On the Topologies Induced by
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Abstract

The author [2] with S.R. Canoy presented results in the topologies
induced by some special graphs. Tn this paper, some results on the
topologies induced by some other special graphs are given as well as
olher proofs for some resulls in [2] and results of this study.
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1 Introduction

S. Diesto and 8. Gervacio [3] proved the following proposition.

Proposition 1.1 Let G = (X, F) be a simple graph. Then G induces a
tivelogy on X, denoted by 7(G), with base consisting of the form Fp(A) =
X\Ne(A), where No(A) = AU{z : [z,a] € B for some a € A} and A

inges ouer all subsets of X.

2. Gervacio and R, Guerrero [4] characterized the graphs which induce

dis et - . .

_ _“_'«14« and indiserete topological spaces. S.R. Canoy and the present author
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in [1] proved results on the topologies induced by graphs by applications of

the operations on graphs, In [2], they described the topolegics induced by

some special graphs; namely, path, fan, wheel and the star graphs.

In this paper, we will describe the topologics induced by some othe

speeial graphs; namely, the complete bipartite graphs, the emply graphs apd

the cycle graphs. Furthermore. we will show other proofs ol some resulls ip

2] and in this paper using the results in (1), [2] and this present paper.
Throughout this paper, all graphs are simple graphs. Moreover, if G =
(X.E) i o simple graph where X is the vertex set and E is the edge sz
of G, we denote by g, the base of (@) consisting of all sets of the furm
Fi{A). Finally, we have B; = B/ U B}, where B = {z;:j <i- 1} apd

Bf ={ay:j>i+1}

2 Preliminaries

A family B of subsets of a nonempty set X is a base for some topology ¢
X if and only if X = U{B : B € B} and for any By, B € B, i P€ BinG:
then there exists By € J such that p€ B, C B,NBy A nonempty £amil."5
of subsets of X is a subbase il the finite intersection of members of § fore?

base for some topology on X.
The following results were proved in [1].

o the S
Lemma 2.1 (Key Lemma) Let G = (X, E) be a gruph. 1he ol

gl SO
Fei{a}), where a ranges over all elements of X, form the induct

7(G) of G.
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Theorem 2.2 Let G = (Xy, Ey) and H = (X, E,) be graphs. Then

(7] ,thﬂXl%ZandAﬁ)(z#Z
_] Rty ifAcx ate
Fon(A) = wA) AfACX, A+ 2
X),L}X-g AfA=2

3 Results

Theorem 3.1 Let G = K, + K, (the complele bipartite graph) where
5, i = 1,2,...,m, are the vertices of K, and z;, i = 1,2,....n, are the

wertices of K. Then 7(G) has a subbase consisting of the sets V(K,)\ {x:)
ond V{E) \ {35}

Proof: Observe that for all ¥ = 1,2,...,n, we have Fz{x) = VK, \ {z:}
and for all 7 =1,2,...,m, we have Fg(y;) = V(K,, \ {y;}. Hence, from the
Kev Lemma, we have the desired resull, a

Theorem 3.2 let G = K,,+ K, (the complele bipartite graph) where Yi

i=L2,...,m, are the vertices of K,, and z;, 1 = 1,2,...,n, are the verlices

of K. Then for eachi =1,2,... o} €7(G) end forall § =1,2,...,m,
i} e 7{G).

Proof: Note that for cach i = 1,2,....n, F(V{K,)\ {=:}) = {z;} and for
each j = 1.2,. .. m, FIV(Ka) Y {w)) = {5}, Therefore, {x;} € 7(G) for
Wi=12,... ,nend 14} €7(G) for all j =1,2,... ,m. J

Thearom 3.3 Le G = K,, where K, is the graph consisting of the
Solated vertices T\, s, ..., 1, {empty gruph). Then 7)G) has a subbase con-

NShng of the sety V(I (2}, wherei=1,2,...,n.
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Proof: Observe that for all i = 1,2, .27 WE have Falz:) = V(Kn)\{z‘}'

Thus, from the Key Lemma, we have the desired result. O

Theorem 3.4 Let G — Ky, where Kn is the graph consisting of the
isolated vertices xy, 2, ..., 2n (empty graph). Then {r;} € T(G) foralli=

5 S—

Proof: Since for eachz = 1,2,...,1, F(V(R—n\{-’”i}) = {z:}, then {z;} ¢
7(G). a

Theorem 3.5 Let G = C, (cycle), where Cp = [21,%2,...,Tn, 1| ond
n > 3. Then v(G) has a subbase consisting of the sets By \ {z.}, By (2}
and the sets B;'s fori # 1, n.

