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A Laplace Transform
Technique for Evaluating
Infinite Series

Rolex B. Teologia
Ruth P. Serquifia

Abstract

In one of the articles in the Mathematics Magazine Vol 76, No. 5, Costas
Efthimiou (1994), the author of the article “Finding Exact Values for
Infinite Series”, showed how the Laplace transform can be used as a tool
for evaluating infinite series. Efthimiou's article is the main reference of
James P, Lesko and Wendy D. Smith in their article entitled “A Laplace
Transform Technique in Evaluating Infinite Series”. This study is an
exposition as well as an extension of Lesko and Smith’s article. Moreover, it
is a demonstration on how the Laplace transform can be used as a tool to
find closed form expressions for certain infinite series. There were cases
when the summands of an infinite series can be realized as a Laplace
transform integral which was then used as a tool in evaluating these series.

That is, if 211 U, is an infinite series whose summand Uy, can be
realized as a Laplace transform integral u, = J: @ ™ F(x)dx then,

iu, E i J:e""'F(:}d: = LHF[x}(l j_:_:)ir

Justification on these manipulations is further discussed in this paper.
Moreover, the purpose of this article is to explain this technique, and to
illustrate with several examples.
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Introduction

Applying the Laplace tranﬁjfurm technique in infinjt, i
new technigue to be explored. Specifically, the intention of th;, %
find the sum of the infinite series with the help of the Laplace npesﬁ 185y

The concept of this study was introduced by Costag E&hjar g
his article entitled “Finding Exact Values for Infinite Sumg ;”Ju;um
studies regarding the said concept were analyzed and examineg her
P. Lesko and Wendy D. Smith in their article entitled “s LE:E:
Transform Technique in Evaluating Infinite Seriee”. Compayeg h:.
Efthimiou's technique, a better development of the concep Yo
established by Lesko and Smith where they illustrated a more Zeners]

application of the technique.
Efthimiou found expressions for series of the form

= 1
Zl (n+a)(n+b)

where a4, b € Z~, He applies the same methods to the sum of the series of
the form

Q(n)

. P(n)
where P and Q@ are polynomials with deg(P} — deg(Q} = 2 :ind Pfactu:rs
completely into linear factors with no roots in £7, that 15,
(n—n)(n—n)(n—7)suchthat ; & 2T, ‘

Efthimiou’s technique applies when the summation

> u,

n—1

iz an infinite series whose summands ¥, can be realized as a Laplace

transform integral
u = j:: e ™ F{x)dx.
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In such_a case, what appeared to be a sum of numbers is now written as a
sum of integrals. That is,
[

-[ )Y e i

R=1

|, e

If the integral can be easily evaluated, then the sum is solvable.
Now, Efthimiou's technique can be gensralized to series of the

form

)t
n=1 : .
where it is convenient to write only 2, as a Laplace tranaform integral.

Agsain, series can be written as a sum of integrals, but with the factor v_.
That 1s,

Zu“ufﬂ = ztrﬂf e ™ F(x)dx.
n=1 n=1 ¢

Ohjectives

The obiectives of this paper are the following: | ‘
o J]l To offer a new technigue, the Laplace transform techmgue 1n

evaluating infinite series. | .
9 To show how the well-known properties of r?,al amlzd}*ms can he
. ting the infinile senes.

anplied in the process of evalua : lite serie ‘
3 AT[;pprwe some well-known identitles regarding infinite series.
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Preliminari
Definition 3.1 [9] For a function F(x) defined on 0 < x < oo ;,
transform i8 denoted as f(n) obtained by the integral L Iap;a@

LF@)} = j " g p(x)dx = £(n)

0
where n € N and L is the Laplace transform operator.
[g] If the Laplace transform of F(x) is £(n), then ,,
] gaF

Definition 3.2
that the inverse Laplace transform of f(n) is F(x) which is Satid >

LH{f @)} =F()

where L1 is called the inverse Laplace transform operator,

Theorem 3.3 [2] The Laplace transform integral of 7 for A>0andL s
is given by .

