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The (r,3)-Stirling Numbers

ROBERTO B. CORCINO

1. Introduction

The (r,B)-Stirling numbers, denoted by

ey

extend the concept of r-Stirling numbers of the second kind by introducing a new

parameter 3. We define the (r,3)-Stirling numbers by means of the linear trans-
formation

=y <Z> (t=P)pi (1)
B,r

k=0

where

k-1
(1 _r)ﬁ'k = I—[(t —r—ip).

i=0

We call (1), the generalized factorial of t with increment 3. In particular, for B
=1l and r =0, equation (1) will reduce to

=y <”> (1)
k=0 k 1,0

which yields the ordinary Stirling numbers of the second kind S(n k) given in

[2]. Here we have
)
nk) = .
k 1,0
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In fact, the r-Stirling numbers of the second kind can be written as
{n + r} B <n>
k+r), \k Lr

This will be shown in later. Furthermore, if =0 and r=1, we get
k k 01

In this section, we will consider two types of generating function, viz. the
exponential generating function and the rational generating function. But first let
us mention an explicit formula for the (r,B)-Stirling numbers.

2. Generating Functions

Theorem 1. The (r,B)-Stirling numbers satisfy the following explicit Sormula

n 1 k k— [kj .
= —_— —] J 'l. 2
<k>B,, Br k! Eo( : J A @)

Proof. Note that we can rewrite (1) as follows

n !—Tr i n
t" = k! _
Eo[ k ]B <">B,

Replacing ¢ with Bt + r, we have

Tt n
(Bt+r)" = [ JB"k!< > .
B kg() k k B.r

Using Newton’s Interpolation Formula, with
n
S@©)=Br+r)" and A*£(0)= ﬁkkl<k>B ;

we get

92



December 1999 ROBERTO B. CORCINO

koo /M\ Ak " k (k
B k!<k>B.r (84 Br+ )" Ym = z<-1>"~1( /](B_/m".

Jj=0

This is precisely equivalent to (2). [

Clear!y, (2) fiogs not Work when B = 0. However, we can let  approach zero
to get a suitable limit. This is possible because, from (2),

. ) = n _nk- _
e ;@ n"=r EO( ) [/J 0

Hence, the limit of (2) as p — O is an indeterminate form. After k applications of

’Hospital’s rule, we get
lim <"> = (”Jr""‘ | (3)
B>0\k/ g , k

We are now ready to mention the exponential generating function.

Theorem 2. For p#0,we have
n t" 1
Z<> Lo e -0t )
a0 \K/ g, 1 B k!
Proof: Making use of Theorem 1, we have

tl!

n\ " 1 . k=i K@i
Lo -1/ "
Z<k>w . Bkk!nzzjo{go( ) [j](ﬁj+r) }n!

nz0
:_L_i(_])k-j(k) S @+
¥kt ;=0 J)n=0 g n

|k . [k} n(n WAl
L (_l) J -1 1 ,_
[s"k!,go J {/Eolizz()(i](ﬁj) ' }"’}
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= Z(-l) (/Hzli(ﬂ @in" |

, ,
pt k', 0 n20li-0 © (n=i)! [

By Cauchy’s formula for the product of two power series [4], we get

nom 1k )« 0* « "
Z<k>B —‘Tg (J 2 M 2

n>0 \*/g . 1 =0 Moz (o) [

Thus,

Using Binomial Theorem, we obtain 4. [

If B =1, (4) gives

5 <n> " el
—_— = —e -
S\, T

which implies that (see [1, eq. 3®])

fer) =()

The following theorem states the ration ;
al . .
Stirling numbers. generating function for (r,B)-

Theorem 3.

The (r,)-Stirling n
J umbers have the rati .
; ; atior ner
function wal generating

B.r

n>0 k
FT0- @)+ e

=0
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Proof. Consider the equation

k :
=Y (6)

Using the method of partial fractions, we can rewrite (6) as follows

k Jj=1
Z A; n[‘"(BJ|+')t] nu—(ww)r] =1

J2=J+1

Taking 7 = (B + r)"', we have

Aj =D @ NS =012k

1
B k!
Substitution to equation (6) gives

§ Bj+r)*
! z< D f[ ]
)t
ﬁ[l—(Bj+r)t] B =0 Aud
j=0

P (—l)k‘f[k.]ij)"
=y ! {z[@jw)t]v}

v=0

1 < k—'(kj . k+v | k+v
N ey S Ll Sl M
vzo[ﬁkk!go( I Jwien) }

k+v with n, we obtain

x k .
L - %Z(—l)"”(k}(ﬁj+r>” g
ﬁ 1= (Bj + )] n=k| B k! j=0 J

Replacing
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n
2 <k>“’z"

n>k

If 3 = 1, equation (5) gives Corollary 10 in [1]. Moreover, if § = | and r -
0, equation (5) will reduce to the rational generating function of the second kind
of ordinary Stirling numbers (see [2].[4]).

