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continuous functions from a given metric space into a product of

robot and Sawka [2] provided the following characterization of
D metric spaces with the box topology.

Theorem 1. Let X and X, (o € A) be metric spaces. A function
f: X > Tl. X, is continuous in the box topology if and only if

(i) each coordinate function fo = Moo f: X —> X, is continuous, and

(i) each point x € X has neighborhood on which all but a finite
number of the f,'s are constant.

The following result was also obtained.

Corollary. Let X and X, (@ € A) be metric spaces with X
compact. Then f: X — [1.X. is continuous in the box topology if and
only if

(i) allthe f's are continuous, and

(i) only a finite number of them are not constant.

In [1], Carpio showed the falsity of the above corollary by
constructing an example of a continuous function f from a compact metric
space into a product space with the box topology that fails to satisfy
conditon (ii). Hence, in order for the above corollary to hold, the space X
must be something more than just being compact. Carpio remarked farther
that the defect can easily be remedied if we assume that X is also
connected. ‘For completeness, we will state and prove the correct version
of the corollary.

Corollary 2. Let X and X, (o € A) be metric spaces with X
compact and connected. Then f: X — [laXa is continuous if and only if
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In what follows, we shall show a couple of simple applications of
Corollary 2. More precisely, we shall use it to prove some assertions on
R, the countable infinite copies of the real line, with the box topology.
First, we need the following definitions.

Definition 3. Let / be the compact unit interval [0,1]. A path from
a point x to a point y in a topological space (Y,T) is a continuous
function f: I — ¥ with f0)=x and A1) =y. A space (¥,T) is said to be
path connected if for every pair of points x, y € Y, there exists a path f
fromxto y.

Definition 4. A space (¥,T) is said to be totally pathwise
disconnected if and only if the only continuous functions from [0,1] into ¥’
are constant.

We now prove the following:

Theorem 5. R with the box topology is not path connected.

This result could actually follow from the result that the space R®
with the box topology is not a connected space. For a proof that the given
space is not connected, see refs. [2] and [3]. We shall now present a
simpler proof that uses Corollary 2.

Proof. Let x =(ay, @, ...-) and y=(by, by, . . .) be two points in
R® with a;#b; for all i (of course such points exist). Suppose there
exists a continuous function f:I— R” suchthat f0)=xand f{1)=y.
Now, let f; be any coordinate function. Then

£3(0) = mp(R0)) = mp(x) = ap, and
f(1) = mp(A1)) = mp(y) = bg.

Since ag # by, f is not constant. Now, since f was arbitrarily chosen, it
follows that none of the coordinate functions can be constant. This
coritradicts condition (i) of Corollary 2. Thus, there exists no path joining
x and y. Therefore, R® with the box topology cannot be path connected. U

Finally, we have

Theorem 6. R® with the box topology is not totally pathwise
disconnected.
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Proof. We define a function f = (fi, o s S . ) 11 > R® by
defining the coordinate functions fo: /- R as follows:
fiy=1 forall 1€,

and foralln # 1,
f()=k (ke R) for allt el

Then by Corollary 2, f is continuous with respect to the box topology.

Since
f0)=(0,kk ..., k..)z (Lkk. .. k ..)=A1),

it follows that f is not a constant function. Therefore, R® with the box
topology is not totally pathwise disconnected. U
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