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The HSL Integral

The M

FERDINAND P. JAMIL

Abstract

In this paper, we introduce the HSL integral. We give the elementary properties
and state necessary and sufficient conditions for its existence. We also state and prove
the absolute integrability theorem, and find conditions for equivalence with the
Henstock-Stieltjes integral.

1. Introduction

In this paper, we always write A-v = v-A for all vectors v and scalars A.

Definition 1.1. Let X be a (real) Banach space. Given any functions
g :lab] > X (resp. R) and f: [a,b] — R (resp. X), we say that [ is Henstock-
Stieltjes integrable (or HS-integrable) with respectto g on [a,h] to a vector
J € X, and write

J= (HS)[ fdg,

if and only if for every € > 0 there exists a positive function 8(§) on [a,b] such
that for all §-fine divisions D = {([u,v];£)} of [a,b],

(D)X r&)e)- g} - J] < e

Recall that a division D = {([u,v];§)} is 8-fine if § € [u,v] < (E=8(E),
$+8(&)) for every interval-point pair ([u,v];€) in D. And any subset of D is called

ad-fine partial division of [a,b]. As always, we put (HS) E fdg = 0.

A chapter of the book of McLeod [6] is focused on the integral in Definition
_]-1 bl}t n finite dimensional Banach spaces X. In [3], there is an attempt to
'Mvestigate the properties of the integral in an arbitrary Banach space. A
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complete list of the common propertics 1s given such as the Cauchy criterion fg,
integrals, hinearity over integrands and integrators, and linearity over subinte,.
vals of [a,b]. It is known that if the functions f and g in Definition 1.1 g,
regulated, then the existence of the integral is always guaranteed.

Now, let X be a (real) Banach space, and let f: [a,b] — R (resp. X) be HS.
integrable with respect to g : [a,b] — X (resp. R). Consider the X-valyeg
function F on [a,b] given by

Fy= (HS)[ fdg
for all x € [a,b]. For any partition D = {([u,v];E)} of [a,b], we have
(DYSAF() - Fw)) = (HS)[[ fdg.
Lemma 1.2. Let X be a Banach space. If f : [a,b] = R (resp. X) is HS-
integrable with respect to g : [ab] —> X (resp. R), then there exists a function

F : [a,b] = X with the property that given € > 0, there is a positive function 3(£)
on [a,b] such that for all 8-fine divisions D = {([u,v];E)} of [a,b],

(D)% {Fo) - Fa - 1@ - g} <

The function F in Lemma 1.2 is called the primitive of f with respect to g
on [a,b]. We shall adopt the notation F(u,v) for F(v) — F(u). Then we have

Fa,b) = (HS) f fdg.

We remark that two primitives differ by a constant vector.

For real-valued integrals, Henstock’s lemma plays a significant role in th*
proofs of many important results in Henstock integration theory. This lemm2 1S
given in two equivalent versions. In the Stieltjes sense, the strong version of th
lemma can be stated as follows: Let f and g be real-valued functions on [a.b]) J
f is HS-integrable with respect to g on [a,b] with primitive F, then given € >0,
there exists a positive function 8(&) on [a,b] such that for all 5-fine divisions

= {([uv];8)} of [ab],

(D)ZIF(v) - F(u) - i) {g(v) - g(M)}| <&
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- Using the 1dentity real-valued function g, it is shown in [2] that in an infi-
nite dimensional space, a Henstock-Stieltjes integral need not satisfy the strong
version of Henstock’s lemma. That is, the above lemma cannot be proved when

| | is replaced by | - |- The concemn of this present paper is on Stieltjes

integrals that have the property of Henstock’s lemma. We will give the
definition of the HSL integral, investigate its elementary properties and present a
necessary and sufficient condition for existence. We will prove the absolute
integrability property and show the relationship of the HSL integral with the
integral in Definition 1.1.

The following theorem is found in [3]. We will need this result later.

Theorem 1.3. Let X be a Banach space and X ' the space of all bounded
linear functionals on X. Let f : [a,b] - X (resp. R) be HS-integrable with res-
pectto g:[a,b] > R (resp. X) on [a,b] with primitive F. If € >0, then there
exists 8(§) > 0 on [a,b] such that given a d-fine division D = {([u,v];E)} of
[a,b], we have

sup (D)X [T(F() - Flu) - 1) g(v) - gl <
Iri<1

2. Results

Throughout the remaining discussion, X and Y denote real Banach spaces.

