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The Equivalence of Real 
Number Principles 

1. Preliminaries 

HARRY M. CARPIO 

In this note we shall examine eight properties of real numbers that are 
known to be equivalent. Partial proofs of their equivalence are found in some 
textbooks, e.g., see Mendelson [M, Ch. 5, Th. 5.9 & Th. 7.6], Buck (Bu, Sec. 
1.7], and Parzynski and Zipse [PZ, p. 49]. Although these properties are standard fare in real analysis and advanced calculus courses, many are not aware that they 
are actually equivalent. In response to this deficiency, we shall give a complete 
proof of the said equivalence. The proof is broken into two series of 
propositions. Those that are readily available in standard textbooks are simply 
stated without proofs and the corresponding references are given. 

We begin with a list of the said properties. 
(1) THE LEAST UPPER BOUND PROPERTY (LUB): A nonempty 
set of real numbers which is bounded above has a least up 
per bound. 

(2) THE CAUCHY CONVERGENCE CRITERION (CCC): Every 
Cauchy sequence of real numbers converges. 
(3) THE MONOTONE SEQUENCE PROPERTY (MSP): Any bounded 
monotonic sequence of real numbers is convergent. 
(4) THE HEINE-BOREL PROPERTY (HB): The closed interval 
[a,b] is compact. 
(5) THE BOLZANO-WEIERSTRASS PROPERTY (BW): Every 
bounded infinite set of real numbers has an accumulation point. 
(6) THE NESTED SETS PROPERTY (NSP): Every nested sequence 

[a,bi]2 [az,b-]2 [a,bs]2 
of non-empty closed intervals has a non-empty intersection. 
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(7) THOMSON'S LEMMA (TL): 4 full cover C of the closed 

interval [a,b] contains a partition of [a,b]. 

(8) CoUSIN'S LEMMA (CL): f S) is a positive function de 

fined on R, there erists a tagged partition D = {(;a)} of 

[a.b] such that for each k we shall have 

Vol. XIV No. 2 

Thomson's Lemma and Cousin's Lemma are late additions to this list. How. 

ever, there is ample evidence, e.g., see Bl], [B2] and [C2], that they are of com. 

parable importance to the others in the list. This is not surprising because, as we 

have mentioned earlier, they are actually equivalent to each other. 

We begin our exposition with the Nested Sets Property, which has many 

important applications. For instance in PZ, p. 49], it is used to prove the 
Bolzano-Weierstrass Theorem while in [B2, p. 328], it is used to prove 

Thomson's Lemma. In this paper we shall use it to prove the Least Upper Bound 

Property, which is usually called the Completeness Axiom in advanced calculus 

textbooks. 

Proposition 1.0. The Nested Sets Property implies the Least Upper 

Bound Property. 
Proof. Assume NSP and let S be a non-empty set of real numbers that is 

bounded above. We shall show that S has a least upper bound. 
Without loss, we assume that 0 e S. Let b be an upper bound for S such that 

b>0. First we bisect [0,b] into closed subintervals [0,b/2] and [b/2,b]. Then we 

define [a,,bi] = [0,b/2], if b/2 is an upper bound of S; otherwise, we take 

[a,.b,] = [b/2,b]. 
Next we bisect [a,b] and similarly define [az,b]. Continuing in this 

fashion indefinitely, we generate a nested sequence of closed subintervals of 

[0,6]: 
[a,bi] 2[a,b] [a,b:] . 

By construction each interval [a,,b,l contains elements of S and each b, 1s 

an upper bound of S. By the Nested Sets Property, there is an xe [0,5] such that 

xE n[a,,b,]. Now since the length of the nth subinterval (= (b/2")) tends to 0, 

we have [a,,b,]= {x}. 
Clearly the sequence (a) is increasing and the sequence (b) is decreasing 

Moreover, they tend to the same limit x. 

Now if some a, is an upper bound for S, then it is clear that a,E S becaus 

|a,,b,]S0. In this case we must have a, = sup S and we are done. Therefore: 

we shall assume that no a, is an upper bound for S. 

sup S =x. 
Let U be the set of all upper bounds for S. Claim: U - [x.0), and, therefore, 
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If t <x, then ( < am, for some m. Hence, 1 is not an upper bound for S 
because am, by assumption, is not an upper bound for S. Thus U x,0). 

HARRY M. CARPIO 

On the other hand, if u >, then u> bm for some m. Hence, u is an upper 
bound for S because bm is. Consequently, no element of S is greater than x, This 
implies that x is also an upper bound for S. Therefore, [x,co) cU. Thus, U = 

To complete the proof of equivalence, we shall establish in the next two 
sections two series of implications. These are 

(1.1) 

(1.2) 

LUB ’ CCC ’ MSP ’ NSP ’ LUB, and 
HB ’ TL ’ CL ’ BW’NSP’LUB’HB. 

