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A Vector-Valued Nonlinear 

Integral 

SERGIOR. CANOY, JR. 

N. Dinculeanu pointed out that 'every new type of transformation needs the 
development of a new integral for its representation (see [5). In fact, this 
approach was adopted by Riesz in proving the classical Riesz representation 
theorem. He used the Riemann-Stieltjes integral for the purpose of representing a functional. 

For functionals and operators which are not necessarily linear, it is quite 
natural to develop nonlinear integrals for their representation. Drewnowski and 
Orlicz [6], for example, studied orthogonally additive functionals and gave a 
nonlinear integral representation of these nonlinear functionals. 

1. Preliminaries 

Lee in [7]) also developed a nonlinear integral of Henstock type. Using this 
integral, Chew in 4] was able to represent boundedly continuous and 
orthogonally additive functionals on the Denjoy space. 

In this paper, we develop the vector version of Lee's nonlinear Henstock 
integral. This vector formulation was used earlier in [(1] to represernt orthogonally 
additive operators on the space of regulated functions. 

Definition 1. Let :Xx 9 ’ Y be a function, where X and Y, are real 
Banach spaces and 9 is the family of all intervals in (a,b]. A function f : [a,b] ’ 
Xis said to be -integrable on [a,b] if there exists a vector Ae Y such that for 
every [ >0 there exists a E) >0 defined on [a,b] such that for every 8-fine 

where (D)} is used to denote that the sum is over all interval-point pairs ([u,v]:
) 
in D. In this case, the -integral offon [a,b] is A. For convenience, we write 
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division D = {(4,v]:5) } of [a,b], we have 



The Mndanao Forunm 

Using a standard argument, it can be shown that the -integral of a function, 

if it exists, is uniquely determined. Also, it is worth noting that if X= Y and 

) a( - u), where # and v are the endpoints of the interval I, then 

Definition l reduces to the Henstock-Bochner integral (see (2]). Further, since 

(r,) is not necessarily lincar in x, the integral defined earlier is a nonlinear 

integral. 

(NI) 
respectively ; 

In order that the integral has some reasonable properties, we assume 

throughout that the function satisfies the following conditions: 

(N2) ,) is continuous in X; 

(N4) 

r) = 0y, where Or and 0y are the zero vectors of X and Y 

(N3) (Ju) = /) + (r,,) whenever I and 1, are disjoint and 

adjacent; 

A. 
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given M>0, for every [ > 0 there exists an >0 such that 

i=1 
4) -

whenever |;-yll <n. lxl| SM, Ivll s M, for i= 1, 2, .., n and the intervals I 

,, l, .., , are pairwise disjoint; 

(NS) given M> 0, for every [ >0 there exists an n > 0 such that 

Moreover, we shall assume that 

whenever l, h, ., I, are pairwise disjoint intervals in [a,bl with total length less 
that n and ||x| S M for all i= 1,2, .., n. 

the zero vector y. 

(x, (u,v]) = (x, (u,v]) = %, [u,v)) = (x, (u,v)). 

Remark: Condition (NI) ensures that the -integral of the zero function is 
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2. Results 

and 

Exam
ples 

We 

now
 

give 
the 

sim
ple 

properties 
of the 

integral. 

Theorem
 

2. Let 
a <

c<
b. 

f f: 

[a,b] 

’X
is 

-integrable 
on 

[a,c] 

and 
on [c,b], 

then 
so 
it is on 

[a,b] 

and 
=

 

Proof. 
Let 
A

 
and 
B

 
be 
the 

-integrals 

offon 

[a,c] 
and 
on 

(c,b], 

respectively. 

Then, 

given 
[ >0, 

there 

exists 
a S,(E) 

>
0 

on 

[a,c] 

such 

that 
if D, 
=

 

((u,v];E)} 
is S,-fine 

division 
of [a,c], 
we have 

D
)ZoE),[u, 

v)) 
- <

 

Sim
ilarly, 

there 

exists 
a &,(E) 

>
0

 
on 

[a,c] 

such 

that 
if D, =

 

{([u,v]:E)} 
is 
a S,-fine 

division 
of [c,b], 
we have 

Now 

define 

S
() 

>
0

 
on 

e [a,c), 

=C, 

min 

{8j(5), 

c-}
, 

if 

=
m

in
 

{8;(5), 

S2(5)}, 
if S(E) min 

{8,(5), 
E

-
c}, 
if E

 
e (c,b]. Then 

for 

any 

8-fine 

division 
of Let 

D
 

=
 

(u.vl:&
)} 

be 
a &-fine 

division 
of [a,b]. 
If 
c is a division 

point, 

then 

let 
D, 
be the 

division 
of [a,c] 

consisting 
of intervals 

[u,v] 
in 
D

 

with 

[u,v] 
c [a,c] and 

D, the 

division 
of [c,b] 

consisting 
of intervals 

[u,v] 
in 
D

 

with 

[u,v] 
c [c,b]. 