Definition 2.1. For any functions f: [a,b] — X (resp. R) and g:[ab] >R
(resp. X), we say that f is HSL-integrable with respect to g on [a,b] whenever
there exists a function F : [a,b] — X with the property: Given € > 0, there is a
positive function 8(£) on [a,b] such that for all 8-fine divisions D = { ([u,v];€)} of
the interval [a,b],

(D)Z| F(u,y) - fiE){g(v) - gw)} | <e.

Such an integral is called an HSL integral. When it exists, we call F a primitive
Off with respect to g on [a,b] in the HSL sense. If no confusion arises, we
simply omit “in the HSL sense”, and we write

Fla,b)= (HSL) f fdg.
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, Once the inequality in Definition 2.1 holds, 1.t also hplds when Dis fepl;c;j
by a o-fine partial division of [a,b]. BY the triangle inequality, ?ffis By
integrable with respect to & On [a.b), then f must be HS-integrable with respec;
g on [a.h] and the twO integrals comcxde. queover, in .thls case, a primitive of
with respect to g In the HSL sense is a primitive of f with respect to g in the K
sense. and conversely. In particular, if X =R, the set of real numbers, then ap, Hs

integral 1s an HSL integral.

The following properties of the HSL integral can be easily verified.

Theorem 2.2. Given any functions f, fi: [a,b] = R (resp. X), g, gi:[ab]
X (resp. R), and any scalar A € R,

(i) if f is HSL-integrable with respect to g on [a,b], then f is HSL-integrable
with respect to g on each interval [c,d] in [a, bl;

(if) if ¢ € (a,b), and the integrals (HSL)]: fdg and (HSL) f fdg

exist, then (HSL) f fdg exists, and

(L) ['fdg = (HSL)[[ fdg + (HSL) [ fdg

(iti) if fand f, are HSL-integrable with respect to g on [a,b], then the U
f+fi is HSL-integrable with respect to g on [a,b), and

(HS)['(f + 1) dg = (HSL) [ rag + (HSL) [ £, ¢

(iv) if f is HSL-integrable with respect to both g and g, on [a.b] then
HSL-integrable with respectto g+ g, on[a,b], and

(HSL)[ fd(g + g,) = (HSL) [’ fdg + (HSL) [ fdg1

( . - . p
¥) Y/ is BSL-integrable with respect to gon[a,b), thensois M ané

(HSL) (- 1) ag = k-(HS)Efdg;

(Vl} ljju HS .
e blSL-leegrable with respect to g on [ab), th¢" S
grable with respecy 1o Af, and ¢ ‘
f, an

ps-
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Dece

(HSL)ffd(x 8) = A-(HSL) [ fdg.

Let us now turn to absolute integrability. For simplicity, we introduce the

function

ie=lrel

for all & € [a,b]. Let g be a function of bounded variation on [a,b]. Then the
function Vg, given by

Vga(€) = Var(g;[ag)),

for all £ € [a,b], is a real-valued monotone increasing function on the interval
[a,b). If f: [a,b] — R is continuous, then so is |f'|. Then both fand |f | are HS-
integrable with respect to Vg, on [a,b]. The following theorem gives necessary
and sufficient conditions for the HS-integrability of | /| with respect to Vg, on
[a,b] in a general form.

Theorem 2.3 (Absolute Integrability Theorem). Let f: [a,b] & X (resp.
R) be HSL-integrable with respect to g : [a,b] — R (resp. X), where g is of
bounded variation, with primitive F. Then (HS) f " bl " dVg, exists if and only if

F is a function of bounded variation. Moreover,
5) (Il dve, = Var(Filab)).

Proof. We proceed with the case where we have f: [a,b] > X and g : [a,b]
— R. We do the other case by interchanging norms.

(=): For simplicity, put p = Vg,. Letx <y points in [a,b], let € >0, and
let 8(%) > 0 be a function on [a,b] for which

<€

[u»z 17 &) (B - B} - (HS) [/] 4B
and it follows that

(DY |F ) e(v) - g} - Fauv) <e
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for all § - fine divisions D = {([u,v]: &)} of [xy]. These inequahities imply that

IA

el - & < OTJFw) - ¢

A

(DYY | £ ©)|-|e(») - )|

IA

DY |F @) {B() - B}

A

(HS) /] dB + =

Since ¢ is arbitrary, |F(x,y)| < (HS)I:"f“ dp. If D = {[xy]} is any partition
of [a,b], then

(DY JF e, < (DYE (S [ |71 B = (#5) [17] 4B

This means that Var(F;[a,b]) < (HS) E || f || dB and follows the desired result.

