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A Vector-Valued Nonlinear
Integral

SERGIO R. CANOY, JR.

N. Dinculeanu pointed out that every new type of transformation needs the
development of a new integral for its representation (see [5]). In fact, this
approach was adopted by Riesz in proving the classical Riesz representation
theorem. He used the Riemann-Stieltjes integral for the purpose of representing
a functional.

For functionals and operators which are not necessarily linear, it is quite
natural to develop nonlinear integrals for their representation. Drewnowski and
Orlicz [6], for example, studied orthogonally additive functionals and gave a
nonlinear integral representation of these nonlinear functionals.

Lee in [7] also developed a nonlinear integral of Henstock type. Using this
integral, Chew in [4] was able to represent boundedly continuous and
orthogonally additive functionals on the Denjoy space.

1. Preliminaries

In this paper, we develop the vector version of Lee’s nonlinear Henstock
integral. This vector formulation was used earlier in [1] to represent orthogonally
additive operators on the space of regulated functions.

Definition 1. Let ¢ : X x 3 — Y be a function, where X and Y, are real

Banach spaces and § is the family of all intervals in [a,b]. A functionf: [a,b] —»
X 1s said to be ¢-integrable on [a,b] if there exists a vector 4 € Y such that for
every € > 0 there exists a §(§) > 0 defined on [a,b] such that for every §-fine

division D = {([u,v];£)} of [a,b], we have
[T 67 @), 1mvD - 4] <e,

where (D)X is used to denote that the sum is over all interval-point pairs ([u,v]:£)
in D. In this case, the ¢-integral of fon [a,b] is A. For convenience, we write
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Lot a0 = A

at the ¢-integral of a function,
rth noting that if X' =Y and
s of the interval I, then
| (see [2]). Further, since
d earlier is a nonlinear

‘ ‘ v t' t b h

A 1t exists, 18 uniquely determined it
o = W w), where u and v are the P

Defimtion 1 reduces to the llcnstock-Boc?hncr nl\t;g;ane
S, s not necessarily linear 1n x, the integral d¢ 1
integral.

In order that the integral has some reasonable properties, We assume

throughout that the function ¢ satisfies the following conditions:
(N1) ¢OxD = On where Oy and 0y are the zero vectors of X and Y,
respectively |
(N2) ¢(-.D1s continuous in X';

(N3)  ¢.J\oh) = o(x,1) o(x,l;) whenever I, and [, are disjoint and

adjacent;
(N4) given M >0, for every € > 0 there exists an

|

whenever |lx; — yil <0, kil < M, |vil < M, for i=1,2,..,n and the intervals [,
I, I, ..., I, are pairwise disjoint;

n > 0 such that

<€

> 00, 1) - 20011

i=1 i=|

(N5) given M >0, for every € > 0 there exists an 1 > 0 such that

<€

\Z¢(x.~.1.-)

i=1

whenever I}, I, ..., I, are pairwise disjoint i :
2 ey dn joint intervals i h less
thatn and |lx|| s M forall i=1,2, ... n. in [a,5] with total leng!

Moreover, we shall assume that
O(x, [uv]) = §lx, (u,v]) = d(x, (1,v)) = d(x, (u,v)).

Remark: Conditi
: ition (N1) e . ‘ ' L e
the zero vector 0. (N1) ensures that the ¢-integral of the zero functio ®
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2. Results and Examples

We now give the simple properties of the integral.

Theorem 2. Leta<c<b. If f:[ab] —> X is ¢-integrable on [a,c| and on
[c.b], then so it is on [a,b] and

[ocrandy = [ocranan + Pocrian.

Proof. Let 4 and B be the ¢-integrals of fon [a,c] and on [c,b], respectively.
Then, given € > 0, there exists a §,(£) > 0 on [a,c] such that if D, = {([u,v];£)} is
d;-fine division of [a,c], we have

[OOZ o/ @y - 4] <.

Similarly, there exists a 8,(£) > 0 on [a,c] such that if D, = {([u,v]:€)} is a
d,-fine division of [c,b], we have

[0)T o/ @)~ B <=

Now define §(&) > 0 on [a,b] as follows:

min{3; (), c-&}, if § € [a,c),
8(8) ={min{5,(&), 8,(8)}, if &E=c,
min{6, (&), & —c}, if § € (c,b].

Then for any 3-fine division of [a,b], c is always an associated point.

