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Abstract

In this paper, we revisit the concept of 6-preopen set defined by Noiri [17], and then
investigate the connection of this set to the other well-known concepts in topology such
as the classical open, #-open, and preopen sets. We also investigate the concept of 6-
precontinuous and strongly -precontinuous functions from an arbitrary topological space
into the product space.

1 Introduction and Preliminaries

The first initiation to develop different versions of open sets was done by Levine [13] in 1963
where he introduce the concepts of semi-open set, semi-closed set and semi-continuity of a
function.

A subset O of a topological space X is semi-open [13] if O C Cl(Int(O)). Equivalently, O
is semi-open if there exists an open set G in X such that G C O C CI(G). A subset F of X is
semi-closed if its complement X \ F' is semi-open in X. Let A be a subset of a space X. A point
p € X is a semi-closure point of A if for every semi-open set G in X containing z, GN A # @.
We denote by sCI(A) the set of all semi-closure points of A.

In 1968, Velicko [22] introduce the concept @-continuity between topological spaces and
defined the concepts of 6-closure and 6-interior of a set. The work of Velicko was pursued by
Dickman and Porter [4, 5], Joseph [10], and Long and Herrington [14]. Numerous authors then
have obtained interesting results related to #-open sets, see [1, 3, 8, 9, 11, 20].

Let (X,T) be a topological space and A C X. The 6-closure and 6-interior of A are,
respectively, defined by

Clg(A) ={x € X : Cl(U) N A # @ for every open set U containing x}

and Intg(A) = {z € X : Cl(U) C A for some open set U containing x}, where CI(U) is the
closure of U in X. A is #-closed [22] if Cly(A) = A and f-open [22] if Intg(A) = A. Equivalently,
A is f-open if and only if X \ A is f-closed. It is known that the collection Ty of all f-open sets
forms a topology on X, which is strictly coarser that 7.
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In 1980, Mashhour et al. [15] introduced the concepts of preopen and weak preopen sets,
precontinuous and weak precontinuous funnctions, and preopen and weak preopen functions on
topological spaces.

A set A C X is said to be preopen [16] if O C Int(Cl(O)). A subset F of X is called
preclosed if the complement of F' is preopen. The preclosure of A, denoted by pCl(A), is the
intersection of all preclosed sets containing A and the preinterior of A, denoted by pInt(A), is
the union of all preopen sets contained in A.

Let A be an indexing set and {Y, : @ € A} be a family of topological spaces. For each
a € A, let T, be the topology on Y,. The Tychonoff topology on II{Y,, : @ € A} is the topology
generated by a subbase consisting of all sets p,'(Us,), where the projection map p, : II{Yy :
a € A} =Y, is defined by pa((ys)) = Ya, Ua ranges over all members of Ty, and a ranges over
all elements of A. Corresponding to U, C Y,, denote p;1(U,) by (Uy). Similarly, for finitely
many indices oy, v, ..., ap, and sets Uy, C Yy, Un, € Ya,, ..., Us, CY,,,, the subset

<Ua1> N <Ua2> n---N <Uan> = p&f(Ual) ﬂp;gl(Uaz) M- mpa_i(Uan)

is denoted by (Ua,,Uay,--.,Ua,). We note that for each open set U, subset of Yy, (Uy) =
Pat(Ua) = Uy x HpsaYs. Hence, a basis for the Tychonoff topology consists of sets of the form
(Bays Bagy -y Ba,,), where By, is open in Y, for every i € {1,2,...,n}.

Now, the projection map p, : II{Y, : @ € A} — Y, is defined by p.((yg)) = ya for each
a € A. It is known that every projection map is a continuous open surjection. Also, it is well
known that a function f from an arbitrary space X into the Cartesian product Y of the family
of spaces {Y, : « € A} with the Tychonoff topology is continuous if and only if each coordinate
function p, o f is continuous, where p, is the a-th coordinate projection map.

In this paper, the concept of §-preopen set defined by Noiri [17] will be revisited and inves-
tigated further. Some topological concepts related to 8-preopen sets will also be defined and
studied.

2 6-Preopen and 6-Preclosed Functions

In this section, we define and characterize the concepts of §-preopen and #-preclosed functions.