2. Properties of Real Sequences 
The next propositions aim to establish the first three implications in (1.1). 

Proposition 2.1. The Least Upper Bound Property implies the Cauchy 
Convergence Criterion. 

Proof. We shall present a version of the proof given in [C1]. Assume LUB 
and let (x) be a Cauchy sequence of real numbers. Let S be the collection of all 
real numbers x such that the interval (-o0,x] contains at most finitely many 
terms of (). Observe that: 

() ifx is in S, then (-or]cS and 

(ii) ifx e S, then Sc(-o,]; thus x is an upper bound for S. 

Now let [ >0. Because the sequence () is Cauchy, there is an integer N 
such that ifj, m > N, then x;-[<xn <x, t[. 

Hence, ifj N, then, by () and (ii), (I; -&) e S and (x; + [) is an upper 
bound for S. Hence, S is a non-empty set of real numbers, which is bounded 
above. Thus, by the Least Upper Bound Property, S has a least upper bound, say 
o. We shall show that lim x =o. 

As observed above, for a given [ >0, there is an integer N such that ifj > 
N, then (4 - e) e S and (x, + e) is an upper bound for s. Therefore, we must 
have x -[sos x+[, wheneverj > N. Hence, ly, - o se for all j N, which 

implies that lim X =0. 0 

Proposition 2.2. The Cauchy Convergence Criterion implies the Monotone 
Sequence Property. 

Proof. Let (a,) be a bounded increasing sequence of real numbers. We shall 
show that it converges by showing that it is a Cauchy sequence. 

17 



18
 

int
erv

al [a,b
] is

 a 
fin

ite 

co
lle

cti
on

 of
 

in
ter

va
l-p

oi
nt

 

pai
rs 

(I:&
) 

sa
tis

fy
ing

 

cer
ta 

co
nd

itio
ns

 and suc
h that
 the 

co
lle

cti
on

 {I, : k=
 

1,
 

2,
 

.., n}
 

is
 a 

pa
rti

tio
n of

 
la,o

] 

into
 

clo
sed

 

no
n-

0v
erl

ap
pin

g 

su
bin

ter
va

ls 

X
-l.

 

A
 

tag
ged

 

pa
rti

tio
n of

 
re

 

co
lle

cti
on

 { X
o =
 

a<
 x <
 

x<
< 

x,
 

=b}
 of

 
poi

nts
 of

 
[a,

b].
 It

 
div

ide
s 

(a,0
] Re

cal
l tha
t a 

pa
rti

tio
n of

 
the 

clo
sed

 

int
erv

al [a.b
1 is

 a 
fin

ite
, 

inc
rea

sin
g 

pa
rti

tio
n o

f 
[a,

b].
 ste

ms
 

from
 the 

ob
se

rv
ati

on
 

that
 a 

full
 

cov
er of

 
the 

int
erv

al 

[a,
b] 

inc
lud

es 

a sm
all 

clo
sed

 

su
bin

ter
va

ls of
 

a,b
] that
 

mee
t X

. 
The 

im
po

rta
nc

e of
 

full
 

cov
ers

 

In
tu

iti
ve

ly
, a 

full
 

cov
er 

C
 

of
 

X
, 

like
 a 

Vi
tal

i 

cov
er,

 

inc
lud

es all 
arb

itr
ari

ly I|<
8)

 
bel

ong
s to

 

tha
t the 

FC
-c

on
di

tio
n for 

[a,b
] 

ho
lds

: [a,b
] is

 a 
ful

l 

cov
er of

 
X

, 
if

 
to

 
eac

h 

x in
 

X
, 

the
re is

 a 
po

sit
ive

 

nu
mb

er (x) such
 

DE
FIN

IT
IO

N 3.0.
 Let 

X
 

[a,
b].

 A
 

co
lle

cti
on

 C
 

of
 

clo
sed

 

su
bi

nt
er

va
ls of

 

and 

|I 
de

no
tes

 the 
len

gth
 of

 
I.

 

ass
um

e that
 I,

 
wit

h or
 

wi
tho

ut 

su
bs

cri
pts

, 

3.
 

To
po

lo
gi

ca
l 

Pr
op

er
tie

s 

Pr
op

os
iti

on
 2.4. LUB 

’ 
CCC 

’ 
MSP 

’ 
NS

P’
LU

B.
 

set 
[an

,b,
] 

co
nta

ins
 a 

and is
 

the
ref

or
e 

no
n-

em
pty

. 

nes
ted

 

seq
ue

nc
e of

 
no

n-e
mp

ty 

clo
sed

 

int
erv

als
. Let us

 
show

 that
 

[an
,b,

] +
. Pro

of.
 

As
sum

e MSP
 and 

sup
po

se that
 

[a,
b1

] 2 
[a2

,b]
 2 

a3
,b:

] 

2 

Pr
op

ert
y. 

Pr
op

os
itio

n se
qu

en
ce

 and 

is
 

the
ref

or
e 

co
nv

erg
en

t. 

Th
ere

fo
re,

 la
 - a,
 

<[. for all n,
 k N
. 