Let D = {([u,v];£)} be a &-fine division of [a,b]. If ¢ is a division point, then
let D, be the division of [a,c] consisting of intervals [u,v] in D with [u,v] < [a,c]
and D, the division of [c,b] consisting of intervals [u,v] in D with [u,v] < [c,b].
Otherwise, i.e., if there is an interval [#',v'] in D with ¢ € («',V'), then we let D,
be the division consisting of the interval [«’,c] and all intervals [1,v] in D with
[4,v] < [a,c) and D, the division of [c,b] consisting of the interval [c,1'] and all
intervals [x,v] in D with [u,v] < (c,b]. Note that by (N3) we have

o(fle),[w' VD) = ¢(fle),[u',c]) + o(flc)[ev'D).
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Also, we find that D, is a 8,-fine division of [a,c] and D; 1s a d,-fine division of
[c,b]. Thus

[T 6(7@).1u D~ (4+ B <[ONT (/@[ - 4] +
)Y 67 @) [u.v) - B <.
Therefore f1s ¢-integrable on [a,b] and

]: O(f(1).d) = A+B. O

The proofs of the following two results are similar to those that are found in
[7). The first, which is known as the Cauchy criterion, 1s used to prove the

second.

Theorem 3. A function f : [a,b] = X is ¢-integrable on [a,b] if and only if
for every € > 0, there exists a 8(§) >0 defined on [a,b] such that for any two §-
fine divisions D, = {([u):§)} and D, = {([«'V'):.5)} of [a,b],

[ODT 6 @)D - DT O E). (v D <.

Theorem 4. If f: [ab] & X1s o-integrable on [a,b], then so it is on a
subinterval [c,d] of [a,b].

Definition 5. Let f: [a,b] =& X be ¢-integrable on [a,b]. The function
Fy:lab] > Y, defined by

o) =[ o/ ().,
is calleda ¢-primitive of f on [a,b]. If [u] < [a,b], then
Fy(uyv) = Fy(v) - Fy(u)
= [or@dn-[ecr@ndn = [o(s@.dn.

Cao proved in [3] that if F is a primitive of a Henstock-Bochner integrable
function f : [a,b] —» X, then F is continuous on [a,b]. Here, we give an
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analogous result for the ¢-integral. First, we state without proof the following
simple lemma.

Lemma 6. Let f: [a,b] — X be ¢-integrable on [a,b] with ¢-primitive F,.

Then for every € > 0 there exists a 8(%) > 0 on [a,b] such that if D = {([u,]:£))
is a partial division of [a,b], we have

DT {e0r @1~ R <e.

Theorem 7. Letf: [a,b] - X be ¢-integrable on [a,b] with $-primitive F, :
[a,b] — Y given in Definition 5. Then F, is continuous on [a,b].

Proof. Let € > 0. By Lemma 6, there exists a &) > 0 such that if D' =
{([u,v]:£)} is a partial division of [a,b], we have

o) 60/ @147 - Fy iy <.

Let &' € [a,b] and let M =|f(£")|. Then in view of condition (NS), there
exists 11 > 0 such that

locr &), n)<e

whenever the length of I is less than 1. Define 8*(€) = min {8(%), n} for each &
€ [a,b]. Then every 8*-fine division is a 8-fine division.

Next, let t € [a,b] be such that |t — £'| < §*(&’). Without loss of generality,
we may assume that &' < 7. Choose a §*-fine division D of [a,b] in such a way
that [€',¢] is an interval in D with £’ as the associated point. Then

"FW) - F(E)-o(f (&), [g',:])" <.
Also, since |f(£')|=M and |r-&| <n, it follows that

locr )&, <.

Therefore,
IR0~ R < |fE.0-sr@nen] + boeng.ol < 2
This shows that F, is continuous. [
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Theorem 8. Let f, g : [a,b] > X be ¢-integrable functions with §-primitiye
Fy and G, respectively. Then f + g is ¢-integrable on [a,b] wheneye
I Ollg®)| = 0 forall t € [a,b].

Proof. Assume that | (¢)||g()]| = 0 for all #in [a,b]. Let & > 0. Since fand

are ¢-integrable on [a,b], there exists a common (&) > 0 such that for any §-fine
division D = {([u,v];€)} of [a,b], we have

[DT o7 @D - Fy@b)] < and

[ 617D - Gy (@b)] < =
By condition (N1) and our assumption, we have

O(E) + &(E), [u.v]) = $(E).[uv]) + (g (8).[uv]) forall § € [a,b].

Therefore,
[ 07 ®) + 8@ [1.v]) ~ [Fy (a,6) + Gy (a, b))
< [T 6 @109 - ()] + D) d(e(E) 10D - Gy (ab)]
< E.

