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pecial names are given to graphs that admit vertex- or edge-

labelings which satisfy some nice properties [I]. For instance, we 

have the so-called permutation graphs, full graphs, Fibonacci 

graphs, geometric graphs, magic graphs, graceful graphs, harmonious 

graphs, tordial graphs and strongly c-elegant graphs. A class of graphs 

called felicitous graphs generalizes both the harmonious graphs and the 

strongly c-elegant graphs. Lee,· Schmeichel and Shee [2] gave several 

examples of felicitous graphs as well as examples of nonfelicitous graphs. 

They proved that every graph is a subgraph of a harmonious graph. 

Since every harmonious graph is felicitous, it follows then that every graph 

is a subgraph of a felicitous graph. We shall also prqve t~at every graph 

is a subgraph ora graceful graph. 

Definitions 

By a graph G we meari a pair G = (V(G),E(G)), where V(G) is a nonempty 

finite set of elements called vertices-and E( G) is a set of un9rdered pairs xy 

called edges, where X and y are • distinct vertices in V"( G)."' 

Let G be a graph with n1 edges. A harmonious labeling of G is· a 

one-to-one ~apping cp : i·r(G) { 0, I, 2, ... , , m -1} such ftiat th_e . -. 
induced mapping <p : E( G) { 0, 1, 2, ... , m - 1 } defined by <p ( e) = 

cp(x) + <p(y) (mod m) for all e = xy E E(G) is bijective._ A graph is said to 

be harmonious if it admits a harmonious labeling. 

Let G be a graph with m edges. A felicitous labeling [3] of G 1s a 

one-to-one mapping cp : i'(G) { 0, 1, 2, ... , m} such that the induced 

mapping cp* : £((,) { 0, 1,· 2, ... , m-1} defined by cp*(e) = cp(x) + cp(y) 

(mod m) for all e = xy E f;(G) is bijective. A graph is said to be feli-

. citous if it admits a felicitous_ labeling. Clearly, every harmonious graph is 

a felicitous graph. 
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The symbol Kn denotes the coniplete graph with II vertices such 

that .ry E £(Kn) for all distinct vertices x, Y := V(K.). Graham an~ Sloane 

[2] proved that K. is harmonious if and only tf 11 4. Lee, S~hme1chel and 

Shee [2] proved that Kn is felicitous if and only tf 11 < 4. Figure 1 shows 

harmonious (and felicitous) labelings of Kn, 11 < 4. 

0 

0 0 1 2l,__-.,} 2l----~l 

Fig. 1. Harmonious labelings of K1, K2, K3, and K4. 

Let G be a graph with m edges. A graceful labeling of G is a one-

to-one mapping cp : V(G) {O, 1, 2, ... , m} such that the. induced 

mapping cp* : E(G) { 1, 2, 3, ... , m} defined by cp*(e) = jcp(x) - cp(y)I 

for all e = xy E E( G) is bijective .. A graph is said to be graceful if it admits 

a graceful labeling. 

. iigure 2 shows _the star S6, the path P s, and corresponding graceful 

labehngs. 

·6 1 

o~---'-0---0,--ol----o 

0 4 1 3 2 

4 3 Ps 

Fig. 2. ·Graceful labelings of S6 and P 5. 
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Harmonious Labeling 

We shall prove here that there exist harmonious graphs with arbitrarily 

large complete subgraphs. This result clearly itnplies that every graph is a 

subgraph of some harmonious graph. 

The Fibonacci ~umbers Fn are defined by F1 = I, F2 = 1, and Fn 

= Fn-1 + Fn-2 for each n > 3. Let us define the felicitous numbers f,, by 

/1 = 0,h = 1, and.fn = /~-1 + /,,.2 + 1, for each n > 3. One can easil) -.:,:_2n1 

by mathematical induction that .fn = ·F,,+ 1 - l for n 1. 