Otherwise, 

i.e., 
if there 
is an 

interval 

[u
',] 

in 
D

 

w
ithce 

(u',v'), 

then 
we 
let 
D, be the 

division 

consisting 
of the 

interval 

[u',c] 

and 
all 

intervals 

[u,v] 
in 
D

 

with 

lc),[w,v]) 
=

 

c),[u,cl) 
+

 

¢c), 

[e,v|). 
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[a,b] 
as follows: 

[a,b], 
c is 

alw
ays 

an 

associated 

point. 

[u,v] 
c [a,c) 

and 
D

, 
the 

division 
of [c,b] 

consisting 
of the 

interval 

[c,v] 
and 
all intervals 

[u,v] 
in 
D

 

with 

[u,v]c 

(c,b]. 

Note 

that 
by 

(N
3) 

we 

have 
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Also, we find that D, is a ô,-fine division of [a,c] and D, is a d,-fine division of 
[c.b]. Thus 

DUG).[u. 9) -(4+ B) s(D)0¯EA[4, v) -a+ 

Therefore fis -integrable on [a.b] and 

+(D,)0(E)(4. +) -Bl<t. 

= A+ B. O 

Vol. XIV, No. 2 

The proofs of the following two results are similar to those that are found in 
[7]. The first, which is known as the Cauchy criterion, is used to prove the 
second. 

Theorem 3. A function f: [a,b] ’ Xis -integrable on [a,b] if and only if 
for every [ >0, there existsa SE) > 0 defined on [a,b] such that for any two & 
fine divisions D, = {([4,v]:5)} and D, = {((u',v}:5)) of [a,b], 

D)0VE).[4, v) -(D>)} "¯E), [".vD<e. 
Theorem 4. Iff: [a,b] X is -integrable on [a,b], then so it is on a 

subinterval [c.d] of [a,b]. 

Definition 5. Let f:[a,b] ’ X be -integrable on (a,b]. The function 

F,: [a,b] ’Y, defined by 

F,()=[ov) dr'). 

Flu,v) = F(V) - F(u) 

is called a -primitive of f on [a,b]. If [u,v] c [a,b), then 

32 

Cao proved in [3] that if F is a primitive of a Henstock-Bochner integrable 
functionf: (a,b] ’ X, then F is continuous on [a,b]. Here, we give an 
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analogous result for the -integral. First, we state without proof the following simple lemma. 

Lemma 6. Let f: [a,b] ’ X be -integrable on [a,b] with -primitive F 
Then for every [ > 0 there exists a S) >0 on [a,b] such that if D = {((u,v];)} 

is a partial division of [a,b], we have 

Theorem7. Letf: [a,b] ’ X be -integrable on [a,b] with -primitive F: 
[a,b] ’ Y given in Definition 5. Then F is continuous on [a,b]. 

Proof. Let [ > 0. By Lemma 6, there exists a S(E) > 0 such that if D' = 
{([4,v]:E)} is a partial division of [a,b], we have 

P)E (0E),[2, v) � F, (u, v) <e. 
Let E'e [a,b] and let M =fE'). Then in view of condition (NS), there 

exists n >0 such that 

whenever the length of I is less than n. Define 8*E) = min {(E), n} for each ¿ 
e [a,b]. Then every 8*-fine division is a &-fine division. 

Next, lette [a,b] be such that |t-| < 8*E). Without loss of generality, 
we may assume that <t. Choose a 8*-fine division D of [a,b] in such a way 
that [,] is an interval in D with ' as the associated point. Then 

Therefore, 

R,()-F,G)-o¯E)LE.D<e. 

Also, since f(E)= M and -|<n, it follows that 

lorE).(5,D|<e. 

I0)-,E s G.)-¢¯G')(S.1D) + loE)DE.| < 2. 
This shows that F, is continuous. 
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E
 Pro

of. orO
),d

) 
=

 
0y. 

in
 

[a,b
]. 

Th
enf

 is
 

-in
teg

ra
bl

e on
 

[a,b
] and 

Pr
op

os
itio

n 9.
 

Let f:
 

[a,b
] ’X

 

be
 The 

fol
low

ing
 are few 

exa
mp

les
 of

 
-in

teg
ra

bl
e 

fun
cti

on
s. 

[os eX0),
 dt) =

 
o¯, 

dn) +
 

[og
. di). 

