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The Cauchy Extension Theorem for Bilinear
Henstock-Stieltjes Integrals

FERDINAND P. JAMIL

Abstract

In this paper, we state and prove the Cauchy extension theorem for the bilinear
Henstock-Stieltjes integral and cite particular applications.

1. Introduction

Throughout this paper, we shall always use X, Y, and Z to denote real
Banach spaces. The symbol L(X, Y; Z) is used to denote the space of all bounded
bilinear transformations 4 : X x Y > Z.

Let4 e L(X, Y; Z), f: [ab] > Xand g: [a,b] > Y be functions. We say
that 'is Henstock-Stieltjes integrable (HS-integrable) with respect to 4 and g on
[a,b] if there is a vector J in Z satisfying the following condition: For every € >
0, there exists a positive function 3(&) defined on [a,b] such that for any S-fine
division D = {([u,v];€)} of [a,b],

(DX £ @), g~ gw) - J| <&
In this case we write
J= (HS)fA(f, dg).

Recall that a division D = {([u,v];£)} is d-fine if & € [u,v] c (§ — 8(E), § +
8(£)) for every interval-point pair ([#,v];€) in D. Any subset of D is a d-fine
partial division of [a,b].

The above integral is called bilinear Henstock-Stieltjes integral. As

always, we put (HS)‘EA(/'« dg)= 0.
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bilinear Henstock-Stieltjes integral. More

Canoy [1] initiated the work on nce of the integra]

iste
results have been obtained in [2], [3], [4], and [7]- The exi o
(HS) E A(f,dg) has been proved in the case where f and g are regulated and

VB* (see [3], and [4]). It is the intention of the present PaP"tgl tgep“i’::n”:g
Cauchy extension theorem for the above integral. Examples wi g
illustrate the usefulness of the theorem.

Results

Throughout this study all integrals are, unless otherwise specified, Henstock-
Stieltjes integrals. The following two lemmas are needed to prove the Cauchy
extension theorem. The first is a version of Henstock’s lemma.

Lemma 1. Let 4 € L(X, Y; Z), and suppose that f : [a,b] &> X is HS-
integrable with respect to g : [a,b] - Y. Define F(x)= _[:A( f, dg) for all x in

[a,b]. Given € > 0, there exists a positive function 3(€) > 0 on [a,b] such that for
all & - fine partial divisions D = {((uV]€)} of [a,b), we have

(D {Fww- a0 @), g0)-gu)] <.

Proof. Givene >0, there exists a positive function §

(§) > 0 on [a,6] such
that for all § - fine divisions D = {(uV]:8)} of [a,b], we

have

KDIZ{Fwn-a(r@) sorgt] < 2.
Let D be a § - fine division of [a,] and X, a partial sum of ¥ when 3

takes over D. Set E, to be the union of the intervals [u,v] from 2|, and let E
define the closure of [a,b] \ E,. Then E, is the union of m dis}oint closec;

intervals [a;,b;]. Since each EA(f , dg) exists, there 150 < O*(&) < 3(¢) on £,
such that if D; is a 8* - fine division of [ai,b]], then

ko)X {Feuv)- acr ez, g0)~g(u)l| < 51
m

m
i=1,2,...,m. Now D*= E U(UD,) isa § - fine division of [a,b] and
i=l
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(/,,)y‘ ACS(E). g(v) - g(u)) = Z| ACS(E), g(v)- g(u)) +

m

+§((D,- )2 ACFE), g(v) - guy)

rherefore.

[X F @)= AfE), gv) - gl <

< JONZAF@v) - a1 @), g()- gy} +

+ z_; {”(Di )Z {F(u,v)- A (), g(v)- 8(“))}”}

£ — €
< — _ =
2 ; 2m
and this proves the theorem. O

Lemma 2. Let A € L(X, Y; 2), f: [a,b] > X, and g:lab]l > Y.
(i) Suppose that the integral rA( S5 dg) exists for every x € (a,b). For

every g > 0 there exists a positive function 8(E) on (a,b] such that if ¢c € (ab)
and D = {([u,v];£)} is any § - fine division of [c,b], then

< E.

(DT A ©). 1= - [4(s dg)

(if) Suppose that the integral f A(f, dg) exists for every x € [a,b). For

every g > 0 there exists a positive function 8(&) on [a,b) such that if ¢ € (a.b)
nd D= {([u); §)} is any 8 - fine division of [a,c], then

< E.