Proof: Tn view of the Key Lemma, it is enough to show that Fg(z:) =5
for all i # 1,7 and that Fg(z:) = B)\{z.} and F(z.) = B\ {z1}. Obsene
that Fio(z1) = {3, %4, .., Zn 1} = By \ Ty Folwn) = {Z2, 28,1 Ta-2} =
B\ {r1} and Fg(x;) = {z1,22,...,Ti-2, Tiya,. .., Tn} = By for all i #1n
Thus, we have shown that 7(C) has a subbase consisting of the sets Bi\{zah
B, \ {21} and the sets B;’s for all i # 1, n. H

Theorem 3.6 Let G = C, (eycle), where Cy = |21, Tz. 1 K

n > 3. Then {x;} € 7(G) for eachi=1,2,...,n.

Proof: Note that Fo(B; \ {z,}) = {21}, Fu(Ba \ {z1}) = {2V
Fo(B;) = {z;} for all i # 1, n. 4
Thus, forall i =1,2,... n, {z:} € 7(G).

A
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4 Alternative Proofs

The following theorems were presented in [2]. We will give alternative proofs

{or these theorems using results in [1] and the previous section.

Theorem 4.1 Let G = W, = Ky + C, (wheel), where Ky = [wy], C, =
£1. T2, - - Zn 21| and n = 3. Then 7(C) has a subbasc consisting of the sets
Bi\{za}, Ba\{z:1}, and the sets B;'s fori # 1,n.

Proof: In view of our Key Lenuna, it suffices to show that Fg(x;) =
By \ {za} or B, \ {z,} or B,. From Theorem 2.2 and Theorem 3.5 we have
Fo(r) = Fe, (1) = Bi \ {zn},

Fo(za) = I, (zn) = Ba \ {z:}; and,
Fe(z;) = Fe, (z:) = By, wherei # 1,n.
Hence, 7(G) has a subbase consisting of the sets By \ {z,}, B, \ {z1} and

the sets B;’s for i # 1, n. 0

Theorem 4.2 Let G = W, = K| + C, (wkeel), where K, = [n), G, =
[3?1.1'2,...,1:,,.3:1] and n > 3, Then {z;} € 7(C) for eachi=1,2,...,n but
{2} 15 not in 7(G).

Proof: Observe that {vp} is not in v(G) since for all i = 1,2,...,n,

40,2 € £ and so, {vo} # Fu(A) for any A € X. Thercfore, {1y} is not in
+{G).

Now, from Theorems 2.2 and 3.6,

FG(BI \17,.) = ‘C,‘(Bl \mu) =,
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FG(Bn\J']) = FC"(B" \_r‘) = ,r,,;nnd,
1.n.

Fg(B;) = Fc,(Bi) = *i where § #

Therefore, {z;} € 7(G) for each i = 1,2,---+™" o

Theorem 4.3 Let G = K;, = Ko + K. (star), where Ky = [vo] and

K. is the empty graph. Then 7(G) has @ subbase consisting of the sets

V(Kn) \ {z:} wherei=1,2,...,n.

Proof: In view of the Key Lemma, it suffice to show that Fg(z) = V(K,\
{z;} foralli=1,2,...,nand for allj=1,2,...,m, Faly;) = V(Km)\{y}
From Theorem 2.2. Fe(z:) = Fg, (2:). Now, from Theorem 3.3, Fg (z)=

V(T{-n) \ {.‘L‘.‘}-
Therefore, 7(G) has a subbase consisting of the sets V(Kn)\{z:} foreach
i=12...,n 0

Theorem 4.4 Let G = Ky = K; + Kn (star), where Ky = [v] and K
is the empty graph. Then {z;} € 7(G) for alli =1,2,...,n but {g} 1s 00t
in 7(G).

Proof: From Theorem 2.2, Fg(B,) = Fg_(B,). It is clear from Theor®?
3.4 that for each i =1,2,...,n, F(B,) = {z;}. Thus, {z:}€7(6)-
Furthermore, {v} is not in 7(G) since for all i =1,2,...,™ oo, €°
and thus {v} # Fg(A) forany AC E. "

Hence we have proved the theorem.

and

3.1
S . : 15 3
At this point we will present another way of proving Theoret

3.2.
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Another proof of Theorem 3.1: First, we prove Theorem 3.1.

In view of the Key Lemma, it is enough to show that F (z,) = V(K,)\
{r}foralli=12...,n and F_(y;) = V(Km)\{y;} foralli=1,2,....n

From Theorem 2.2, Fg(B;) = Fg (Bi) if B; C V(K,) and Fg(B,) =
Fp.(B) if B: € V(K,). Thus, from Theorem 3.3, for all i = 1,2,... . n
Fe.(z:) =V{Ku)\{z:} and forall j = 1.2, ..., m F_(y;) = V() \ {y;}.
This completes the proof of the theorem. 0

Next, we shall prove Theorem 3.2, It is obvious from Theorem 2.2 that
FolB,) = Fx,(B.) if B; C V(RK.) and Fo(B,) = Fg,(B) if B, € V(Kn).
Thus, from Theorem 3.4, for all i = 1,2,... . n, Pz (V(K,)\ {z:}) = {21}
and for all j =1,2,...,m, Fg_(V(Ka)\ {»:}) = {;}- O
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