—1- = - b1 g 4% dx.

AL (-1,

Theorem 3.4 (Abel’s Theorem) [1]
Let £y Gy X, have radius R, and let it also converge for x =R

(resp. x = —R). Then, it is uniformly convergent on the interval 0 € x < R
(resp. the interval =R S < 0).

Theorem 3.5 (Dominated Convergence Theorem) [T]
ing function defined on R and suppose that

Let v be a nondecreasin
{£.} is a pointwise convergent sequence for function in 9(v) such that
If,] £ g for all n and some function g € 9(v) and satisfies

fim, o J, fydv =y (limq e fo) &

Theorem 3.6 (Monotone Convergence Theorem) [16]
If for all natural numbers j and k, @;; 1s a nown

number and 8;; < @j4yk, then
LB s

egative real
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Results

Lemma 4.1 Forb>a > -1,

1 -J‘“‘ _— P i E—b.r -
(n+a)n+b) J, ° b—a '
Proof: By partial fractions,

1 1 ( 1 1
(n+a}(n+b)_b—n n+a 11-H:)‘
Applyving the inverse Laplace transform,

L {(ﬂ ) u}l[n + b)]

= e @
Then,

1 1 1 1 ia 1 1
o | P i v
—a\n+a n+b b—a +a n+bh
This means that, ; :
U e B O e B )
- = Y —3-r1—1
E:—EL {n—H: n+b)l b—a n n+b

G 2 i )

nt¥h
But note that

1 o
=J. g (ntalvgy
nt+l J;

Hence,
J.me“:“‘:""dx = J.ﬂe"“(e"“}dr.
Itz addition, by deﬁ::itiﬂn,
fme_“{a""}.'ir = L{e™™*}

o
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so that

__1—= l-{l'-"]
nt+a

and

1
=1 — . — _."-
% {n-Ht )
Qimilarly, it can be shown that
1
af 1 1o o=
. LH] i
This proves the claim. Thus from the ilaim above,
1 ..1['.'1 } —ILI ])
1l —i)= -ax __ _—
b-—a(L +a +b b-a{E )

But, 1
{ : ] = (e~ —e™P ).

L1
i[n+ﬂ](1:+ﬁ] b—a
Hence,
1 i e —e "
(+a)m+b) [ b—a }
Therefore,

1 B m_,_“ ﬂ'_“—ﬂ'_h
(ﬂ+ﬂ)(ﬂ+b)ﬁ-££ ( b—a )dtb

T_l?mram 4.2 For b > a > —1, the infinite series
Z 1 1 (-
_=1{n+a){n+b}-h—nL 1—u o
Proof.Letbh > a > —1. By Lemma 4.1,

; (n+ u]l(n + b) = ZI_L‘E_“ (E-: : :_h) dx.
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i ﬂ.-n..: T E—b:

= =T -
Win jlimnnﬂ b—a i :

Since b = a, thus e® > ® implying that e~ > e " ore = :'s; e”
—nr = —Bx

for 0 < x < o Also, notice that the factors b—a, e ", 8 — € are

all nonnegative for 0 < x < . Thus W, = 0.

Next, show that

“'I},n 5 “"i:f-l-i.ﬂ'
Since
1 * + —x{n+th)

“.}ﬂz HmJ- [e-:[n u.]__E xin ]dI,

; b — aj=m 0
then
W‘+1. — lim [E-:{ﬂ-rn} = E—:{n*l-b]]d]_._

I¥ T h—ajre= i

Notice that the integral W), can be interpreted as the difference of the
—x{n+a) E-:{n-l-h} and the

areas of the region bounded by the curves € -
positive x —axis. Likewlse the integral W, can also be considered

similarly. Thus, the area of the region represented by the inte gral in W,
.« Jeas than the area of the region represented by the integral in Wi, q

Hence, for all ,n EN,
Illl|lllI'-Ir:l,.i'l. = ‘ﬂ.ﬂ.'