Note that we can rewrite equation(5) as follows

1

n : k — ( ( |
Z<A> P k _ n ij +7) /¢ /J
B.r ;20

n=k J=0 ¢

YO, 4 to, 20 /=0

— k ( ‘!( LA +
=2 [T+ r) 7 a0

nzk|c, + oot ,
0*teyt 4 n—k

Identifying the coefficients of the term ¢ *

in , we obtain another explicit fi a f
(r,)-Stirling numbers. et formu o

Theorem 4. The following explicit formula holds
= Bj+r)7 |
k Por ettty =n—k /l_.]() -

Note that this formula will work whatever the va] is :
equation (7) gives He of Bis. In fact, i3 =0,

n . n .
k = Z nr 4 :( rl’l—/(’
Or cr+ey++ep=n—k| j=0 k

which is precisely equivalent to (3).

3. Recurrence Relations

Recurrence relations are useful tool in computing the first valyes of (r.B
Stirling numbers. In this section, we will consider three types of recurrc‘nlc)]-
relations; the triangular, horizontal, and vertical recurrence relations The next
theorem provides the first type of these recurrence relations.
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Theorem 5_' The (r,B)-Stirling numbers satisfy the following ‘triangular’

<n+l> < n > n
. ={, + (kP +-r)< > (8)
B.r k-1 B.r k 8

Proof. Using relation (1), we have

n+l In 41
2< > (’“”)B.k=l"[l—r~kﬂ+(k[}+r)]
B.r

k=0 k

k=0 k=0

o /n n
= 2 <k>B (l—r)B.k(t-r-kB)+ Z (k[§+r)<:>“ (f” r)',,,(

n n n n
= Z k (l—r)B‘k‘|+ Z(kﬁ+r)<k> ("‘I’)ﬂ'k
k=0 B.r k=0 B.r
Comparing the coefficients of the term (t - r)ps , we obtain (8).
n+r| _[n
k+ r[r k l,r‘

=1, equation (8) gives

n+1> =<n> +(k+r)<n> |
k 1,r .k_l 1,r k 1,r
n —rand k with k —r, we have
n+1 _ n Tk n .
k k-1 k
r r r

e triangular recurrence relation given in [1, eq. 8]. The next theorem
econd type of recurrence relations.

We know that

Now, taking 3

Replacing n with

This is th
gives the s
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Theorem 6. The (r,B)-Stirling numbers satisfy the following horizonta|
recurrence relation

<"> S (kD<) < " > o)
= - + +r —ﬂj ) .
k Br =0 k+j+1 B

Proof. Using Theorem S,

n—-k . n
the RHSof(9)=Z(—l)’((k+1)ﬁ+r)-ﬁ.j< > *
j=0 K515

n—k ,
+ 2 (D7 ((k+ ])B+’)—B,j+l<k +,jl. +l>
B.r

J=0

=0 k+j+1

ll—k .
=Z(—l)“l((k+1)B—na+r)_B‘j+]< " > +
B.r

n—k )
+ (—l)j((k+1)B-n0t+r)_ﬁ,j+1< ”. >
120 k+j+1 Br

G,

The next theorem gives the vertical recurrence relation for (r,)-Stirling
numbers.

Theorem 7. The (r,p)-Stirling numbers satisfy the Jollowing vertical
recurrence relation

+1 o/ n—i
G, e

j=k

Proof. From equation (5), we get

nzk

Y <J> " =11 —(Bk+f)f)—l¢k41(ﬁ,r)
p.r
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=2 Z<k > (Bk + 7)™+
...] Br

j2km=0
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chlacing jtm with n, we have

3 5 (1) geeri

nzkk<j<n

Comparing the coefficients of the term (", we obtain

n [i-1 ,
<Z> =Z<Ij( > Bk+r)"7. O
pr ok kg,

Taking p =0andr =1, Theorem 7 will give

HHEHERY PSRN

which is known to be Chu-Shih-Chieh’s identity.
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