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et G be a group. If H is a subgroup of G, then it is known that the 
left cosets of H in G partition G. Suppose A c G, but A is not a 
subgroup of G. Do the "feft cosets" of A partition G? This paper 

seeks to answer this question. 

Definition 1. Let 3 = { B; } ; e1 be a family of nonempty subsets of 
G. Then 3 is a partition of G if 

(1) .U;e1 B; = G and 

(2) for any B; and BJ, either B; = BJ or B; n B 1 = 0. 

Definition 2. Let A be a subset of a group G. If g e G, then the 
left translate gA of A in G is the set 

gA = { ga : a EA }. 

Let H be a subgroup of a group G. We shall study the left translates 
of a coset of Hin G. Let A = gH for some g e G. Then 

xA = x(gH) = (xg)H. 
This means that every left translate of A is a left coset of H. Furthermore, 
no two distinct left translates of A are equal to the same left coset of H. 

On the other hand, for z e G, 
zH = zg·1gH = zg-1A. 

I 

This implies that every left co set of H is a left translate of A. Also, no two 
distinct left cosets of H are equal to the same left translate of A. 

Combining the results above, we see that the left translates of A are 
the left cosets of H, and conversely. Since the left cosets ofll partition G, 
we have Lemma 1. 
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Lemma 1. Let G be a group and H a subgroup of G. If A is a left 
translate of H, then the left translates of A partition G. 

Next, we prove the converse of Lemma 1. Let G be a group and A 
c G. If H is a left translate. of A, then the left translates of H coincide with 
the left translates of A. To verify this, let H . xA for some x E G and define 
a function h by h(gH) = gx-1n. It easy to show that h is bijective. If we 
assume further that the left translates of A partition G, then we have the 
fallowing result. 

Proposition. The left translate of A containing the identity element 
of G is a subgroup of G. 

Proof Let H be the left translate of A containing the identity 
element e e G. Clearly, H -:t:- 0. To verify closure in H, let a, b EH. Then 
ab e aH and a= ae e all. Hence a e H00.H, i.e., Hand aH are not 
disjoint. This implies that H = aH. Therefore, ab E H. To check the 
existence of inverses in H, let a EH. Then a-1a E a-1H. Since a~1a = e e 
H, we have a-1a e Hra-1H, i.e., Hna-1H-:t:- 0. It follows that H = a-1H. 
Therefore, a-1 = a-1e e a-1n = H. 

Lemma 2. Let G be a group and A c G. If the left translates of A 
partition G, then A is a left coset of a subgroup of G. 

Proof Let H be the left translate of A cont~ining the identity 
element e E G. Then H = xA for some X E G. This implies that-A = x-1n. 
This shows that A is a left co set of the _subgroup H. 

Theor~m. Let G be a group and A c G. Then the left translates of 
A partition G if and only if A is a left coset of a subgroup of G. 

Proof This theorem follows by combining Lemmas 1 and 2. D 

. Partitioning property arises naturally from nonempty images of a 
function defined on a group. First, we recall the following definition. 

Definition 3. Let f: M N be a function. The inverse image of 
n E N under J, denoted by 1-1(n ), is the set ~r1(n) = { m E M : /(m) = 11 } . 
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Let G be a group of permutations acting on a set S and let s be a 
fixed element of S. Consider the function /: G S defined by /{1t) = 1t(s) 
for 7t E G. Then we have the following notes. 

Note 1. 1 •1(1) -t:. 0 if and only if t is in the orbit of s. 

Proof Leto E 1·1(1) -:t:- 0. Then.l(o) = t. Butj(o) = o(s); hence o(s) 
= t, and tis in the orbit of s. Conversely, let t be in the orbit of s. Then·t = 
p(s) for some p .E G. But ftp)= p(s); Therefore we have p e j 1(t); Hence, 
f 1(t) 0: D • 

Note 2. o/-1(t) = 1·1[o(t)] for all O E G. 

Proof Leto e G. Since/-1(t) = { 7t e G :/(1t) = t ), we have 

o/-1(1) = { 07t e G :/(1t) = 1t(s) = t }. 