1
This shows that W, is monotonic increasing. In this case, apply the
Monotone Convergence Theorem to switch the sum and integral and

obtain
X

s e S e =
el =)

n=1

Claim: 5=y " =

By manipulation,

-]
z g™ = Z E—-n.ti-.r—.:
n=1

n=1



o
- Z g = -1)-=
n=1 -

- z[e"}{ﬁ_']rl‘
n=1 : -X - T
This is a geometric series witha = e~ and 7 = e~ Hence, we hays
=3 =X
g™ = =
1-¢™

=1
“Thlﬂ completes the Elﬁl.ﬂ'-l Now,

e

a=1
Let u=e™*. Thus, du = —e™"dx which implies that —du = ¢~ i
x - 00, u—rﬂandatr—ﬂ % = 1. Hence,

1 —
: e [ -y (22
.

J.[E_'M_E-“}
h"ﬂ.u
1 ru" ud
b-—al), 1-u »
Therefore,

- 1 1“ _uh
nﬂ[_n-l—u}(nﬂi-b)_b—ﬂ.[, "

1—u

Lemma 4.3 Fora > 0,b = 0, the infinite series
—b

1 mE (E_"-:)
an+b _L a dx.
Proof. By partial fractions,

1 1 1
ant+b g n+§'

Applying the inverse Laplace transform




n+ =
But,
f
L-l* 1 —-1 — 1L‘1 1
hﬂ n +% . n+ g
Hence,
e
wan+b) a ¢ '
Moreover,
1 [1 b,
)
an + b a
Thus,
-k
1, =k - (E I)
e[
2] 0 i
Therefore, .
—nx =—
e
[ i
an+b i a

Theorem 4.4 Fora = 0 and & = 0, the infinite series

N , B
1 a

Z - =—f = du.
lan—i-b 2o 1—u

ch:rf Suppuse thata = 0 and b = 0. Then

m-:+b ZJ ! )'i"

n=1

Ey the Munntune Eunvergem:e Thenrem

5 [ GG
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anf. ® - )

et e
a 0 a=1

;Ftheﬂmmufi‘hmmwlﬂ

S

I ﬂz #ﬁ"j - (1 !_:)dx.
Suppose at u=e=, then du=—edxr which implies thy
-LFE’-&IMI—'WH*‘UandatI 0,u=1. Now

Sy ¢x=—f““;;)
e e A o=

. ]
1 ua
=—J- du.
ﬂni-u
Therefore, :
[--] -
1 1
Z 1 Z*I ua g
an+b a); 1-u
=L

Theorem 4.5 Fora >0 b= 0, andr € [-1.1). the infinite series

™ b
" 1J’l rue
E =- . du.
an+ b aly1-ru

n=1

Froof As long as v # —1, the partial sums of

irﬂ eﬂn(ﬁ*)

n=1

are dominated above by

10
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2.

a
n=1
But,
=] oo
> e Ge=)l =1 Z
re —ga
a
n=1 . b —_
" i -b_
Sinneien > 0, then |- Eﬁ *. By manipulation,
1 -o gl 1 BT
—ga Zr“e —_—ga ZITE |
a a
n=1 n=‘.l
1 - _
=—ga" ) pr"lle™™|
a
n=1 o
i j" n - YN
i (D Cle™*1)
r.:=1
: e
=_e a® » (IrD™(e™)"
_n=1

%e_: z (lrle ™)™

1 =& rle™
e L _
a 1—|r]e™™

with the cnnditinn that |rle™ < 1.
Claim: fm bede™ dx << o

1-lrle™*

o |rje™

From the given integral f, o= a%, let u=1—|rle™. Hence,

du=|rle™dx. Asx 2 o0,u > 1andatx = 0,u =1 —|r|. Now,

= e 1 du
[
o 1- Irle 1-ir] T

=Inu ﬁ—[rl
=ni—=In(1-|r])
==In(1-|r])

11



.

rhe Mindanap Forum  Val. XTI, No. 2 Teologia, Serquifia Decembg, 2004

=in(—r)