This shows that f+ g is ¢-integrable on [a,b] and

Lo + X0 = [o(r@,an+ [[a(gd. ©
The following are few examples of ¢-integrable functions.

where
Proposition 9. Let f: [a,b] - X be defined by f(t) = Ox almost eve")“her
in [a,b). Then f is ¢-integrable on [a,b] and

[otr@.dn=oy.

ach
p For €8¢
roof. Let E= {1 € [a,b] : |)]| # 0}. Then E is of measure 2ero: E

i21, let E; ={teE:i-1<|fin]|<i}. Then each Eis of measure zero
E1s the union of the E}’s.
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Let & > 0. Then by (N5), for eachi =1, 2, ..., there exists 1, > 0 such that

<g2”!

Zd)(xja]j)

J=1

whenever the I’s are pairwise disjoint intervals with total length less than n;

and || <i for j=1,2, .., n.

Since E; is of measure zero, there exists an open set G; such that E; c G;
and G, is of measure less than 7). Define §(%) > 0 so that (§ — 8(8), E+9(8)
G; when & € E, and arbitrarily if otherwise. For any 8-fine division D =

{([u,v];€)} of [a,b], we have

+

(DY 6/ ©.0uD] = | U @,luD) + | U @[VD
EeE £ gE

2. 0(f (€, [u,v])

EeE

2.0 (&) [uv])

EEE;

)

i

< Ye2' <.
i
Therefore, fis ¢-integrable on [a,b] and
[ocraydn = oy. D

Proposition 10. Let I be a subinterval of [a,b] and x € X. Consider the
function [ [a,b] > X defined by f(t) = x¥ (?) for every t in [a,b], where Y, is the
characteristic function of 1. Then f is ¢-integrable on [a,b] and

[a(r.d) = (D).

Proof. Let tyand f, (f <t) be the endpoints of the interval / and € > 0.
Define 6(£) > 0 such that

(i) (£ - 8(8), & + 8(E)) C int(]), if & € nt()
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(i) B(E) < ‘2;“, ifE=t or E=1,.

(lll) 8(@) < - g, if E_,< h and
(iv) 8E) < &by, if E>1,.
Further, we choose 8(£) so that 8(t,) and 8(t,) are both less than n/8, where

N is chosen as in (N5) (corresponding to € > 0 and M = |x])).

Let D = {([4,v]:E)} be a 5-fine division of [a,b]. Denote by D* the partial
division consisting of all intervals [uv] in D with [u,v] C int(]). Let [4'V'] and

[" V"] be the intervals in D such that V', u"e int(/) and ¢, € (u'V']and 1, €
[u"v"]. Then, by (N3),

0Cx, 1) = (D*) ) 6(x,[u,v]) + 0(x,[1;,v']) + d(x, [u" 15 ]) .
Thus,

IS 00 ©). 14,7 - @93 6, [, D) - 80,11, D) - b, (0" 1] )|

Eel

= @) 2 6(f (), [1,v]) = (D*) 2 &(x,[1,v]) = 0(x,[11,v']) - b(x, [u", 15)] )\\

=1 20U @1 vD) = 00k, [4,v']) - (x, [u" Jz])\\

E=1,1,

= 2o ®)u)

E=1.0

+ 00k [y, v D + 0Cx, [u" 1)
<3e.

Therefore, f is ¢-integrable on [a,b] and

Lour@ndn = [24@.d0 = oe. 0

We remark that in Example 10, f is called a single step func_tion. Alsg
whether [ is [#,,52] or [61,55) or (#1,12] or (f,,t), the same integral of f 1slobtamlc '
This means that changing one point does not change the value of the ¢-integra"
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Proposition 11. Let f: [a,b] > X bea step function, or more precisely, let
(I, L. ..., I} be a division of [a,b], x,, x,, ..., x, be elements of X and fif) = x;
when t € I, Then f is ¢-integrable on [a,b] and

Loy = Y ox 1),
i=1

Proof. Let t,; and t; (f, <t;) be the endpoints of /;. Put S{t) = x; when
t € I; and zero elsewhere. Then by Example 10, each f; is ¢-integrable on [a,b]
and

Lerndn = [ et = 401
By Theorem 2, s ¢-integrable on [a,5] and
Lo - Z,f. 0, (),
- §"l¢(x,-,1,.). 0

Propostion 12. Let f : [a,b] - X be a continuous function. Then f is ¢-
integrable on [a,b).

