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Abstract

In this paper we discuss two of these interesting techniques: inter-
changing the indez of the summations and changing “product of sums”
to “sum of products”. Moreover, we establish a generalization of some

well-known summation formulas which consequently give interesting
and useful identities.

Keywords: summations, identities, Stirling number, lexicographic, combi-

nation

1 Introduction

Several well-known summation identities have already appeared in the lit-
erature. Almost all books in combinatorics discussed topics related to sum-
mation identities. For instance, the book of Comtet [2], Riordan [5], and
Chen, C.C and Koh, K-M [1] made a comprehensive discussion on this topic.

However, the book of Comtet [2] has the most complete collection of classical
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summation identities. For many years, these identities serve as techniqy
es in

manipulating expressions containing summation.

2 Some Techniques in Manipulating Summa.
tions

Interchanging the Index of the Summations

In deriving identities on some special numbers, such as Stirling numbers,
Bell numbers, Fibonacci numbers, and etc., we sometimes make rigorous al-
gebraic manipulations on expression containing multiple summation. Inter-
changing the index of the summations is one way of simplifying the multiple

summation. The following lemma will help us interchange the index of two

summations.
Lemma 2.1 iiF(i,j) = zn:zn:F(i,j)
i=0 j=0 3=0 i=j
Proof: The terms at the left-hand side of the equation can be arranged
as follows:
i/710 1 2 e n—1 n

0 [ F(0,0)
1 | F(1,0) | F(1,1)

2 | F(2,0) | F(2,1) | F(2,2)
3 | F(3,0) | F(3,1) | F(3,2) | F(3,3)

n | F(n,0)| Fn,1) | F(n,2) |-+ | F(n,n—1)| F™)

1=n

n n n n 5 z"n)
Y F(,00+)  F(i,1)+Y | F(i,2)+ -+ PIRAC n—l)+§: Fl
1=0 i=1 i=2

i=n—1

194

R R R R R R R RO RRRRRRRERRRRRERRREORERRRERR=.



JuNE 2005 ON SOME SUMMATION IDENTITIES
i

n n
I
i=0 i=j
The above single summations are obtained by summing up the terms

F(i,j), vertically, which give the preceding double summation. Thus we

prove the lemma. 0

Note that Lemma 2.1 can be extended further as follows:

DD FGi) =YY F.j).

To illustrate the use of this identity, let us consider the following example.

Example 2.2 This example is taken from the paper of R.B. Corcino
[4,p.99] in proving the vertical recurrence relation of (r, B)-Stirling numbers.

A portion of the proof gives the following equations

i< Z >ﬁ‘rt" = ii< i:i >B,r (Bk + r)*=3¢n

n:k ]=kn]
j—1> (ng n—jin
+ )¢
< k-1 Bir

(%), = %(im), o

Note that the second equation is obtained from the first equation by ap-

plying the above double summation identity. The third equation is obtained
by comparing the coefficients of the term ¢".
Changing “Product of Sums” To “Sum of Products”

The next technique will help us convert the expression in “product of

the sums” to expression in “sum of the products”. The tool in doing this
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technique is taken from the book of Comtet [2], which is given by the following

transformation

ﬁZFni: Z ﬁFﬂj'

7=0n;>0 no+ni+-+nk>0 j=0
To illustrate the use of this technique, let us consider the following ex-

ample.

Example 2.3 We recall a portion of the proof of Theorem 4 in the paper

of R.B. Corcino [4,p.96] which is given by
k

Z< 7’: >6,r il H Z(ﬁj+r)°it°f

n>k 3=0 [¢;20

k
> LH(ﬁj + )] gttt

co+er+-+cx 20 Lj=0

= Z[ b ﬁ(ﬁj+r)°’] tt

n>k Leo+e1+-+ex=n—k j=0

<Z>ﬂ = b2 ﬁ(ﬁj+r)°"-

co+c1+-+exk=n—k j=0

Note that the second equation is obtained from the first equation by applyiné

o ined by
the above transformation. Furthermore, the last equation 18 obtaine

comparing the coefficients of the term Pk,

3 A Generalization of Some Well-Known U

mation Identities

It is known that
14243440 = — 5
12) +2(3) +3(4) +---+n(n+1) = 3

196



JuNE 2005 ON SOME SUMMATION IDENTITIES
=

The following theorem is a generalization of these summation identities.

k+1

Theorem 3.1 ZH('I, +7) = e (n + 7).

