Bounding the Sum of Distances
of the Vertices of a Tree
JOSELITO A. UY

. y hetween the vertices x and y of a ¢q
istance d(x.") ° Mnect
; th s defined 1o be the length of a shortest path ;, “

i{:iih joins x andy. It is clear that d(xy) = d(yx), d(xy) . 0
= 0.
ond d(x,I?this paper we will find a lower bound and an upper bound fo, the

sum yevd®y) of distances of vertices of a tree T = (V,E). To do gy
” sha“yinvestigate'the family 3 of trees of order n and find out wigy
trees in 3 will give extremum values for 2xyev d(x.y).

b

i =1n(n+1)2n+]).

Lemma 1.
i=1

Proof We prove by induction on 7. Let S, = Yi*and fin) =
i=1

Ln(rt1)(2n+1). Then S; = 1 =f1) and S; = 5 = f(2). Suppose that n >
and S,.1 =fin—1). Now

8 =8, +n* =L(n-Dn@2n-1 +n’
=1n(n+1)2n+1).

This means that S, = f{n) forn>2. [

Lemma 2. Let T = (V,E) be a tree of order 7. (1) If T = Ky (star
graph), then

ZX,yGV d(X.y) = 2(71 - 1)2.
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(2) If T="Pa(path), then ¥, . d(x,y)= 3n(n? -1).

Proof. (1) Let T =Ki,... Then consider the following cases:
Case 1. d(x,y) = 1. Then there are 2(n - 1) terms of 2 yevd(x,y) for this
case.

Case 2. d(x,y) = 2. Then there are 2("; 1) =(n-1)(n-2) terms of

Yxyevd(x.y) for this case.

Case 3. d(xy) > 2. Then there are no terms of Y., d(x,y) for this case
Hence

Teyevd(x,y) =2n=1)+2(n-1)n-2) =2(n-1)>

(2) For the second part we take T = P, = [1, 2, ..., n]. Then
consider the following cases:

Case 1. d(x,y) = 1. Then there are' 2(n — 1) terms of Y. ,ev d(x,y) in this
case. .

Case 2. d(x,y) =2. Then [1, 2, 3], [2, 3, 4], ..., [n - 2, n— 1, n] are the sub-
trees of T whose lengths are each equal to 2. It follows that there

are 2(n — 2) terms of 2. yevd(x,y) in this case.

Case 3. d(x,y)=3.Then[1,2,3,4],[2,3,4,5],...,[n-3,n-2,n-1,n]
are the subtrees of T whose lengths are each equal to 3. Hence
there are 2(n — 3) terms of 2., yev d(x,y) in this case.

We continue in this fashion until we reach the last case where d(x,y)

=n - 1. There are only 2 terms of Zx,yev d(x,y) in this case. So for any
tree T =(V, E) of order n,

xyevd(xy) A(n-1)+2(n-2)+3(n-3)+... + (n-1)]

_ZZI(n i)= 2[1121—21}

i=1 i=1
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THE MINDANAO FORUM
2 n-1 2
:2[%;1 (n-1)-Xi i|
i=]

Using Lemma 1, we can simplify the last expression above to obtap

2 n—l.
d(x,y)=n"(n-1) =25
i=1

Zx,y eV

=n*(n-1)-1n(n-1)2n- 1)

; %n(nz—l). O

Theorem 3. Let J be the family of trees T = (V,E) of orde
I h,

‘Then
min {Zx’yevd(x,y): Toe S}=2(n—1)2.

Proof. A tree of order n has n — 1 edges. Then in the g

Y yeve(xy) there are exactly 2(n — 1) terms each equal to 1 while th

terms are greater than or equal to 2. If T = Ky ., then al the
and 1 are each equal to 2. If T # Ky .1, then there ie
h is equal to 3. Hence, the minimum value oi‘

T = Kyn1. Lemma 2 completes the proof of

other nonzero
terms different from 0
at least one term whic
Y. yevd(x,y) is attained only if
this theorem. 0

Lemma 4. Let 5 be the family of trees T = (V,E) of order n. The

s(0)= 2, yd%:Y)

is 2 maximum in 5 if T is a path and x is an end-vertex.

Proof Let T be of order n. For s(x) to be ‘maximum, the 7
edggs of T must be constructed in such a way that d(x,y) is as large &
possible for .each y e V. To do this, let x1, X, ..., %» b€ the vertices of T
wl}ere the indices correspond to the order in which T is contructed.
Without loss of generality, let x = x;. We begin with the edge [xx2]. FOf
d(x,x) to be maximum, we require that [x,,xs] € E. Also, [x3,4] must be &0

edge of T for d(x,xs) to be maximum. Continuing in this manner, W¢

sum

-1
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can eventually require that [x,,x,] e E. Hence it is necessary that P

= [x1, X2 ¥3, - %] is @ path in T. But P is of order 7 and i B
edges; hence T =P and x is an end-vertex [] it has n — 1

Theorem S. Let 3 be the family of trees T = (V, E) of order n
Then ’ '

max {Zx'ye vd(x,y): Te 3} =1n(n® -1).

Proof. First, we claim that Zx.yevd(x.y) is a maximum in 3 if Tis a
path. We prove this claim by induction on ». For 1 < 5 < 3, the property is
immediate since every tree in this case is a path. Suppose now that the

property is true for all trees with at most # — 1 vertices. Let z be an end-
vertex of T. Then

Zm A y)=2s(z) + Zm cwdx),

where W = V'— {z}. Consider the right side of the last equation above. By
Lemma 4, s(z) in the first term is maximum if T is a path and z is one of its
end-vertices. The second term is also maximum by applying induction
hypothesis to the subtree whose n — 1 vertices make up the set W. Thus

Zx,yevd(x,y) is a maximum. This completes the proof of the claim. .By
Lemma 2, the proof of the theorem is also completed. [

Corollary 6. For any tree T = (V,E) of order n,
2(n-1)*< }:x’y _ydxp) < in(n® -1).

Proof. This corollary results from the combination of Theorem 3
and Theorem 5. [

References

[1] J.A. Bondy & U.S.R. Murty, Graph Theory With Applications, Mac-
millan Press, New York, 1976.

[2] Frank Harary, Graph Theory, Addison-Wesley, Massachussetts, 1971.

[3] Ioan Tomescu, Problems in Combinatorics and Graph Theory, John
Wiley & Sons, New York, 1985.

[4] H. P. Yap, Some Topics in Graph Theory, London Math Society Lec-
ture Notes, Series 108, Cambridge University Press, 1986.

85




{"type":"Book","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Form","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Book","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}