Thi
s 

sho
ws that

 f 
tg

 is
 

-in
teg

ra
bl

e on
 

[a,b
] and 

s 
|(D

)9U
(G

).[4
,")

 � 
F,(a

,b)|
 +

 
|(D

)EM
gE

), [4, 
v)-G

y (a.b
)| 

(D
)F

E)
 +

 
g(E

).[4
, 

v)-
(F,

(a,
b) 

+
 

G
, 

(a,b
)] Th

er
ef

or
e, 

E
) 

+g
$).

 

[u,v
]) 

=
 

E).
[u,v

) +
 

g(
),[

u,
v]

) for all ~e
 

[a,b
]. 

B
y 

D}
\s($

)»[
4, v)

 
- G
, 

(a,0
)|< D}

EA
u, 

v)
 - and 

div
isio

n D
=

 

{([
u,v

}:)
} of

 
fa,b

], w
e 

have
 

are 
-in

te
gr

ab
le

 on
 f)

l)
 

=
 

0 for all te
 

(a,b
]. 

F,
 

and G¡, 

res
pe

cti
ve

ly.
 

Then
 f +

 
g is
 

-in
teg

ra
bl

e on
 

[a,b
] 

wh
ene

ver
 

Th
eor

em
 8.

 
Let f,

 
g:

 
[a,b

] ’ X
 

be
 

-in
teg

rab
le 

fun
ctio

ns with
 

-pr
im

itiv
es 

The 
M

ind
an

ao
 

Fo
rum

 

Vo
l. 

XIV
, No. 
2 

is
 

the 

un
ion

 of
 

the 

E;'
s. i21

, let E
; =
 

{|E 
E:

i- l<
 

|O
si

}.
 Then

 

each
 E

, 
is

 of
 

me
asu

re zei 

Let E
=

 

{t
 e 

(a,b
] : 

||D
l| 

=0
}.T

he
n 

E
 

is
 of
 

me
asu

re zero. 
For cach 

def
ine

d by
 

ft) 
=

 
y 

alm
ost

 

eve
ryw

ne 

co
nd

itio
n (NI
) and our 

as
su

mp
tio

n, w
e 

hav
e 

F(a
,b)

|<; 

[a,
b],

 

the
re 

exi
sts

 a 
com

mo
n d() >

0 

suc
h that

 for any 8-fin
e Pro

of. 

Ass
um

e that 

fO
g(

)=
0 

for all t in
 

[a,b
]. Let 

[ 
>0. Sinc

e fand
 g 
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Let [ > 0. Then by (NS), for cach i= 1,2, ..., there exists n, >0 such that 

j=1 

whenever the l's are pairwise disjoint intervals with total length less than ni 
and x|| si for j=1,2, .., n. 

Since E; is of measure zero, there exists an open set G such that E; c G 

and G; is of measure less than n,. Define S(E) >0 so that ( -
G; when e E;, and arbitrarily if otherwise. For any &-fine 

{([u,v]:5)} of [a,b], we have 

M 

eE 

eE 

i �eE; 

<[. 

Therefore, fis -integrable on [a,b] and 

Lo¯), d) = y. O 

+ 

Proposition 10. Let I be a subinterval of [a,b] and x e X. Consider the 

function f: [a,b] ’ X defined by fl) = x() for every t in [a,b], where x is the 
characteristic function of I. Then f is -integrable on [a,b] and 

[or), d) = o(r,). 

() (E - 8(5),E + S(E)) C int(), if Ee int() 

), + G)C 
division D = 

Proof. Let t, and , (t < t) be the endpoints of the interval I and [ > 0. 

Define 8(E) >0 such that 
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 (G) 

S(E) 

S
2

1
, 

ifE
=

 

or =h: 2 

(ii) 

S(E) 
<

 

t
-
,
 

if E
<

t 

and (iv) 

S(E) 

<
-
h

, 

ifE
>

h. 

Further, 
we 

choose 

S(E) 
so 

that 

S(t;) 
and 

S(t) 
are 

both 

less 

than 

n/8, 

where 

n is 

chosen 
as in (N

S) 

(corresponding 
to 

[>
0

 
and 
M

 

=
)
. 

Let 
D

 
=

 

{([u,vl:)} 
be 
a &-fine 

division 
of [a,b]. 

Denote 
by 
D* 
the 

partial 

division 

consisting 
of all 

intervals 

[u,v] 
in 
D

 

with 

[u,v] 
c int(). 
Let 

[u',v] 
and [u",v"] 

be the 

intervals 
in 
D

 

such 

that 
v, u"e 

int(/) 

and 
t e [u',v] 
and 

e [w",v"]. 

