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Abstract

Let G be a connected graph, u and v be vertices of G an

the closed interval consisting of u, v and all vertices lving on some
u-v geodesic. If S C V(G), then J (5] is the union of al] sets [u, vl
forall v e §. A subset S of V(G) is called a geodetic set in (7 if
[[S] = V(G). The minimum cardinality of a geodetic set in G is called
the geodetic number of G. The convex hull [S] of a subset § of V(G)
is defined us the smallest convex set in G containing §. The minimnm
cardinality among the subsels § of V(G) with [§] = VIG) is called

the hull number of G. In this PApEr, we give the geodetic number ang
the hull number of some graphs.

d Iu, v
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1 Preliminaries

Let G be a counected simple graph and dg(z,y) be the length of a shortest

Path connecting two vertices z and y of G. The couple (V(G).dg), where
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; =] _mlh. denoted 1.
V(G) is the vertex set of G, is a metric gpace. AT 5 by

P(x,y), of length dg(z, y) is called an I=¥ geadesic:
¢he vertex sct of every -y geodesic

A subset S of V(_G] 1S

conwvez if for every two vertices 1,y € S,

and i of G, the S}'mbOl I[x‘ y] is

is contained in S. For every two vertices T

used to denote the set consisting of &, ¥ and all vertices lying on some -y
geodesic. A subset S of V(G) is called a geodetic set in G i I[S] = V(G),
where I[S] = Usyes!|2.y). The geodetic number of a connected graph G is

defined as the cardinality of A minimum
that S C I[S) and that I[S] = 5 f and only if § is convex. Convexity in

graphs was discussed in [16]. T

geodetic set. It can easily be verified

his concept was investigated in (2], (3], 7,

[11] and [12]. Some related results on the concept of geodetic mumber of a

graph were obtained in [1], 5], [8], 9], and {13]-

The convex hull of a subset § of V(G), denoted by [S], is the smallesl
copvex set in G containing §. It can be formed from the sequence {I*[S}.
where p is & non-negative integer, I°[S] = 8, 1 115] = I[S], and I7[5] =
1{17-'[8]] for p > 2. For some p, we must have [1[5] = I?(S] for allgz?p
Further, if p is the smallest non-negative integer such that 17(8) = I?[S] for
all ¢ > p, then I7[S] = [S].

A subset S of V(G) is a hull setin G if [§] = V(G). A hull set of minime®
cardinality is called a minimum hull set in G. The hull number p(G) of CF
the cardinality of a minimum hull set in G. These concepls ¥ere int“’d“ced

by Everett and Seidmann [13] and were investigated in [4]; (5],
roaders 8

For other graph theoretic terms which are assumed here,
vised to refer to [14].

The following two lemmas were stated in [2].
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Lemma 1.1 [2] Let G be a connceled graph, Then g(G) = |V(G)| if and
only if G s a complete graph,

Lemma 1.2 [2] Let G be a connected graph. Then h{C) = V(G| if and
only if G s a complete gruph,

Proof: Suppose ¢ is a complete graph. If § C V(G), then S induces
a complete subgraph of G. It follows that S is convex in G and hence,
S = [5]. This means that [S] = V(G) if and only if & = V{(G). Therefore,
KE) = V(G).

Conversely, suppose h(G) = |V (G)|. Assume further that @ is not com-
pletc. Then there exist vertices a, b € V{C') such that de(a, b) = 2, Letebea
verlex in some a-b geodesic that is distinet from @ and b, Set § — V{G1\{c}.
Clearly, 5 is not convex in @. Also, because ¢ is in some a-b geodesic, it
follows that ¢ € 7[S] € [S]. Thus, [S] = VI(G).

Thercfore h(G) < |S] = |V(G)| — 1. This contradicts our assumption
that A{G) = (V{G)|. Therefore G is a complete graph. O

A vertex v in a connected graph G is an extreme vertex if the set of
neighhorg N(v) of v induces a complete subgraph of G. In what follows,

Ex{G) denotes the set of extreme vertices in G.

