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1 Introduction
: torial, denoted by F :
The limit of the dillerences of the Eltll(!l'ah'/-tf(_l factorial, denoled by f, (n k),
Ak(8e+ 1ol o
Fanin k)= },‘E}, T kIgE

was evaluated completely in [4]. The limit gives the explicit formula

Fynln, k) = 3 l:[{'y — Je@)

(RS TES P

and, consequently, obtains the following properties; the triangular recurrene:
relation

Fon(n+1,k) = Fan({nk —1) + (v — na) Foo(n, k) |
the horizontal generating function
3
S Fa(n, K} = (2 +7la)n ,
k=0
and the vertical generating function

(1 + o)’ [log(1+at)'/*]* = kIS Fagln, kyg .

nz0

Based on these properties, it can easily be seen that Fy,(n, k) is a generalia-

tion of the Stirling number of the first kind s(n, k) (see [1], (2], (5] for further

discussion of s(n,k)). In particular, s(n, k) = Fjo{n, k). Ou the other hand,

the (r, 3)-Stirling number, denoted by <: . was defined in [3] b¥ mesl?
G

t
of the following linear transformation:

n
= Z <:> (l - T)ak
— ﬂn"f . C‘
k=0 or &\-mamoo

where (¢ — 7)gx = (t — r|8)x. This number is a certain B&7 W\ ford
Stirling number of the second kind S(n, k). That is, S{n. k) = \k/,0

. (3]
detailed discussion of the (r, 3)-Stirling number, one may see (3]
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, Main Results

Note
; <n can be written as
0 .

B~

(¢t —rlBm =D Py, +(m, k)*

k=0

M( > (= v,

espectively. Hence, substitnting (2) in (1) vields

-

(=D = Z Fs,_(m, k) < > (t—r IJ)"
g

(= 7|8 = er_,(m k) Z(ﬁ) (t—rw)n

L =0

k=n

Thuys

Z&“,m k)<> -.=¢s,,.,,_{(1) o

h=n l

Thi .
#result is embodied in the following theorem.

Theo
rem 2.1 The following orthogonality relations hold:

Z Fy—e(m, k) <ﬁ> = i <7;:>J Fa._e(k,1) = Omn
Br = N 84

_"

'm';'f,'n: A ,
w33 the K roneeker delta.
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= Z[gﬁ‘g_r(m k)<> ] (t —r|B) .

o that the horizontal generating function for F, .(n, k) and the definition

(1)
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. wivent above. W ,

- T \ A lnd‘ =t irp
Pmof The proof for the first vque altty ¥ alre ; 4 I
e de mutmll Q k Can hl‘

dA

left to show the second equality. Note th!

Z <T\ (t - ¢l )k -
o

[
function for Fiunye We obtaiy

written as

With the aid of the harizontal generatins

S [gf o }

" =
P n="=
™M m . R
. z—; LS_; <T>i-}. Ak R}] {

This precisely gives the second equality. 0

Remark 2.2 Let M, and M. be fwe n X 1 malrices whose entries ar

the numbers E, (1. J) and <)> . More precisely,

dr

Fi—(0.0) 0 0

Fy_ (1,00 Fs_.(1,1} =-- 0
M= | 2 '( ) £ .( ) ' |

Fy o(n0) Fo_r(m1) = Fyclmn) |

<8>3 ¢ o B
M, = <(l’>a.r <}>.ﬁ.r 0

o 6, -6,

Then, using Theorem 2.1, the product of the matrices My 2

od M8

NI[I\‘IQ = l\'izhl; = In 1
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[, ison @ XN identity matrix. This implies that M, — M;"' and

where 4a
Ny = Mg, that is, ] M, and M, are orthogonal matrices.
) l -

The next theorerm gives the inverse relation of Fiun{n. k) and <E>
' a,r

Theorem 2.3 With n € N {sel of natural numbers), the followsing in-

gerse relations hold:

fa=, <f> B Eign =D Fy_o(nk)f
ér k=0

k=0

Pronf: {=:) Using the hypothesis, we have

i:f".e.-r(ﬂ.k)fk - er ,{ZQ&%}

k=0 k=D

- fgen,Jo

-0

By Theorem 2.1, we obtain

D Foeln k)= Gng;=gn -
k=D 3=0

(¢=] Similarly, using the hypothesis,

0,0 = 50, (S

k=0
= J:zlo {g <g>ﬁ'r F:s.-r(k,.?')} i

s Z&,,,f,:fn. []

j=0
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Remark 2.4 When 8 =1 andr =10, Theorems 2.1 and 2.3 will reduce

to the orthogonality and inverse relations of the ordinary Stirling number, of

the first and second kinds, which are given 0% follows:
3 [s(m, KIStk m) = 3 St Bls(ksm)] = G
k=n k=n

o= ZS(n. kg <00 = ;,_Zo |s(n, k)| fx -

k=0
where
|s(n, k)| = (—1)""s(n, k)

is the signless Stirling number of the first kind.
Remark 2.5 Note that when 3 =0 and r =1, equation (2) will give
K\ _ [k
noa \n
and. with t being replaced by t + 7, equation (1) will give

Fy1(n, k) = (-1)~* (:)

i (Z) is a binomial coefficient. Then Theorem 2.1 and 2.8 will redsc

to the following orthogonality and inverse relations
e . m—k m k o = L n—k m (k) =6mn 1l
e () () -2 ()

k=0
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The preceding inverse relation is the well-known § transform, which is
wed by G-H. Hardy to introduce Hausdorfl summability method. This iy
cerse relation is also useful in simplifying solution of some combinatorial prob-
lems. A simple example is the solution of derangement problem (also known
a5 le probleme des rencontres). The problem is to find the number D, of per
mutations (61, az,...,85) of 1,2,3,... nsuch that a, £i,Vi=1,2,...,n It
can enasily be seen that

n
nl = ; ( k) Dy .
Henoce, by making use of the inverse relation (the & #ransform) with f, = n!

and gi = Di. we obtain

Dn:i{ l)n—h() ,z{ 1)".

k=D ke

which further gives D, & nle™!, for a very large value of n. Note that this

problem is solved in [1] using the principle of inclusion and exclusion.
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