
A Short Note on the 
SL-Integral 

SERGIO R. CANOY, JR. 

I n [2], Lee introduced the strong Lusin condition and in [4], both 
Vybomy and Lee defined and studied the SL-integral for real-valued 
functions on the compact interval [a,b]. . :-

Rey, in his work [3], extended the above concepts to the.vector-
valued case. He was able to show that some of the results in the real-valued 
case hold naturally in the vector-valued case. However, he never at-
tempted to give the vector version of the following result found in [4]: 

(*) If f:[a,b] -> R is Lebesgue integrable on. [a,b], then f is SL-
integrable there and 

b b 
(SL>J f = (L>J f 

a a 
The natural vector extension of the Lebesgue integral is the Bochner 

integral. Hence, in this very short note, we will show that if f z [ a b] -> X , 
where Xis a Banach space, is Bochner integrable on [a,b], then it is SL-
integrable there. 

To proceed we need the following definitions: 
Definition 1. A function F: [a,b]-> Xis said to satisfy the Strong 

Lu sin condition on [ a,b] if for every set E of measure zero and every e > 0, 
there exists a function d(x) > 0 on E such that for any d-fine partial division 
D = {[u,v],x} of [a,b] with x in E, we have 

<D>EOF<v> - F<u>lx.< e. 

In this case, we call F an SL-function. 
Definition 2. A function f: [a,b]-> X is said to be SL-integrable 

on [a,b] if there exists an SL-function F from [a,b] into X and for every 
e > 0 there exists a nonnegative function (or a gauge) don [a,b] such that 
for every d-fine partial division D = {[u,v];x} of [a,b], we have 

l<D>E{f(x)(v-u) - F(v) + F(u)}ftx < e. 
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1.l-.ic case we write In uu.;, ' b 
( SL) J f • : = F ( b ) - F (a) . 

a 
re details about the SL-integral, see [3] and [4]. For mo Definition 3. A-function F: [a,b]-> Xi& said to be differentiable at 

t' in (a,b) if 

lim 
t--+t ... 

F(t) 

t 

F(t ... ) 

t"' 

exists in X. We denote this limit,~ it exists, by F' (t'). If F is differentiable at all t on (a,b), then F is said to· he differentiable on (a,b). Definitio_n• 4. A measural;>le function f :· [a,b] ->_Xis said to be Bochner-integrable on [a,b] if there exists· an absolutely continuous function F: [a b]-_X such that Fis clifferentiable ij.e. on [ab] and F'(t) = f(t) a.e. on [ a b]. _- • • • • • 
·we now state and prove the vector yers~on of(*) given above. Theorem 4: 1ft: ·[a,b]-> Xis Bochner integrable on [a,b], then f is SL-integrable there. 
Proof: Let F be the Bochner primitive of f. Then F is absolutely continuous and F' (t) = f(t) a.e. on [ a,b]. Let E be a subset of [ a,b] with. measure zero and let e > 0. Since F is absolutely continuous, there exists an n > 0 such that for every sequen~e of non-overlapp~g int~rvals{ (a1 , b 1 ] }of [a,b], 

t 1 <b1-a1 > < n implies· i:1 UF<b1 ) - F(a1 >1x < e • . 
Also, since Eis of measure zero, then there exists a·sequence of open intervals such that Eis contained in the union of these intervals and the sum of the lengths of the intervals/ is less -than n. Define d(x) > 0 so that (x-d(,x),x+d(x)) is contained in the union of the intervals if x is• in E and ai:b~~arily if otherwise. Th~refore if D = {[u,v]; x} is any d-fine partial divISion of [a,b] with x in E, then 

<D>J:IF<v> F<u>lx < e. 
Therefore F is an SL-function. 
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Next, let E' consist of all tin [a,b] such that F'(t) does not exist, or, if 
it does, F'(t) is not f(t). Then by definition, E' is of measure zero. Since p 
is an SL-function, given e > 0 there exists a d(x) > 0 defined on E' such that 
for any d-fine partial division D' = {[u,v]; x] of [a,b] with x in E', we have 

CD .. >EIF<v> - F<u>lx < e. 

Now, for each x in [a,b)\ E', there exists d'(x) > 0 such that if xis in [u,v] and 
[u,v] is contained in (x-d'(x),x+d'(x)), we have 

lf<x> (v-u) - F(v) + F(u) Ix e(v-u). 

Define a function g : [a,b] -> X as follows: 

g(t) = f(t) if t is in E' and g(t) = 0 if otherwise. 

Then g = 0 a.e. on [a,b]. Thus g is Henstock-Bochner integrable to the zero 
vector on [a,b] (see [11). Hence for the givene > 0, . there exists d"(x) > 0 such 
that for any d"-fine partial division D"= {[u,v];x) of [a,b], we have 

I ( D" ) E g_( x ) ( v-u ) It X < e • 

Define d'" (x) > 0 on [ a,b] as follows: 

d"'(x) = min {d(x),d"(x)), if xis in E' and 
d"'(x) = d'(x), if xis not in E'. 

Therefore if D = {[u,v];x) is a d"'-fine partial division of [a,b], then 

I (D)I:{ f(x) (v-u) - F(v) + F(u) llx 

s n E { f(x)(v-u).- F(v) + F(u) }Ix 
~E .. 

+ I E f(x) (v-u) Dx + i::· .. IF(v) - F(u) Ix 
xeE.. xeE 

< e(b-a) + e + e = (b-a+2)e 

Therefore .f is SL-integrable on [a,b]. 
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