”(D)Z A(f(), g(v)— g(w)) - J;A(.ﬂ dg)

u,nvfm“j’ (i) Let {a,} be a decreasing sequence of points in (a.b) t»hat

apm_rgcs If’ a.Seth=g,and lete > 0. By Lemma 1, for each n > 1, there exists
" "Ive function 8,(&) on [a,, a,,] such that for all 3, - fine partial divisions D
vl &)y of [, a,.,),
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€
< —_—,
L

“‘DE{AM@, g(v)-gw) ~ [AS. dg’}

Define on (a,b] the function

min{ﬁl(é). ao—u]}, if €=ay.
8(&) = min{d,(£).ap_ ~&.E—ay, }if a, <E<a,_; forsome n>1,

min{d,, (£),8,41(E). ay — ay41. ap_y —ap },if &=ay, forsome n>1.
Let ¢ € (a,b) and D = {([u,v];E)} be a §, - fine division of [¢,b]. Since

A(RE), g(v) - g(u)) = AE), g(v) - g(&)) + A(E), g(&) — g(u)),

Wwe can assume that every associated point is an endpoint. There exists a positive
integer m where a,,., < ¢ < a,. By definition of 8(§), a, is an associated point in
D foreveryn=0,1,2, ..., m. Further, for every interval-point pair ([u,v]; &) €
D, thereissome n=1,2,.... m+1 where [uv] < (a,, a,.,]. For any such n, let
D, denote the set of pairs ([u,v]; &) in D such that [u,v] < [a,,a,-1]. Then D, is

a &, - fine partial division of [a,, a,.,]. Note that D,., = D\ UD,, 1sasd,,, -
I

fine partial division of [a,.,, a,,). Therefore,

“(D)ZA(f(é), g(v) - g(u)) - fA(f, dg)" =

i '.(D)Z{A(ﬂa), g -gw) - [, dg’}“

m+l

< 3

n=l

(D, )Z{A(f@, g)-gw) - [ A, dg)}“

m+l £
< — < &

n
n=l| 2

Part (if) 1s done similarly. [J
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Theorem 3 (Cauchy Extension). Let A ¢ L(X, Y, Zyand let g - [a.b] — Y

and | [a.h] >A h
(i) If glat) and the integral _‘:A(/'- dg) exist for every x € (a,b), then the

ntegral rA( /., dg) exists if and only if lim fA( f. dg) exists. Moreover,

X ova

[(A/. dg) = Afta). gta) - gta)) + im ["Acf.dg)
) ’(l.

(i1) If g(b ) and the integral f A(f, dg) exists for every x € |a,b), then the

integral f,A( f.dg) exists if and only if lim [: A( [, dg) exists. Moreover,

=T

f",«_/. dg) = A(fib). g(b) — g(h-)) + hm L’A(/.dg),
r»h

Proof. (i) Suppose FA(I. dg) exists. The case where A = 0 is trivial.
Givene > 0, let &, > 0 be such that 1if 0 < x —~ a < §,, then

£
fg(x) - gla+ )| < =
i

By Lemma 1, there exists 0 < 8,(5) < 8, on [a,b] such that for all &, - fine partial
divisions D = {([uv]:E)} of [a,b],
‘ < E
7

Let 0<x - a<8(a). Take a 8, - fine division D = {([u,v];5)}of [x,b]. Then
D* = ax).a)} 1s a b, - fine division of [a,b], and

h(l))Z{A(f(F,). g(v) - g(u) fA(f, dg)}

<

"fA(/. dg) E’A(/’. dg) + A(f(a), g(m)-g(u)){

+

< "u))z{A(f(g). g(v) - gw) - [ A/, dg)}

v A/ (a), gla+) - gla) — A(f(a). g(x) - gla)) +
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+

VLA @501 gt - [4S40)] !

< &+ |4 @) Jetas) - g < e-{1 + [FGal

This means that
lim. [acs.dg)= [4(r.dg) - A(a), ga+) - g(a).

Conversely, consider the function

0 , X=a,

G(x) =
fA(f, dg), x#a

on the interval [a,b], and let G(a+)= y € Z. Given € > 0, there exists &, >0
such that if 0< x-a <3§,, then
IG(x)- y| <& and |g(x) - g(a+)| <e.

Let 3,(§) be as the function 8(§) on (a,b] in Lemma 2. Define
d(a) = §2i and &(§) =min {0,(§), § — a}for £ € (a,b].

Let
D:a=x, <x; <--<x,=b, {£,&, ..., &}
be a & - fine division of [a,b], and set
Dy :x;<xy<--<x,=b, {£,8&,....&}
Then a is an associated point of D and

[(D)Y ACf (&), g(v) - gG) = y = A(f(@). glax) - g(a))

< |A(f (@), glx)) - gla)) - Af (@), gla) =g *
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+ KDDY AL g(v) - g(w) - G(x, )+ [G(x) -y
< JA(f(a). g(x)) - gla+)) + 2
< &2+ |f(@f|4|\.

Since € 1s arbitrary. we have
f“’(.f . dg) = A(fla).g(a+) - g(a)) + lim f A(f.dg).
x—a’ "

A parallel proof proves (ii). U

In what follows, we shall see that in some instances, proofs are much easier
to carry out when Cauchy extension theorem is used. The proofs of the first and
the third of the next four results were already given in [3] but directly from the
definition of the integral.

Corollary 4. Let A € L(X. Y; 2), andlet ¢ € [a,b]. Let f:[ab] > Xbea
function with &) =0 for all £#c. If g:[ab]—>Y has one-sided limits at c,

then E'A(f , dg)exists, and
(L4, dg) = AUE). g(eh) ~ gle).