Theorem 1.3 Let @ be a connected graph. If = € Ez(Q), then
VIGW{z) s a conves set

Proof: Let & € Ee(G) and let a.b € C = VIGI\{z}. If « and b are

"elghbors of Z, then dgfa, b) =1 and so, the vertex set of every a-b geodesic
is Centaingd iy C.
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W ; learly, the v
Suppose now that none of a and b s 2 aeighbor of T- Clearly. the vertey

‘s < 3 So,
set of cvery a-b geodesic is contained in ¢ if delab) = 3. 90, Suppos,
dgla,b) = 4. Suppose further that T 18 in some

la,@1,...,@., 8] (r = 3). Then there exists k € {1:2:-+
ncighbors of . Since = € Ex(G),

a-b geodesic Frysla,b) =
., 7 — 2} such thy

T 1 = x. This implics that x; and 2y 2 81¢

TiTryz © B(G). Thus, [a, 21, s FeThi2 .., &r,D] i a path connecting ¢

and b. This contradicts the fact that Peez(a, b) is an a-b geodesic. Therefore

2 cannot be a vertex in any a-b geodesic.

If one of @ and b is a neighbor of . then a slightly similar argument

as above can be used to prove that the vertex set of every a-b geodesic is

contained in C.

Therefore, V(G)\{z} is a convex set. 0

2 K,-gluing of Complete Graphs

Definition 2.1 Let K, Kp,.... and K, be complete graphs, each col-
taining a complete subgraph K, (r = 1). The graph G obtained from the
union of these n complete graphs by identifying the K.'s (one from gach
complete graph) in an arbitrary way is called the K,-gluing of Ky Kewr -
and K, .

Remark 2.2 Let p,q and r be positive integers such that 1 =7 <pst
If G is the K, -gluing of K, and K, then

a3 V(G) ifr=0p
e dls { VG\V(K,) ifr <P
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Theorem 2.3 Let p,q andr be positive integers such that 1 < 7 < p < g.

G s the K, -gluing of K, and K, then

) = q ¥p=r
@) {q+p—2r ifp>r

Proof: Consider the following cases:

Case 1. Suppose p = r. Then G = K. Thus, g(G) = g{K,) = ¢ by
Lemma 1.1.

Case 2. Let p > r and x € V(G). If z € F2(G), then z € I[Ex(G)]. If
z ¢ Ex(G), then z € V(G\Ez(G) = V(K,). Let u ¢ [V{K,)\V(K.)| and
v € [V{K\V(K,)]. Note that dgfu,v) = 2. Thus, [u.2,7] is a w-t geodesic;
that is, z € flu,v]. Since u,v € Ez(G), we have z € I[Ex(G)]. Hence,
I1B2{G)) = VI(G).

Thercfore, by definition, g(G) = |Ez(G) = ¢+ p— 2. O

Theorem 2.4 Let p. q and v be positive integers such that 1l < r < p < g,
I{G 15 the K.-gluing of K, and K, then

: q ifp=r. and
A= {q+p-2r ifp>r.

Pragf: One can follow the proof of Theorem 2.3. U

The following result is an extension of Theorem 2.3.

Theorem 2.5 e PL P2, - Pn and v be positive integers such that | <
"CPIS g < ea Ly, [ s the K- gluing of Kpy, Kpy. ., and K, then
NG = Z:t D¢ — iz
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& € Ifa,b] for all ¢ ¢ V(K3), it follows that V(G)\V{KZ) ¢ Ilo
implics that V' (X,) is a minimum geodetic set in G. Thus. ¢ (@)=

voL. XIX Ng.
THE Minpanao Fonum —-—-"""'"_'_-—'_th

e can show that g, ._
Proof: As in the proof of Theorem 2.3 {(85€ 2} e Ot Sy

eondetic set 3
V(K \WV(K )W EVU‘p..)\V&Kr)] is a nupimum g of ¢

Therefore, by definition, the result now follows- 0

3 Graphs Obtained by Deletion of Edges

Definition 3.1 Let K, be the complete graph of order # = 3 and 1
family of complete proper subgraphs of Ka. We say thal § 15 an independen;

set (family) if no two distinct subgraphs in 2 have a common vertex.