(<=): Lete > 0. There exists a partition P = { a = 2,21, .., Z» = b} of [ab]
such that if [,v] is a typical subinterval of the partition P, then

Var(F; [a,b]) — € < (P)Y_|F(v)- F(w)| < Var(F;[ab)).

We note that the same inequalities hold if P is replaced by any partition D 2 P
of the interval [a,b].
Similarly, for each integer n > 0, there exists a partition P, of [a,b] such that

Var(g; [a,b]) - % < (B)Y |g) - gw)| < Var(g; [a.b]).
n

We shall assume P  P,. Define 8, = min {|[v — u | : [4,v] is a subinterval of P}
Also let

E, = (telabl:in-1<|f@)] <n}

Notice that every & € [a,b] belongs to exactly one E, and [a,b] = UE,,-
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ity definition of HSL-integrability, there exists a function 6*(£) > 0 on
[«,b] nuch that for all 8*- fine divisions 1) = {([u,v];E)},

(DYLNF) = Fwy -~ fE) gv) - gl <e.

Define for each § € [a,b], 8(E) = min {8 *(£), %ﬂ-}, where £ € E,. We

modify 8(5) so that zo, zy, ..., z, are associated points of every - fine division
of the interval |a,b).

Let D= {([u,v];E)} be a 6 - fine division of [a,b]. Construct a refinement =
of Das follows: If w <z =& <y, then ([uE];E), ([£,v]:E) € Z, and if z=Eis
already an endpoint of [u,v], where ([u,v];E) € D, then ([u,v];E) € E. Hence,

Var(Fila,b]) - & < ()} |F(v) - F(u)| < Var(F;[a,b)),
which implies that

Var(Fi(a,b)) - @)Y |[F(v) - Fu)| < e,

and

(EXNFE) - Fa- @[ @) |lgv) - g

S @Q|F0) -Fw)- 1E){e0) - gw)l] < e.

For each n, let
E, = {([uv;§) e E:E€E, }.
Then { E, } partitions Z. For if ([u,v];§) € E, N E,, then we have & € E, N E,,

andn = m,
Now let ([u,v];€) € E,, and let x}; <§< x}, for some adjacent points

Xjy, x} in P, Since xj =xjy 2 8, wehave [uyv]c [x7-1,%] and thus

0 < &)Y {(BO)-Bw)-|g(v)- gu))

< ()X {(B) - B(w) - |g(v) - g(u)]}
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€

= Var(gila.b])) - (Q,)2.|g(v) - gw)| < pYE

where Q, is the partition of [a,b] whose elements are members of the set { 4 .
([u.v]:2) € =, }UP,, thus a refinement of P,. Therefore,

(@B - B} -@EX| @) gt - gw)|
< @ FE| B - Bw) - g - g}
= TIEIZIr©N(Em) - Be) -|g() - g(w)}}

n

< THEIZ - {(B) -Bw) -[g() - g}

Applying the triangle inequality,
(DYX |/ ©{B(v) - Bw)} - Var(F;[a, b)| =
= |®T I ©I{B) - B} - Var(F;[a.b])
< | @ZIrENBm -Bw} -@TI @) |g0) - g +
+ |®ZrE) e - gw| - @LIFO) - Fa +
+ |@ZNFO) - Fw)| - Var(F;la, b])|
<3e. O

This next concept will help us find a necessary and sufficient condition for
the existence of the HSL integral.

Definition 2.4. An interval function Y is said to be nonnegative if

x(x,y) 20,

and superadditive if
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X&)+ x(r,2) < x(x,2),

when real numbers x, y, and z satisfy the inequality x < y < z.

Theorem 2.5. Let f: [a,b] - X (resp. R) and g : [a,b] > R (resp. X).
Then f is HSL-integrable with respect to g on [a,b] if and only if there exists a
function F [a.b] = X such that for every € > 0, there is a positive function (&)
on [a,b] and there is a nonnegative superadditive interval function y, where

x(a,b)<e
and that whenever & € [u,v] © (£-8(8),E+8(5)), we have
|Fuv) - fE{em) -gwl| < x@w).
Proof. (<): Let F : [a,b] - X satisfy the given property. We show that F

is the required function in Definition 2.1. Let € > 0, and let 8(£) and % be as in
the hypothesis. If D = {([u,v]; )} is a & - fine division of [a,b], then

(D)X JF@,v) - fENgM - g} < (D)Zx(uy) < x(ab) <.