Ide™" ' .
Note that as long as T € [-L1), .r: e dx is finite, Thus

4 - -x 1=/ [rle™
1,2 e d:E—J ( —Jdx < oo,
. a 1—1TIE= @ o 1_'|r|E *

Therefore, i} i
__1_—:". E_"I(—ET:)dI.
ﬂﬂ‘l‘h o g
Then
-b
J ( En‘r)dx.
_1.|m+b

We wll show f ¢ 15 nondecreasing, Let

-b
— T =T 1 -b
fo=Teyre™ 2 e?)am:l fooi = Btire= (1 )
b
E-iI'I.B'E fk = i E?H‘_-j_ T“E-“J E::j_rn E-“
having the 5; partial sum equal to
re ™ (1- (re“}"}

; l=yrg ™
fre™ # 1.1t follows that

Te_‘{i = {m—:}tn}
Enn =

15 4 geometric progressign

k=

1—re =
Comparing 5, and 5,,.. to show that 5% < 5,41, suppose on the contrary
that 5,>5,.,. Use the terms msnﬂe

the parenthesis of
1.'II'I:|I2E!E|.']mg equations. Now, P of the two
> S

1- {TE_:}k = 1 o {re—:}kl-I

(re™=ye+t o (re™=)%

12
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But, 0 < e* < r with —1 < r < 1. Thus, this is a contradiction. Therefore,

fi is nondecreasing. Next, use the Dominated Convergence Theorem to
obtain

o & —h - L= 1 .:.E:
ZJ- r“e'""GeT')dx=I Zr“e"“(—-en ):ir
i |
n=1"0 0 m=1 "
=J. —Eaxzrnﬂ-“dx
o i
B _h -X
=1f E?’(—re—_x)dx.
a Jg 1—1re

Assume that u=e"*, then du=—e""dx which
—du = e *dx.As x » o0, u — 0 and at x = 0, u = 1. Now,

m - 0 » —d
EJ' e_ﬂq’(L,;)dx=if “;(r[ u))
aJg 1—re alt, 1—118

implies  that

L]

1! rus
=-I du.
aly 1—7u
Therefore,
[~ h’
" 1 rus
2 =—I di.
ant+b al;, 1—1u
=1

If r = —1, the right hand side of the equation exists. Then this series is

still convergent and by Abel’s theorem, it is uniformly convergent on the
interval

—1<r<
1.

Theorem 4.6 Forb>a > —1 andr € [—1,1]

o h N . Jr'lu-n._ubd
Zl[n+n}['ﬂ+b]_b“ﬂg o

1—-ru
Froof By Theorem 4.1,

13
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1 . o ~AF _ g =bx
(n+a}{n+b]=,’; g ( b—a )dx

As long as ¥ # —1, the partial sums

E—\ﬂ.'l.' i E'II.'I'
r 'E-"I
Z ( b—a )
n=1 ]
are dominated above by

=
Z rhe e (E_:: :_“) = ‘MZIT“E"“’I

" e = g™ lrle ™
b—a 1— Jrle—= )
where

e | lrle= 1 =L rle™=
_J; b—a = (I—Irle_“') Eb—a g (1—Erle" =

Using the same argument as the proof of the preceding theorem, we can
use the Dominated Convergence Theorem to switch the sum and the
mteg'rai to obtain

Y oo ( )i

=L’ b:a )ﬂZ-.——.«.-
=——i—EL (e™*" —e™) (1 — re")it

s 3

Suppose that u=e™, then du = —e *dx which implies that
—du=e"dx. Atx—= 00,2 0 and at * = 0, u = 1. Now,

14
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=)

b - aI (e - ™7} (1 - r:

r
= dm
EJ—H-J; 1—ru

'1_'!1&reft}re,

L’ J‘u —u®
,F-l("-l_“]{“'l'b]_b_“ g 1—ru

Again, by Abel's theorem,
—1=<r<1. |

Lamma:l 7 Assumethat I =N*=1,23,--,x ER and t > 0. Then
e *(cosx —e™")

z cos(nx)e™™ = —

1—2e fcosx+ &

and
- e 'sinx
s . | p— :
Zshl{nx}a 1—2e *tcosx +e &
Bn=1
Froof Suppose
C= Z cos{nx)e™
n=1

