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L ee introduced two important concepts in the Theory o~ Henstock integration namely : the ACG* and the the Strong Lusin (SL) condition (see [3] and [51). The former is used to define the Denjoy integral and in stating the controlled-convergence theorem while the latter is used to define the SL integral (see [2] and [41). 
In [3t Lee gave an alternative definition of tlte Denjoy integral by means of the SL condition. Although the SL-condition simplifies slightly the definition of the Denjoy integral, it is still necessary to adopt the definition of ACG* in st~ting some important results like the controlled-convergence theorem. 
In this note, we will state and prove some results concerning the ACG* and the SL-condition for Banach-valued (unctions. Throughout this paper, X will be used to denote a real Banach space. 
Let us recall some important definitions: 
Definition 1. A function F: [ab]-> Xis said to be differentiable at x'in(ab)if 

lim 
x---.x ,# 

F(x) - (x,#) 

X - X,# 

exists in X. We denote this limit, if it exists, by F'(x'). If Fis differentiable at all x in (a,b ), then F is said to be differentiable on (a,b ). Definition 2. A function F: [ab]-> Xis said to satisfy the Strong Lusin (SL) condition if for every subset E of [a,b] of measure zero and for every e > 0, there exists a d(x) > 0 on E such that for any d-fine partial division D = {[u v]; x} with x in E, we have 

<D>EHF<u,v>Hx < e 
where F(u,v) = F(v) - F(u). Recall that a division D = {[u,v]; x} of [a,b] consisting of interval-point pairs is ad-fine division of [ a,b] if xis in [ u, v] and [u,v] is contained in (x-d(x),x+d(x)). 

Definition 3. Let Ebe a subset of [a,b]. A function F from [a,b] into Xis said to be AC*(E) if for every e > 0, there exists an n > O such that for any partial division D = {[ u, V]} of r a,b] with u or V in E I 
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(D>J:I v-ul < n implies <P>EIF<v)-F(u) Ix < e. 

Definition 4. A fundi~n F: [a,b]-> Xis said to be ACG* on [a,b] if 
[a,b] is the union of sets Y(i), i = 1, 2 ... such that Fis AC*(Yti)) for each i. 

Definition 5. A function f: [a,b]-. >Xis HL-integrable on [a,b] if 
there exists an additive function F: [a,b]-> X, called the primitive off, 
satisfying the following property: For every_ e > 0, there exists a d(x) > 0 
such thaffor any d-fine division D = {[u,v]; x} of [a,b], we have 

(D)J:f£(x)(v-u) - F(v) + F<u>lx < e. 

Definition 5 is due to Cao [1 ]. We recall that in the real-valued case, 
the Henstock integral and the HL-integral are equivalent. However, this is 
not true for the Banach-valued case. For our purpose here, we need to state 
and prove the following first important result: . 

Lemma 6. Let f : [a b] ->· X be an HL-integrable function on 
[a,b] with primitive F: [ab]-> X. Then~ is ACG* on [a,b]. 

Proof: Let e > 0. Since f is HL-irttegrable on [ a,b ], there exists a 
d(x) > 0 on [a,b] such that for any <;I-fine division D = {[u,v]; x} of [a,b), we 
have 

(D>J:lf(x)(v-u) - F(v) + F(u>lx < e. 

Let E(i) consist of all t in [ a,b] such that that the norm of f(t) on Xis less than 
or equal toiand d(t) > 1/i. Clearly, [a,b] is the union of the sets E(i), i= 1,2, ... 