Noting that 01t(s) = 0[1t(s)] = o(t), the last expression above can be 
rewritten as 

o/-1(t) = { a E G: a(s) = o(t) } = f 1[o(t)]. D 

Note 3. Let t be in the orbit of s. Then the nonempty inverse 
images under f coincide with the left translates of f 1(t). 

Proof Let o e G. By Note 2, we have o/-1(t) = 1·1[o(t)]. On the 
other hand, tis in the orbit of s means p(s) = t for some p e G. Then· 

Jl[O(s)] = jl[Op-lp(s)] = Jl[Op-l(t)] = 6p•1j-l(t). 

This ends the proof D 

Note 4. The nonempty inverse images off partition G. 

Proof Clearly, Uaeaf-1[a(s)] c G. Let 0 e G. Then./{_0) = 0(s), 

i.e,, 0 e /-1[0(s)]. This implies that 0 e 'Uaea/-1[a(s)l Therefore, G c 
U aeaf-1[a(s)l Let 1·1[a(s)] and 1·1[J3(s)] be any two nonempty inverse 
images off If they are disjoint, then we are done. Suppose they are not 
disjoint and -c is in tlieir intersection. Thenft-c) = a(s) andft-c) = J3(s). This 
implies that a(s) = J3(s). Hencef1[a(s)] = f 1[J3(s)]. D 

Note 5. If t is in the orbit of S, then the left translate of 1 •1(1) 
partition G. 

Prooj Follows from the preceding notes. 
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th rem imply that the left translates ofj• 

Notes and th:
0 

::a. Now f 1(t) is itself a left translate.tare tfit 
sets of a sub81' P of a It is our next task to find such • nus, it i 

1ett,:coset ofa sub~dup the ~bset 1·•(s) of G containing P: SUbgr<>ups 
a . we consi er llnutar · 
,ro do this, . 'dentity: •ons 
'J effect on s is J . -
wfioSt'· j•(s) == { 1t e G . 1t(s) - s } . 

. -•(s) == { 1t e G : 1t(s) = s } ~s. a subgroup of G 
Claun I./ b Stab (s), is called the stab1hzer of s. • 'fhis 

subgrouP, denoted Y . . . . . . 
f1(s) :t: 0 since the 1dent1ty permutation in GI$ tn.f•(s) 

~/. nen al3(s) == a[13( s) J = a( s) = s, and so a.l3 E f I (s). We h Let 
a, /3 ef (s). . f1(s). Now let a e f1(s). Then a(s) = s, and so <X-1[ ave 

proven cloSUfihe ml is the identity permutation in G. Thus a·I e 1•1(s) CXT(s~] 
== I(s) == s w. ere . I . his 

th existence of inverses inf· (s). 
proves. e 

Claim 2. Jf tis in the orbit of s, thenf1(t) is a left coset of Stab (s). 

Proof Let o(s) = t for some o e G. Then 

Stab (s) = { n e G: n(s) = s} = {one G: on(s) = 6(s)} 

= { t E G : t.{ s) = t } = f 1( t). 

Remarks. (1) The left translates off1(t) are left cosets of Stab (s). 

(2) There exists a one-to~one .correspondence between the orbit 
of s and the set of distinct left cosets of Stab ( s). 

(3) ff G is finite, then the cardinality n of the orbit of s is 

n- /G/ 
- /Stab (s)t. 

Proof. (i) Follows from Claim 2. 

(2) Let Q denote the orbit of s and let 9t denote the set of 
&· . 

stmct left cosets of Stab (s). We define a mapping h : Q 9? by 

h[o(s)] = of 1(s) =f 1[5(s)]. 
CJ 1 • • 
hf:~: ;h: we~-defined. ro show that it is one-to-one, let h[O(s)] == 

exisfs G f [O(s)] = f [a(s)]. Suppose that O(s) :t a(s). Then there 

e such that.I{~)= O(s) and .I{~)= cx(s). This contradicts the fact 
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that f is a function. Hence o(s) = a.(s), and h is one-to-one. To show 
ontoness, let o/-1(s) be a left coset of 1·1(s). Then o(s) is in the orbit of s, and so h[o(s)] = of 1(s). Hence, h is onto. 

(3) If G is finite, the preceding result implies that 
' 

n I Stab (s)\ = \ GI . 
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