— ﬂlein{nx}e‘“’

Performing the summations using complex notations,

C+is= Z cos(nx)e ™ +i Z sin(nx)}e™

mﬂ:'.l n=1
= Z(ms{nx}e'"' + i sin{nx)e™")
n=1

15
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[+ 1]
=] E Elﬂ.‘l'E—ﬂ-I'
n=1

I:Ethe Euler’s id&ntjty. But

Z ginre e = Z(e““]"

n=1 :
e

1 _e—i:r—t

et
1 — e feir
Again, by Euler’s identity,

e'e™ e *(cosx +isinx)

1—e™te”* 1 —e*(cosx + isinx)

_ e ‘cosx +ie "sinx
(1—e *cosx)—i(e *sinx)
(1—e™cosx) + i(e *sin x)
(1—etcosx) 4+ i(e tsinx)

e feosx — e *(cos®x +sin®x) + ie *sinx

1-2e*cosx+ e *(cos®x+ sin®x)
e "cosx —e ¥ tie Fsinx

- 1—2e tcosx+ e %

e ‘cosx—e b e *sinx

= i .
1—2e*tcosx+ e 1— 2e*cosx +e &

Hence,
e *cosx —e

1-2e"cosx e~

—2t

and
e tsinx
1—2e fcosx e

16
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z cos(nx)e™ = - _E_ (cosx —¢7)

2 tcosx 4+ e~

g sinx
Z sinfnx)e™ =

1—2efcosx +e %

Identity 4.8 For 0 < x < 2m,

= 1

Z caslng) = —In (E sin — .'I.')
n 2
n=1
Proof First, start with the series
cos(nx)
¥

n=1

where vEN and 0<x<2m if v=10or 0= x < 2m if v>1 Using
Theorem 3 3

1

n {1: 1)'

J. —ni “_1dt_.

write

N Cﬂﬂ{_‘l‘u}_ 3 1 & —ntzv—1
"ZZI s _“1[(1’_1JIJ; cos(nx)e ™t dt]

17
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[" = 1]7 j cos(nx)e ™e¥ 14t

(p—ﬂ']( snae M)tu_ldt

e *({cosx —e™*)
(1:—- 1}'_[ 1—-2e " cosx ¢ 2 £
e
Suppose that u=e™". Then du = —e *dt. Algg, u=g"ft
lnu=—¢ Moreover, -l.llu =t. As

1 J’"‘ e (cosx— ™)

(v—1) g 1= 2eTcosx 42

implies that
L= o u—=0andatt=0,u=1.

E¥ g

. ®  cosx—u X
(v —1)J, 1 —2ucosx +u? (=1nw)*™ (—du)

= (=11 J’i COSX — 1

(v—1)1), 1 - 2ucosx+ 2

(In w)*~* du.

coslnx)
To obtain En-1 o substitute ¥ = 1. Hence,

E:;l_]l';"lJ;i cosx —u

i —
{lnu}"_ldu=f Eik g
1]

1—Zucosx + 12 1—-2ucosx 4+ u?

Let m=1-—2ucosx + u*. Hence, dm = (—2cosx + 2u)du  whigh

further implies that —— = (cosx —u)duw. Atu=1,m= 2— 2cosx and
atu=0m=1, Acmrdmgl},
1 COSY — U 1 I—Znnn:dm
[
g 1=2ucosx +u’ 20 ™m

= ——Inm|;~?com=

2

18
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= —%[I:I'I[Z— 2cosx)—In1]

= -%In(z — 2cosx)

1
= —In(2 — 2 cosx)3

—_ Jﬂ-}{‘l —zms_t}
== ln(z s[n%:).
Til&l’ﬂfﬂrE,
“Zﬂ ms:::w} = —|n (151‘11%;:),

Identity 4.9 For 0 < x < 2=,
Z in at) = arctan (j:u—) + arctan(cotx).