Thi
s 

pro
ves

 

that
 

(a,)
 is

 a 
Ca

uch
y D
 

for all n,
 

k>
 

N
, 

(m
 

-1)
[ 

<
 

a7, an
 

S 

mE. 

The 
M

in
da

na
o 

Fo
rum

 Vol
. 

XIV
 No. 

2.
 

C
. 

Eve
ry 

clo
sed

 

su
bin

ter
va

l I of
 

[a,b
] that
 

co
nta

ins
 x 

and has 
len

gth
 

de
no

tes
 a 

clo
sed

 

su
bi

nt
er

va
l of

 

a,b
] 

Th
ro

ug
ho

ut this
 

sec
tio

n w
e 

fix 
a 

clo
sed

 

int
erv

al 

[a,
b].

 

M
ore

ov
er w

e 
sha

ll 

D
 

bo
un

d for all the 

se
qu

en
ce

 

(an
), w

e 

mus
t 

hav
e a,

 S 
as

b,
 for 

eac
h n.

 
He

nce
 the 

as
su

m
pt

io
n,

 it 
co

nv
er

ge
s, say

, to
 a 

lim
it o.

 
M

or
eo

ve
r 

sin
ce eac
h b,, is

 
an

 
upp

er 

The 

seq
ue

nc
e (a,)

 of
 

low
er 

en
dp

oin
ts 

is
 

bo
un

de
d and 

in
cr

ea
sin

g. 

He
nce

, by
 

is
 a 

2.3. The 

Mo
no

ton
e 

Se
qu

enc
e 

Pro
pe

rty
 

im
pli

es the 

Ne
sted

 Sets
 

w
e 

hav
e (m

 
-

1)[ 

<
 

aN, for 
som

e N
e N
. 

Sin
ce (a,)

 1s
 

in
cr

ea
sin

g, 

it 
fol

low
s that

 the
re is

 a 
lea

st 

po
sit

ive
 

int
eg

er 

m
 

such
 

that
 

a,S 

m
[ 

for all n.
 

B
y 

de
fin

itio
n of

 
m

 

Ar
ch

im
ed

ian
 

Pr
inc

ipl
e, the
re is

 a 
po

sit
ive

 

int
ege

r 

j 
such

 that
 je

 >
 

b.
 

Hen
ce 

Let 

[ >
 

0 
and 

ass
um

e 

wi
tho

ut loss
 

tha
t 0 S an

 
S b 

Tor all n.
 

B
y 

the 



December 1999 HARRY M. CARPIO 

Theorem 3.1 (Thomson's Lemma). If C is a full cover of [a,b]. then C 
contains a partition of [ab]. 

Proof. Thomson proved this lemma using the Nested Sets Property and his 
proof is reproduced in [B2: p. 328]. We shall prove the lemma using the Heine 
Borel Property. 

Let C be a full cover of [a,b]. Then there is a positive function r) defined 
on [a,b] satisfying the FC-condition. Now defin� 

L={(a-,+):x ela,b]}. 
Clearly L is an open cover of [a,b]. By the Heine-Borel Property, there exist 

finitely many points x <x,<x,< .. <in in (a,b) such that the open intervals J, 
= (x-x)/2,xt8x)/2), where k = 1, 2, .., m, cover [a,b]. (Without loss, we 
shall assume that no J, contains another J-) Now we choose to = a and =b. 
For k = 1, 2, ..., (m - 1), we choose a te in JJe Such that x <4< Then 

each x, is in the subinterval [-il, and the length of this subinterval, which is a 
subset of J, is less than Ñ(x). Hence, each [tt-,] is in the collection C. Since 

{lo = a<t, <h<.. <Im=b} 

is a partition of [a,b], this proves the lemma. O 

Corollary 3.1.1. The Heine-Borel Theorem implies Thomson's Lemma. 

Theorem 3.2 (Cousin's Lemma). If Sr) is a positive function defined 
R, there exists a tagged partition D - {(:5)) of [a,b] such that for each k, we 
have e Ic (Grö(5), Etö(E). 

Proof. Let S be a positive function defined on R. Consider the collection C 
of closed subintervals I of [a,b] such that for some x in [a,b], we have x e Ic 

(r-8(), xt8()). Then the collection C is clearly a full cover of (a,b). Therefore, 
by Thomson's Lemma, C contains a partition of [a,b]. O 

Corollary 3.2.1. Thomson's Lemma (TL) implies Cousin's Lemma (CL). 

On 

As a simple application of Cousin's Lemma we shall present the proof of 
the Bolzano-Weierstrass Theorem given in (Bl; p. 452]. 

Theorem 3.3 (Bolzano-Weierstrass). IfS is a bounded, infinite set of real 
numbers, then S has an accumulation point. 

Proof Suppose that Sc [a,b], for some a, b e R. We shall prove the 
contrapositive: Ifthe bounded set S has no accumulation point, then it is finite. 
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