Proof. The key is to find a suitable 3(£) > 0 when given € > 0. To,this end,
lete >0 and put M=sup {|f(¢)| : a<t<b}. Then by (N4) there exists n >0
such that

<Eg¢

0(xi, 1) - D 0(v;, 1)
-1

i=1

1

whenever |lx; - yf| <, |xll <M, |yl <M for i=1,2,..,n and I,, L, L, ..., I,
are pairwise disjoint. ,
Since f is continuous on [a,b], it is uniformly continuous there. Hence

there is § > 0 such that ||/ (£) - f(')] <n whenever |t —#| <8 . Define 5*(&) =
8/2 for all € in [a,b). For any division D = {([u,v];§)}, write

o(f.D) = (D)LO(E),[u,v]).
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Then if D, and D, are any two 8*-fine divisions of [a,b], there exists a §*.
fine division D; of [a,b] which is finer than both D, and D;. Thus

lo(7.Dp)-(f.Dy)| < Jo(/.Dp)=o(f.D3)] + fo(/.D3) ~a(/.Dy)]
< 2e.
By the Cauchy criterion, it follows that f is ¢-integrable on [a,b]. O
Finally, we state the following convergence theorems.
Theorem 13. Let {f, : [a,b] > X} be a sequence of d-integrable functions

on [a,b]. If {f,} converges uniformly to a bounded function f:[a,b] > X, then
fis ¢-integrable and

Lour@ndn=tim a(5,(0.d0

Proof. First, we show that lim I:¢( f,(0),dr) exists. So, let € > 0. Then

n—o

there exists a natural number N, such that for all n > N, and for all ¢ in [a,b], we
have

Ifu() - £ <.

It then follows that there exists a positive real number M such that for all 7
> N, and for all # in [a,b], " f,,(t)" < M. In view of condition (N4), given M >0
and € > 0, there exists 1 > 0 such that

<Eg¢

PRCANAEDI (A

i=1 i=1

whenever [lx; - yi <n, [lell <M, and [lyf| <M fori=1,2,..,mand I, I - Js
are non-overlapping intervals in [a,b].

Eor n > 0, there exists a natural number N, such that for all n > N, and for
all ¢1n [a,b], we have

||fn<r>—f(z)||<g.

38



December 1999 SERGIO R. CANOY, JR.

ChoosF N =max {N,, N,}. Then for all n, m > N and for all ¢ in [a,b], we
find that “fn (t)” s M7 “fm (t)” s M’ and ”./;l (t) —f;n (t)” <n.

Now let n, m > N. Since f, and f;, are ¢-integrable, there exists a 5(&) > 0
such that for any &-fine division D = {([u,v];€)}of [a,b], we have

ll(D)Z ¢(fn (g)s[u’ V]) - Lb¢(fn (t)a dt) < ¢ and

ll(D)z ¢(fm§)’[u,v]) - J:)d)(fm(t), dt) <g.

Thus

+

(Lot ©.d0- Lot 0.0] < | fos, 00.d0- @)L o073 @011

<

@Y 0(£®).[1,v]) = D)X 0 S (0), [, VD) +

+

DT U@ l3D - (4o

< 3e.

This shows that the sequence { Jf ¢(f,(2),dt)} is a Cauchy sequence in Y.

Since Y is complete, there exists 4 € Y such that

A= lim j:’q;( £,(0),dt).

n—»oo

It remains to show that A4 is the ¢-integral of fon [a,b]. To this end, let £ > 0.
Then there exist a natural number N and a positive number M such that

/v -r@|<n,

<E,

Lot -4

and |fy (1)< M, |f (1)< M for all ¢ € [a,b], where n is chosen as in (N4).

Since fy is ¢-integrable on [a,b], there exists a dM&) > 0 such that for any d,-fine
division D = {([u,v];E)} of [a,b], we have
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<E.

“ j.:d)(fN (1).dt) - (D)D 6(fn (&) [u.v])

Define 8(5) = duM&) for all & in [ab]. Then for any d-fine division
D = {([u,v]:E)} of [a,b], we have

(DS 07 @[ - 4] < DT 6 @LluvD - DYZ oy @[] +

B +

O)F 6/ E. )~ [ (7w (0.d0)

+

Fottyo.an- 4
< 3e.

Therefore, fis ¢-integrable on [a,b] and
Pots.dn = tim ['o(7,0.dn). O

Corollary 14. If {f, : [a,b] = X} is a sequence of ¢-integrable bounded

functions on [a,b] which converges uniformly to f : (a,b] — X, then f is ¢-integ-
rable on [a,b] and

[o0r@.dn = lim ['4/,(0).do).

Proof. 1t follows from the hypothesis that f is bounded. Thus, in view of
Theorem 13, we have the desired result. [J
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