4 mn 1+ cosx

=

Proof. Note that by Theorem 3.3,
1 1

— e v 14e,
n* (v— I}EJ;

Now, starting at

z si.n{m:]_

Thus,

Z Sin::ﬂ = ) sin(nx) ( o i HIJ;:‘“‘t"'idt)

n=1 n=1 .
1 D . =nafzvr—1
- Z J’ sin{nx)e ™ t" " dt
(ﬂ_ 1]!n=1 a

19
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L [~ -nt |, v=1
“w-0, (Zsm{m}e )t “

1 *sinx
— 3 t'-idﬂ‘
(g 1}!_] 1-2ecosx+e?
~tdt which implies that £ = —Inu. Are=p, _ 1

he Mindana Forum

letu=¢ ", —du=e
and as & = %
u = 00. Now

1 & _rsin'r )t'_ldt
{u-i]:J; 1-Ee‘msr+e =
1

1 ginx(~Inu)**

5[1:' -1, 1 1 — Zucos x +u?

7 (—du)

{ 1}11-1 rl {]nu}r—i
"~ (v-1)t), 1—2ucos x + o

By manipulation, note that 1 — Zucos x+ u’ = (u— cosx)* + sin’y.
Hence,

% 1 A 1
man:——*—_ Sdu = 5:.1'1.1|:_|.1u f—coszl H{anaP

But

L=

1 1
EMJ_’ (u—cosx)? + [sinx]zm S Lm rar{tan(u P 1)]

i (u = cnsx]l
—arctan| —
sln x ‘g
—COSX
= ;-Ln:l:an(1 I) Emﬂn )
5]11.'.[
= “m( ) + arcmn[mt:c}
'1}“5[“1.,3, 1+cosx
s RO PTS
-t 14 cos 1') + arctan{cotx).
20
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Applications
i = —In2);
o " 1
2 B = (5);

w T _ 4 (1T
% D=1+ )ln(l )

1 1 1 1 1
— — == .u+-);
nin+b) b(1+2+3+ b

4. Forbef{1,23} Xy

137
5. L=1 n.[‘rr.+5} = 00’

6. :=1$= IIIG);

gyt
(o L W T

1 an41
- {_ﬂnﬂ_ S
8. - =In4-1;
g M-= {'1}“ =_1,

21
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a0 E_“i["fi: —ln(Zsiu}-x).
arwo<r< I IE z

(Conclusion

In this paper, the Laplace transform technique can be applied to
infinite series of the forms:

1
(v ] ::.—-ll
l. An=1_ where @ :

1
m - h=>a>—1;
2. Zn=1 (n+al{n+b) wadre

n

;

‘o h a>0b=0,TE —-1.1}):
3. Zn= (n+al(n+h) e [-11)

1
4, E:ﬂm where b > a > —1;

II.T'I.

5 B wherea > 0,b 2 0,7 € [-1,1];

an+b

6. E:i_q. :miﬂ} where 0 < x < 2m;

sin{nx)

‘ * where 0 < x < 21,

7. La=1

" Mareaver, proper justifications in the process of switching the sum
and the integral are necessary in the technique. Also, for every form of

infinite series considered, restrictions to its variables are given in order to
uze the technique.

22
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As a conclusion, it is not suggested that the closed form
expressions for the series discussed in this paper are new. There are uthi;:r
various ways to evaluate them. Rather, it has been the intention of this
study to give exposure to a nice technique for evaluating certain forms of
series. It is hoped that the readers will add this technique to their toolbox

of tricks for infinite series.
Recommendations
The following are recommended for further Investigations:

|. For—m < x < m, evaluate the trigonometric infinite series

i -1y cos(nx)

mn

using the Laplace transform technique.
2 For —m < x < 7, evaluate the trizonometric infinite series
[ =]
sin (nx
$ (o)
n
n=1

using the Laplace transform technique.
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