i=1 j=0 j=0

Proof: We will prove the theorem by double induction, that is, induction

on n and k. First, we fix kK and do induction on n. For n = 1, we have

m k k
> IIe+5) = JJa+3
i=1 5=0 7=0
k+1
[Ta+5)
_ 3=
k+2
Assume that for m > 1, we have
k+1

o [1em+5)
2 116+ =S~

i=1 7=0
Then
m+1 k k
[IG+5) = ZH(Z+J +[[m+1+))
i=1 j=0 =1 j=0 7=0
k+1
H(m+]) i
j=
= +H(m+ 1+3)
k+2 o
k+1
mH m-+7) y
= i H(m +1+4
J
k+2 i
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k

mH(m + 1+ j) g
=0 .
= PR +H(m+1+g)

J=0

k
(m+Ek+2) [[(m+1+)

j=0
k42

k+1

[[m+1+37)

3=0

k42

Now, we fix n and do induction on k. For £ = 0, we know that

]

o
ol
+
[

i=1 j=0 j=0
Then
n k+1 n k n k ‘
2 IIe+ = Si[Ja+5) +k+1 > TI6E+9)
i=1 j=0 i=1 =0 i=1 7=0
n i k 1 k"'l’ N
= Y36+ +k+1) 3] (n+))
i=1 s=1 j=1 3=0
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Using Lemma 2.1, we obtain

>3 [Hu+a+

slt-sgl

3 ZH%H

s=1 Li=1 j=1
k+1

E:lc+2H'n+J)

n k4l

y 11G+3)

i=1 j=0

k+1

]jI(Tl4'J)

k:+1
k+2

Thus

n k+1
> [lg+3)
i=1 j=0
n k41

> [Ie+5)

i=1 j=0

k+3
k+2

This completes the proof of the theorem.

k+1
~T[tn+ )
+2j=0
s—1 k 4 k+1
. k+
1+ —_— 3
EH( NN+ g i +9)
= o J_
k+1
Z s1la-1+3)
=1 j=0
1 n—1 k+1 k+1
s e Hg)=— = | B+
X i k+2-4
k+1
(n+k+2)[[(n+37)
7=0
k+2
1 k+2
—= [I(»+3)
kgt
O

Example 3.2 Using Theorem 3.1 with £ = 4 and n = 4, we have

1(2)(3)(4)(5) +2(3)(4)(5)(6) + 3(4)(5)(6)(7) + 4(5)(6)(7)(8)

4(5)(6)(7)(8)(9)
6

Il

10080

As a direct consequence of Theorem 3.1, we have the following corollary:.
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Using Theorem 3.1 again, we have

n k-1 1 k+1 k k
leU(Hﬂ) = %12l (n+3)——k+1H(n+])
i=1 j=0 Jj=0 =0
1 k
= —[[n+5). O
Ic+2j=0

Remark 3.4 When k =1, Corollary 8.8 will reduce to

n

5 _n(n+1)@n+1)
Zl - 6 )

i=1
which is a known identity. Furthermore, when k = 2, we have

n

Z(ia +i%) = n(n + 1)(n;—2 2)(3n+1) ,

=1

which implies that

Zn: g (P4 D)’
i=1 - 2 -
Thus Zimv m =4,5,. .. can also be obtained using Corollary 3.3

e aded 5\
; & A 2 »ade
| The next consequence of Theorem 3.1 is a simplification of casc

mations, which is given in the following corollary.

n+7n+1 .

il=0i2=il tm-1=tm-2 im=im-1

| Corollary 3.5 ii i Zn: (n—z',,,+l)=< m+]! )
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Proof: By Eepeatet'il application of Theorem 3.1, we have

ZZ“' ¥ Y (—im+1)

i]=0 i2=i1 im—]=im—2 im=im—l
n n n 1
= > 3 50~ im-1 +1)(n — im_y +2)
i1=012=1) im-1=im-2
n n n 11
=Yy ¥ ¥ _2..§(n—im_2+1)(n—im_z+2)(n—im—2+3)
i1=013=1, im—3=im_-4im-2=im-3
n n
11=012=1

4!

tm—3=im—4q im—2=im—3

n

_ N (n—dg+1)(n—iz+2)---(n—ig+m—2)(n—iz+m—1)
- Z Z (m—I;! .

11=012=1

S (n—i1+D)(n—-i1+2)--(n—i1+m-2)(n—4i + m—1)(n— i1 +m)
Z m!

i3=0

(n+1)(n+2)---(n+m—-2)(n+m—-1)(n+m)(n+m+1)

(m+1)!
(n+m+1)' -
m+1

Remark 3.6 The second to the last equation in the proof yields

= = & n—u+m

S 3 Y = ("T0E)
12=1] tm—-1=tm-2 tm=tm-1

This identity plays a very important role in proving the main result in

(3], which determines the numerical position of a string in a lexicographic

ordering where the strings are the r-combinations of the elements of the set

I TR 8
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