Then, 
by 

(N3), o(x,) 

=
(D

)«.u, 
v) +

 

¢(x.[(1.w') 
+

 (x,[u" 

,4). T
hus, D

)f(E
).[u, 

v]) 
-

D) 2U
E

),[4, 
v) -(D

)X
(%

,[4, 
v]) 

-(x.[t1. 
V]) 

-.["
,4

]| 

E). 4, w) 
- (%

.4,')-

¢x,[u",4D 

=
 

<
3e. Therefore, 

f is 

-integrable 
on [a,b] 
and 

Lo¯), 

de)= 

T),d) 
=

 

,). 
0 

We rem
ark 

that 
in Example 

10, 
f is 

called 
a single 

step 

function. 

AlsU whether 
I is [t,t] 
or 

[2
) 

36 

(D
%

r.[4, 
v)-(%

.(h,V
D

)-
¢(×,[u".4| 

or (tit] 
or (t,.49), 
the 

same 

integral 
of fis 

obtaineo 

This 

means 
that 

changing 
one 

point 

does 
not 

change 
the 

value 
of the 

-integral. 
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Proposition 11. Let f: (a,b] ’X be a step function, or more precisely, let 
(U, I, ., } be a division of [a,b], x|, X¡, , x, be elements of X and ft) = x; 
when t e I Then f is -integrable on [a,b] and 

SERGIOR. CANOY, JR. 

and 

Proof. Let th and t; (t<t;) be the endpoints of I,. Put f) =x, when 
tel and zero elsewhere. Then by Example 10, eachf, is -integrable on [a,6] 

By Theorem 2,fis -integrable on [a,b] and 

= 

such that 

i=l 
n 

i=] 

/=1 

n 

Propostion 12. Let f: [a,b] ’ X be a continuous function. Then f is ¢ 
integrable on [a,b]. 

Proof. The key is to find a suitable SE) > 0 when given [>0. To, this end, 
let [ > 0 and put M= sup {f):astsb). Then by (N4) there exists n>0 

n 

37 

U), di) 

i=] 

whenever |k-yl| <1, || SM, ld| s M for i=1, 2, .., n and I,, , I,, ., , 
are pairwise disjoint. 

Since f is continuous on [a,b], it is uniformly continuous there. Hence 
there is 8 > 0 such that f()-fl<n whenever -t<&. Define 8*($) = 
02 for all in (a,b]. For any division D ={([4,v]:5)}, write 

að.D) = (D)}NE), (4, v). 
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ex
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na
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l| 

S M
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., 
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i=1 i=l 
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[ >
 

0,
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 n >
 

0 
suc

h that
 

>
 

N
, 
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], 
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)|

s 

M
. n 
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(N4
), 
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fol
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po
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 M
 

suc
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 for all n 

G
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nat
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 for all n N

 
and for all
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], w
e Pro
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show
 that lim 

OS
,()
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n’0 
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ex
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. So, let 
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>0. The

n [sO
.«) 

=
 

lim 
[U

0,.d
). n’

0 

fis 
-in
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[a,b
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bou

nde
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fun
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] ’ X
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Th
eor

em
 13. F

ina
lly

, w
e 

stat
e the 

fol
low
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Choose N= max {N, N,}. Then for all n, m > N and for all t in (a,b], we 
find that |, (O| s M, |J, (Ol| s M, and |f. () -f )|<n. 

Now let n, m > N. Since f and f are -integrable, there exists a S() >0 
such that for any -fine division D = {({u,vl;E)}of [a,b], we have 

Thus 

+l(D)U.(E).[u, v) -(D)LoGm(). [u, D|+ 

<3e. 

This shows that the sequence {U,(), de)} is a Cauchy sequence in Y. 

Since Y is complete, there exists A e Y such that 
Jo 

4= lim oU,(0), de). 
n’0 

<[ and 

It remains to show that A is the -integral off on [a,b]. To this end, let e > 0. 
Then there exist a natural number N and a positive number M such that 

)-fl| <n. 

and (t)l s M, )ll s M for all e [a,b], where n is chosen as in (N4). 
Since fy is -integrable on [a,b], there exists a öE) >0 such that for any Sy-fine 

39 

division D = (u,v];E)} of [a,b], we have 
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Define S(E) = JME) for all & in [a,b]. Then for any -fine division 

D= (u,v];5)} of [a,b], we have 

(D)}oSE). (4, v) � A s JD)oU(E).[4, ") -(D)}*UN (5).4, v) + 

< 3E 

Therefore, fis -integrable on [a,b] and 

orO. d) = lim oS, (), d). o 
n’0 

Corollary 14. If U: [a,b] ’ X} is a sequence of -integrable bounded 
functions on [a,b] which converges uniformly to f: (a,b] X, then fis -integ 

Loo,d) =- lim [oG,O, d). 

Vol. XIV, No. 2 

n’0 

Proof. It follows from the hypothesis that f is bounded. Thus, in view of 
Theorem 13, we have the desired result. O 
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