It remains to show that Fis AC*(E(i)) for each i. Define n = min { e, 
1 / i}. Let D' = {[ u, v]} be any partial division of [ a,b] with u or v in E such that 
the sum of the lengths of the intervals in D' is less than n. For each [u,v], 
choose x in [ u, v] with x in E(i) (for example, x = u if u is in E(i) or x = v if v 
is in E(i)).Thus D'= {[u,v]; x} is ad-fine partial division of {a,b]. Therefore 

(D"' >J:UF<v)-F(u) Rx 

• S (D"' >J:ftF(v) - F(u) - f(x) (v-u) Ix 

+ (D"' >J:lf<x> (v-u) llx 

< (1 + i)e. 
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This shows that Fis AC*(E(i)) for each i. Therefore Fis ACG* on [a,b]. 
We now statP. and prove our first main result. 
Theorem 7. I_f F: [a,b] ->Xis differentiable almost everywhere on 

[a,b] and satisfies the Strong Lusin condition then Fis ACG* on [a,b]. 
Proof: Let E = {tin [a,b]: F'(t) does not exist}. Then Eis of measure 

zero. 
Next, we define a function f: [a,b]-> X as follows: 

f(t) = F'(t), if tis in [a,b]\ E and 
f(t) = 0 , if tis in E. 

We claim that f is BL-integrable on [a,b] with primitive F. So, let e > 
0. By definition of differentiability, there exists a d' (x) > 0 such that 
whenever xis in [u,v] and [u,v] is contained··in (x-d'(x),x+d'(x)) and xis in 
[a,b]\ E, we have 

lf<x> (v-u') - F(v) + F(u) Ix < e(v-u). 

Also, since E has measure zero and F satisfies the SL-condition, there exists 
a d"(x) > 0 on E such that for any d"-finepartial division D"= {[u,v]; x} with 
x in E, we have 

(D">EIF<v> - F(u>lx < e. 

Define d(x) > 0 on [ a,b] as follows: 

d(x) = d'(x), if xis in [a,b]\E 
d(x) = d"(x), if xis in E. 

Therefore, if D = {[u,v]; x} is a d-fine division of [a,b],then 

(D>Elf<x)(v-u) - F(v) + F<u>lx 
s E lf<x){v~u) - F(v) + F<u>lx 

JOl!E 
+ E IF<v> - F(u>lx < e(b-a) + e. 

xeE 
Therefore, f is HL-integrable on [ a,b] with primitive F. In view of Lemma 6, 
Fis ACG* on [a,b]. 

In what follows. we give our last main result: . . 
Theorem 8. If F: [ab]-> Xis ACG* on [a,b], then F satisfies the 
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Strong Lusin condition. . 
Proof: Let Ebe a subset of [a,b] with measure.O and let e > O. Since 

pis ACG* on [a,b], it follows that [a,b] is the union of SE:ts E(i) such that F 
is AC*(E{i)) for each i = 1, 2, ... Let Y{l) = E(l) and Y(i) = 
E(i)\(E(l)UE(2)U ... UE(i-1)) for i = 2, 3 ... Let S(i) be the intersection of the 
sets E and Y(i) for each i = 1,2, ... Then Eis the union of the sets S(i) and S(i) 
has measure O for each i. Also, the sets S(i) are pairwise disjoint. Since F is 
also AC*(S(i)), there exists n(i) > 0 such that for any partial division 
D = {[u,v]} of [a,b] with u or v in S(i), 

-1 
(D>Elv-ul < n(i) implies {D)EflF(v) - F(u) 1.x < e2 • 

Furthermore, since S(i) has measure 0, there exists an open set G(i) which 
is the union of countable number of open intervals such that S(i) is contained 
in G(i) and the measure of G(i) is less than n(i). Define d(x) > 0 so that 
(x-d(x),x+d(x)) is contained in G(i) when x is in S(i) and arbitrarily 
otherwise. Therefore, if D = {[u,v]; x} is any d-fine partial division of [a,b] 
with x in E, then 

<D>I:!F<v> - F(u) llx = E IF(v) - F(u) Rx 
xeS(i) 

-1 < I: e2 = e. 
1 

Therefore, F satisfies the Strong Lusin condition. 
The following result follows directly from Theorems 7 and 8: 
Theorem 9. Let F : [ a b] -> X be a function which is diffe-

rentiable ahnost everywhere on [a,b). Then Fis ACG* on [a,b] if and only 
if it satisfies the Strong Lus~ condition. 
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