Consider the first n > 2 felicitous numbers f; and let Ln = { /; + Ji : 
i J and i, j < n } . It follows from the definition of felicitous numbers that 

for each k > 2, ·/ic+ 1 > CJ for every CJ E Lk, It follows, by mathematical 

induction, that Ln contains (;) distinct elements. Now, I andf,,+1 - I are 

the minimum and maximum elements, respectiveiy, of Ln- Consequently, 

/n+1 - I > (; ). lfwe set (:) = 0, when r > n, then the inequality /n+1 - I > 

(; ) holds for n > 1. It follows also that Fn+2 - ( n ) :._ 2 > 0 for n > 1. 
. 2 

Let Sm be the star with m > 0 edges. Denote by Kn o Sm the graph 

obtained by identifying one vertex of Kn with the central vertex of Sm. (Sm 

has a unique ce~tral vertex except when m = 1 in which case we take 

anyone of its two central vertices.) 

Theorem 1. Let 11 > 1, m = Fn+2 -- (;) - 2. Then Kn o Sm is 

harmonious. 

Proof The _theorem is trivially true when n = I . Assume that n > 

2. Label the vertices of Kn with the felicitous numbers Ji, /2, •.• , f,, with the 

label Ji = O at the vertex which is identified with the central vertex of Sm. 

The number of elements of the set { 1, 2, ... , /,,+ 1 - 1 } which are not in 

Ln isf,,+1 - 1 - (;) = Fn+2 - (;) - 2 = m > 0. Use these m elements to label 

the remaining m vertices of Sm, 

Since every graph with n vertices is a subgraph of Kn, we _imme-· 

diately get the following two corollaries. 

Corollary 1.1. Every graph is a subgraph of a harmonious graph. 

Coro,lary 1.2. Every graph is a subgraph of a felicitous graph. 
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Figure 3 below illustrates the theorem for n = 5, 6. 
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Ks 0S1 

Fig. j_ Harmonious labelings of Ks o S 1 and K6 o S4 . 

Graceful Labeling 

Similar to the case of harmonious graphs, we shalJ prove here that there 

exist graceful graphs with arbitrarily larg~ complete subgraph. 

Let us define the numbers gn by g1 = 0, and gn = 2gn-l + I for n > 

2. It is easy to see that for any positive it1:teger n, the set L\n = { lg; - 8:J·I : i 

t:. j, 1 < i; j < n } consists of (; ) distinc~ elements.. From the definition of 

gn, it is also .easily seen that gn -= 2n-l - 1. Since the largest element of fln is. 

gn, -it follows that gn > (; ). • 

Theorebl 2. Let n > 1 and m ·= 2n-l - (; ) - 1. Then the graph Kn 

o Sm is graceful. 

Proof Observe that ·m = 2n-I - (;) - 1 = gn - (;) > 0. Label the 

vertices of Kn using g1, g2, ... , gn, Then all the induced edge labels lg; - 8:J·I, 

i = J are distinct arid they are(.;) in number, the total number of edges in 
' 

Kn . Identify t_he center of S,,, with the vertex of Kn which is labeled by O. 
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Use the numbers is the set { 0, 1, 2, ... , (; ) + m} to label the other m ver-

tices of Sn~ We see then that the induced edge labels are 1, 2, ... , C) + m, 

where ( ; ) + m is the number of edges of Kn o Sm. Therefore, Kn o Sm is 

graceful. 

Corollary 2.1. Every graph is a sub~aph of a graceful graph. 

Figure 4 below illustrates the theorem for n = 5. 

10 

5 13 

7 3 

Ks oSs 

Fig. 4. A.-graceful labeling of Ks o Ss 

Remarks 

The harmonious graphs and graceful graphs constructed here which have 

arbitrarily large complete-subgraphs contain so many vertices. For exam-

ple, in constructing a graceful graph which contains Kio, we need a star 

S466 and so the graceful Kio o S466 is of order 476. Thus, every graph of 

order 10 is a subgraph of some graceful graph of order 476. What is the 

smallest integer k such that every graph of order 10 is a subgraph of 

some graceful graph of order at most k? Is k equal to 476 or less 

than 476? The reader is challenged to find more economical constructions 

of graceful graphs and harmonious graphs containing a complete sub-

graph of a given order. 

, 
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