Proof. We set g(a-) = &) and g(b+) = g(b). Suppose that ¢ = a. Since
lim [ A/, dg

x—a

Theorem 3(ii) proves
done using these two resu

) =0, the conclusion follows from Theorem 3(i). Similarly,

the case where ¢ = b. The case where a < ¢ < b can be
1ts and the linearity of the integral over subintervals. (]

Corollary 5. Let Ae L(X,Y;Z),andlet c € [a,b]. If g:[ab] > Yisa
function with g&)= 0 for all £#c, then fA(f’ dg) exists for any function

f:lab]l > X.
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Proof 1f ¢ = a, thén Theorem 3(i) implies J: A(f. dg) = -A(Ra), g(a)). If
¢ = b, then Theorem 3(ii) implies J:’A(f, dg) = A(f(b), g(h). By these two re.

sults, f)A(f, dg) =0 whenever c¢ is different from a and b. [

Corollary 6. Let 4 € L(X, V- Z), let ze X, let I= (c,d)c[ab], and let
J be given by

/(¢)={z' sel

0, otherwise.

For any function g labl >y, if g(c+) and g(d-
exists, und

) exist, then f A(Sf, dg)

[ A 49 = 46e. gty - geny)

Proof. We have
lim [A(f, dg) = 4Gz, g(e) - ge+)) ang
X

lim [*AC/. dg) = AGz, ga-) - g(e)),

where ¢ < e <d. Using Theorem 3 and the linearity of the integral .
tervals, we have over subin-

j:’A(f, dg) = A(z, gle) - g(c+)) + a(z, 8(d-) ~ g(ey

= A(z, g(d+) — g(c+)). O
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corollary 7. Let A € LX.Y:2). let z € Y.let 1= (ca) [a.b), and let
f nction 8 on | a.b| be given by
" .
Z, € [’
g&)=1{" % |
0, otherwise.

function f: [a.b) > X. [ A(f."dg) exists, and

For any

[[4(s. dg) = A(fic) - A =)

Proof. Note that
0 [FA(f. dg) = tim [ A(f, dg) = [(A(f, dg) = [ A(f, dg) =0,
i [/, dg) = Tim [4(7. &) = [ACf. do) [Acf dg)

where ¢ < e < d. By Theorem 3 and the linearity of the integral over
subintervals, we have

[ 4(r. dg) = A((0), ) + A(d), ~2) = A(fc) - fid), 2). C

Theorem 8. Let A € L(X, Y; Z) and a = xo < x; < ... <x, = b. Let
g : [a.b]>Y be a step function with g(&) =a; when x,, <& <x; For any

function f: [a,b]— X, the integral f A(f, dg) exists, and

fA(f, dg) =X {A(f(x;1), a; — g(x;-1)) + A(S(x;), g(x;)-a;)}.
i=1

Proof. Foreach i=1,2,...,n, set

a;, & € (xi,x;),

gl(é) - {0 ,é € [a,b]\(x,-_pxi),
and for each i=0,1,2,..., n, set
g(xi)a E.o = X

gxi(&")z {0 , & € [a,b]\x;.
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Then

n n
g = Zgl + ngl..
i=1 i=0
Hence

(A 88) =3 A (5,1~ f3,), 0,) A, 808 - A )
' =]

n

= LA ), 0= ge) + A, g(x,) - a, )

i=

by the linearity of the integral over integrators and Corollaries 5 and 7. [

A series Za; in a normed linear space 7 is said to be summaple to a sum
s 1f s € Zand the Sequence of partial sums of the series converges to . If this
is the case, we write

The series Za, 1s said to be absolutely Summable if ¥ lall < o,

Proposition 9 (10, p. 124). 4 norm

ed lineqr space 7
and only if

IS @ Bangcy, ace |
. el
every absolutely summabe series in 7 jg Summaple pacef

Corollary 10. Ler 4 ¢ L(X, Y,
sequence of points in [a,b) converging
with  g(&)= a; when x, , < € < x,

, an =
2), and let 4 x0<x,<x3... be a

nction on [a’b]
Your the serjeg
ﬁln('lionf; la.b]

0 b Let g heastep Sfu
Jor some vectors q, iy
LIt o)t M i comergen. then or any b

» X, f'A(f, dg) exists, and

[’,ﬂ,‘ de) = A(b), g(b) - gb-) + ¥ A f(x, ) a4 -g(v ),
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proof. Let x|l € M forall x € [a,h]. By assumption,

Yy [AC/ X )oa;—gxi )N = LA (e, glxy+) - glxi, )|

< A Slte sl < =

Since Z is a Banach space

Z A(f(x;5), a; —g(x;.))) € Z,

by Proposition 9.
Since g(x;;+) = a;, using Theorem 8, we have

[" A, dg) = A (xi), a; - g(xia))
i=1

for each positive integer n.

Since x, —> b, for every x € (a,b), there exists an integer n such that x,,_,

< x <x,. Thus, L‘.A(f, dg) exists forall x € [a.b). Further,

lim L"A(/, dg) = lim L A(f, dg) = DA (xiey), a; — g(xi))).

x—>b~

Therefore J:) A(f. dg) exists, by Theorem 3, and

[aCr, dg) = AQRB). g8) ~ g(b-) + LA (i), @ = glxi ). O
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