Definition 3.2 T.ct X, be the complete graph of order n = 3 and Q an
independent. family of complete proper subgraphs of K, each of order at
least 2. The graph G obtained from K, by deleting the edges in 2, denoted
by K, \E{(), is the graph of order n such that xy € E(G) if and only if 1y

is not an odge in any subgraph in 2.

Theorem 3.3 Let K, be complete graph of order n. = 3 and ) be av
independent family of complete proper subgraphs of Ko, each of order ot I
2. IfG=KN\E(R) and k =min{p: K, € Q}, then

2, ifk=2
- 3, ifk=3
WG =3 & ifk£23and |Q22.

p, ifQ=1{K,)
Proof: Consider the ff. cases:

o 9, qinct
ase 1. Suppose k = 2 and let V(K,) = {a,b}. Then d(a,®) =

b This
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Case 2. Suppose k = 3. Let V(K3) = {24, z}. Clearly, VIG)
[V {Ka)l; hence V(£(3) is a geodetic set in ¢ If 9(G)
5= {a,b} such that d(e,b) =2 and V(G

€ V(K;) C
= 2, then there exists

) =1[5]. In particular, = € /[a, b

for a[l &I e V(G)\AS'- This inlplies that K2 = ({Q‘ b}} - Q\ cUntrar}r to our

assumption,

Case 3. Suppose k > 4 and | > 2. It is routine to show that 9(G) > 4.

Let IG, Ky be distinet elements of Q, a, b & V(K,) and z,y ¢ V{K,). Then

1|8] = V(@) for § = {a,b,,y}. Thus, g(G) = 4.
Case 4. Suppose € = {K,} and let S be a geodetic set in (7. Let x V(X,),
[fx ¢ 8, then therc exist a,b € S such that & Ifa,b].

This implies that
dia,b} = 2; hence a,b € VI(K,). It follows that ex,br & E(Q) which is

impossible. Thercfore, z € $; hence, V(K,) C 5. Since I V(K,)] = V(@),

V{K,} is a minimum geodetic set. Therefore g(G) = p. W

The following is a quick consequence of Theorem 3.3.

Corollary 3.4 et Ky be complete graph of ordern = 3. If G is the graph
of order n obtained from

K, by deleting an independent family of cdges, then
§G) =2

The lollowing result is due to Chartrand, Harary and Zang 110].

Theorem 3.5 If v

et 5,0 € V(G)),
Uj"G.

s a vertex of a graph G such that {N(v)) is complete

then v belongs to every hull set and cvery geodetic set

Pheorem 3.6 Let K, be complete graph of order n = 3 and §) an inde-
beng

N furnily of complete proper subgraphs of K,,, each of order at least 2.
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If G = K,\E(Q), then

2 i |9 =2
we = {3 s i)

Proof: Suppose G = K,\E(0). Consider the following cases:

Case 1. Suppose = {K;} Let 5= V{K,) and choose &,y € 5. They
d(z,y) = 2. 1f z & S, then [z, z,y] is an z-y geodesic. Thus, V(G) € 1(g)
This means that [S] = V(G); that is, § is a hull set In G. Moreover, § is 4

minimum hull set in G by Theorem 3.5, Therelore, R{G) =[Sl =p.

Casc: 2. Suppose |2 = 2. Fix H = K, € . Choose a,b € V(H) and I,
A = {a,b}. Clearly, dala,b) = 2. Also, if ¢ € V(H), then [a,¢,b] is an o
geodesic, This implies that (V(G\V{H)}U A C T1AL Choose 2,y € Kp,
where K, € (2\{H}). Then z,y € I[A] aud dg(z,y) = 2. Note that if
w € V(H), then [z,w, y] is an z-y geodesic. This shows that V(H) € [*4].
Since 1[A] C I*[A], it follows that V(G) C I?{A]. Thus, I?[A] = V{G); that
is, A is a hull set in C. Since singleton subsets are convex sets. it follows

that A is a minimum bull set in &. Therefore A(G) = 2. B

The following result is a direct consequence of Theorem 3.6.

Corollary 3.7 Let K, be complete graph of ordern > 3. If Giso g

of order n obtained from K, by deleting an independent set of €dges, then
h(G) = 2.
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