~ \ {xi} 

and for all j = 1., 2, ... , m, we have Fa(Yi) = V(Km \ {Yi}. Hence, from the 

Key Lemma, we have the desired result. 

Theorem 3.2 Let G = Km+ Kn {the complete bipartite graph} where Yi, 

j = 1, 2, ... , m, are the vertices of Km and Xi, i = 1, 2, ... , n, are the vertices 

of Kn. Then for each i = 1, 2, ... , n, {xi} E T(G) and for all j = 1, 2, ... , m, 

{Yi}Er(G). 

Proof: Note that for each i = 1, 2, ... , n, F(V(Kn) \ {xi}) = { xi} and for 

eachj = 1,2, ... ,m, F(V(Km) \{Yi})= {Yi}. Therefore, {xi} E T(G) for 

all i = 1, 2, ... , n and {Yi} E T(G) for all j = 1, 2, ... , m. D 

Theorem 3.3 Let G = Kn, where Kn is the graph consisting of the 

isolated · 
vertices x1 , x2 , ... , Xn (empty graph). Then T)G) has a subbase con-

sistino of th -
:1 e sets V(I<n \ {xi}, where i = 1, 2, ... , n. 
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Proof: Observethatforalli = 1,2, .. . ,n, wehaveFc(xi) = V(Kn)\{xi}. 

Thus, from the Key Lemma, we have the desired result. D 

Theorem 3.4 Let G = I<n, where Kn is the graph consisting of the 

isolated vertices x1
, x

2
, ... , Xn (empty graph). Then {xi} E T(G) for all i:::: 

1,2, ... ,n. 

Proof: Since for each i = 1, 2, ... , n, F(V(Kn \{xi}) = {xi}, then {xi} E 

T(G). 

Theorem 3.5 Let G = Cn ( cycle), where Cn = [x1, X2, ... , Xn, x1] and 

n 3. Then T(G) has a subbase consisting of the sets B1 \ {xn}, Bn \ {x1} 

and the sets Bi 's for i -/- 1, n. 

Proof: In view of the Key Lemma, it is enough to show that Fc(xi) = Bi 

for all i-/- 1, n and that Fc(x 1) = B1 \ {xn} and Fc(xn) = Bn \ {x1}. Observe 

that Fc(xi) = {x3,X4, ... ,Xn-1} = B1 \ Xn, Fc(xn) = {x2,X3, ... ,Xn-2} === 

Bn \ { x1} and Fc(xi) = { X1, X2, ... , Xi-2, Xi+2,., . , Xn} = Bi for all i -/= 1, n. 

Thus, we have shown that T( G) has a subbase consisting of the sets B1 \ {xn}, 

Bn \ {x1} and the sets B/s for all i =I= l,n. O 

Theorem 3.6 Let G = Cn (cycle), where Cn = [x1, x2, ... , Xn, x1] afl
d 

n > 3. Then {xi} E T(G) for each i = 1, 2, ... , n. 

Proof: Note that Fc(B 1 \ {xn}) = {x1}, Fc(Bn \ {xi}) 

Fa(Bi) = {xi} for all i =I= 1, n. 

Thus, for all i = 1, 2, ... , n, {xi} E T(G). 
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4 Alternative Proofs 

The following theorems were presented in [2]. We will give alternative proofs 

for these theorems using results in [1] and the previous section. 

Theo.rem 4.1 Let G = Wn = K1 + Cn (wheeQ, where K1 = [vo], Cn = 

[x1,x2 , ... ,xn,x1] and n > 3. Then r(G) has a subbase consisting of the sets 

B1 \ {xn}, Bn \ {x1}, and the sets Bi's for i-/= 1, n. 

Proof: In view of our Key Lemma, it suffices to show that Fa(xi) 

B1 \ {xn} or Bn \ {x1} or Bi. From Theorem 2.2 and Theorem 3.5 we have 

Hence, r(G) has a subbase consisting of the sets B1 \ {xn}, Bn \ {x1} and 

the sets B/s for i -/= 1, n. 

Theorem 4.2 Let G = Wn = K1 + Cn ( wheeQ, where K1 = [vo], Cn = 

[x1, X2, ... , Xn, x1] and n > 3. Then {xi} E T(G) for each i = 1, 2, ... , n but 

{Vo} is not in T ( G) . 

Proof: Observe that {v0} is not in T(G) since for all i = 1,2, ... ,n, 

[vo,xi] EE and so, {v0} =f= Fa(A) for any ACX. Therefore, {v0} is not in 

T(G). 

Now, from Theorems 2.2 and 3.6, 
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Fc(Bn \ xi) = FcJBn \ xi) = In; n
nd

' 

Fc(Bi) = Fe,. (Bi) = Xi where i -:f l, n. 

Therefore, {xi} E r(G) for each i = 1, 2,. • •, n. 0 

Theorem 4.3 Let c = I<i,n = 1(1 + Kn (star). where 1(1 = [vo] and 

I( n is the empty graph. Then r( G) has a subbase consisting of the sets 

V(Kn) \ {xi} where i = l, 2, ... , n. 

Proof: In view of the Key Lemma, it suffice to show that Fc(xi) = V(Kn \ 

{xi} for all i = 1, 2, ... , n and for all j = 1, 2, ... , m, Fc(Yi) = V(Km) \ {Yi}. 

From Theorem 2.2. Fc(xi) = Fi<" (xi). Now, from Theorem 3.3, FK" (xi)= 

V(Kn) \ {xi}. 

Therefore, r( G) has a sub base consisting of the sets V ( I< n) \ {Xi} for each 

i = l, 2, ... , n. 
D 

Theorem 4.4 Let G = K1,n = K 1 +Kn (star), where 1(1 = [vo] and Kn 

is the empty graph. Then {xi} E r(G) for all i = 1, 2, ... , n but {v0} is not 

in r(G). 
I 
I 

Proof: From Theorem 2.2, Fc(Bi) = Fi<JBi)- It is clear from TheoreDl 

3.4 that for each i = 1, 2, ... , n, Fi<n (Bi)= {xi}- Thus, {xi} E r(G). 

Furthermore, {vo} is not in r(G) since for all i = 1, 2, ... , n, [vo,Xi] EX 

and thus {vo} =I= Fc(A) for any ACE. 
0 

3.2. 

Hence we have proved the theorem. 

3 1 oHd 

At th is point we will present another way of proving Theorems • 
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Another proof of Theorem 3.1: First, we prove Theorem 3.1. 

In view of the Key Lemma, it is enough to show that Fi<n (xi)= V(Kn) \ 

{xJ for all i = 1, 2, ... , n and FKm (Yi)= V(Km) \ {Yi} for·all i = 1, 2,· ... , n 

From Theorem 2.2, Fa(Bi) = Fi<n (Bi) if Bi C V(Kn) and Fa(Bi) = 

F- (Bi) if Bi C V(K m)- Thus, from Theorem 3.3, for all i = 1, 2, ... , n Km 

FI<n (xi)= V(Kn) \ {xi} and for all j = 1, 2, ... , m Fi<m (Yi)= V(Km) \ {Yi}· 

This completes the proof of the theorem. 

Next, we shall prove Theorem 3.2. It is obvious from Theorem 2.2 that 

Fc(Bi) = Fi<" (Bi) if Bi C V(Kn) and Fa(Bi) = Fi<m (Bi) if Bi C V(Km)-

Thus, from Theorem 3.4, for all i = 1, 2, ... , n, FKn (V(Kn) \{xi}) = {xi} 

and for all j = 1,2, ... ,m, Fi<m(V(I<m) \{Yi})= {Yi}· 
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