(=): Let F denote the primitive of f with respect to g on [a,b]. Then, given €
> 0, there exists 8(£) > 0 on [a,b] such that for all divisions D = {([u,v];E)} of the
interval [a,b],

(D)Y|F(uv) - fE) () - gw)}| <

N m

For each interval [x,y] c [a,b], define y by
10ey) = sup(D)Y. |F(u,v) - f(ENg() - g},

where supremum is taken over all 8 - fine divisions D = {([u,v];E)} of [xy].
Then 1y is nonnegative superadditive satisfying the inequalities

x(a,b) < % <e. O

Next, we define absolutely summing operators.
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Definition 2.6. Let 7: X — Y be a bounded linear operator. T is said to be
absolutely summing if there exists p > 0 such that for every finite set { x;, x,, ..
x, } © X, we have

iHT(xk)“ < p-sup i|T*(xk)|.

k=1 T*eX' k=1

e

Theorem 2.7. Let T: X — Y be absolutely summing and f:[ab]l 5 X
(resp. R) be HS-integrable with respect to g : [a,b] > R (resp. X) on [ab]
Then Tf (resp. f) is HSL-integrable with respect 10 & (resp. Tg) on [a,b].

Proof: Since T is absolutely summing, let the number p > 0 be as in
Definition 2.6. Let F be a primitive of f with respect to g on [a,b] (in the HS
sense). By Theorem 1.3, corresponding to € > 0 isa 8(&) > 0on [a,b] such that
given a 9§ - fine division D = {([u,v);8)} of [a,b],

sup (DX J1(F®) - Fw) - r@){gm - g} < %
Ins
Consider the sequence {F(v) - F(u) - fi&){g(v) - g(u)}}p. We have
(DS [TF) - TFG) - T E){8() - g =
- (D)X |T(F0)- Fw- f©){g0)- g}

< prsup. O)X|T*(F)-Fa)- £E}gw) - gw)})

Ly S

<E&.

Therefore, Tf is HSL-integrable with respect to g on [a,b] with primitive TF.
The second result follows from the fact that

(D)L |TF() - TF(w) - FENTE) - Tew)}] =

- DT Jr(F®)- Fw) - FE@)e0)- g ©
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In Theorem 2.7, if T is the identity operator 1 : X — X, then an HS integ-
ral is an HSL integral. Accordingly, if 1: X — X is absolutely summing, then X
has a finite dimension. This last theorem will show that indeed in a finite
dimensional space X, the integrals HS and HSL coincide.

Theorem 2.8. Suppose X has a finite dimension, say n. Then f : [a,b] &> X
(resp. R) is HS-integrable with respect to g : [a,b] — R (resp. X) on [a,b] if
and only if f is HSL-integrable with respect to g on [a,b].

Proof. We complete the proof by showing that if f: [a,b] - X (resp. R) is
HS-integrable with respectto g : [a,b] - R (resp. X) on [a,b], then f is HSL-
integrable with respect to g on [a,b]. Now we take up the case where we have the
functions f: [a,b] — X and g : [a,b] > R. By the isomorphism of the Banach
spaces X and R”, it is enough to take a HS-integrable f: [a,b] — R" with respect
to g : [a,b] = R on [a,b]. Let f'be given by

&) = (@D, L), ... (D),

for some real-valued functions f;,i=1, 2, ..., n, on [a,b].
In R", all norms are equivalent, and we may use the norm

[l = 3] forall w= ey 32, .o 32) € R

i=1

Since the absolute value of a component of a vector does not exceed the norm of
the vector, Cauchy criterion implies that each f; must be HS-integrable with
respect to g on [a,b]. By Henstock’s lemma, the integral (HSL)EJ f;dg exists, for
alli=1,2, ..., n. Let F; denote the primitive of f; with respect to g on [a,b], and
set

F(t) = (F\(@0), Fx(1), ..., Fu(1)

for all ¢ € [a,b]. Given € > 0, let 5(§) > 0 on [a,b] be the common required func-
tion in Definition 2.1 for the HSL-integrability of the functions f; with respect to
gon [a,b). If D= {([u,v]);£)} is a & - fine division of [a,b], then

(DY |Fwv)- 1(€){g) - g} =
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)
=(D)L_\‘,_‘F(u\)—r(. {g(v) - g(u)\|J>

Li=l

i{(D)VlF () - FENEW) - g(”)}l}

-1
<neE

Since 7 1s fixed and ¢ is arbitrary, the proof is complete. U
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