Definition 2.1. Let X be a topological space and A C X. A point € X is called a #-precluster
(or pre #-cluster [17, p.286]) point of A if pCl(U) N A # & for every preopen set U containing
x. The set of all #-precluster points of A is called the #-preclosure (or pre f-closure [17, p.286])
of A, and is denoted by pCly(A). A subset A of X is said to be -preclosed (or pre #-closed
[21]) if A =pClg(A). A subset A of X is said to be f-preopen (or pre #-open [17, p.286]) if its
complement X \ A is #-preclosed.

The next result characterizes that concept of a #-preopen set.

Lemma 2.2. Let X be a topological space. A C X is O-preopen if and only if for every x € A,
there exists a preopen set U containing x such that pCl(U) C A.

Proof. Suppose that A is f-preopen. Let x € A. Then X \ A = pCly(X \ A), so that x is
not a f-precluster point of X \ A. This means that for some preopen set U containing z,
pCl({U)N X \ A= g, or equivalently, pCl(U) C A.

To verify the converse, let x € pClg(X \ A). Suppose further that x ¢ X \ A, that is,
x € A. By assumption, there exists a preopen set U containing x such that pCl(U) C A, or
equivalently, pCl(U)NX \ A = @. This means that x is not a f-precluster point of X \ A. Hence,
x ¢ pClg(X \ A), a contradiction. Thus, pCly(X \ A) = X \ A, that is, A is f-preopen. O

36



9-Preopen Sets on Topological Spaces
Theorem 2.3. Let X be a topological space.
(i) If A C X is O-open, then A is 0-preopen but not conversely.
(ii) If A C X is 0-preopen, then A is preopen but not conversely.
(iii) @-preopen and open sets are two independent notions.

Proof. (i): Suppose that A is f-open. Let x € A. Then there exists an open set U containing
x such that Cl(U) C A. Since U is open, U = Int(U) and U is preopen [18, p.1009]. By [2,
Theorem 1.5],

pClU)=UUCI(Int(U)) =UUCIU) =CI(U) C A.

In view of Lemma 2.2, A is f-preopen.

To show that the converse is not necessarily true, consider X = {a,b,c,d} with topology
T ={9,X,{a,b},{c,d}}}. Then {b,c} is f-preopen but not #-open.

(ii): Suppose that A is f-preopen. Let zz € A. Then there exists a preopen set U containing
x such that U C pCIl(U) C A. Since U is preopen, U C Int(CI(U)) C Int(CI(A)) C CI(A).
Let O := Int(CI(U)), which is an open set containing x and O C CI(A). It follows that
x € Int(CIl(A)). Accordingly, A is preopen.

To show that the converse is not necessarily true, consider X = {a,b,c,d} with topology
Ty ={2, X,{a},{c}, {a,c},{c,d},{a,c,d}}. Then {a,b,c} preopen but not f-preopen.

(iii): From (X, T2), {a,c} is open but not #-preopen and from (X, T;), {b,c} is f-preopen
but not open. ]

Remark 2.4. The following diagram holds for a subset of a topological space.

f-preopen —— preopen

I |

f-open ——— open

We also remark that the above diagram is also true for their respective closed sets. The
reverse implications are not true as shown in Theorem 2.3.

Definition 2.5. Let X be a topological space and A C X. The #-preinterior of A is denoted
and defined by pIntg(A)=U{U : U is f-preopen and U C A}.

Remark 2.6. The arbitrary union of #-preopen sets is §-preopen.

We note that by Remark 2.6, pIntg(A) is the largest f-preopen set contained in A. Moreover,
x € pIntg(A) if and only if there exists a #-preopen set U containing x such that U C A.

Remark 2.7. Let X be a topological space and A, B C X. Then
(i) If A C B, then pCly(A) C pCly(B).
(ii) pCly(A)=n{F : F is O-preclosed and A C F'}.
(iii) pCly(A) is the smallest f-preclosed set containing A.
(iv) = € pCly(A) if and only if for every #-preopen set U containing x, U N A # &.
(v) pCly(pCly(A)) = pCly(A).
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(vi) pClg(AU B) = pCly(A) UpCly(B).

(vii) A C pCly(A) C Clp(A).

(viii) If A C B then pInty(A) C pInty(B).
(ix) A is @-preopen if and only if A = pInty(A).
(x) pIntg(A) = pIntg(pInte(A)).
(xi) pIntg(AN B) = pIntg(A) NpInty(B).

(xii) x € pIntg(A) if and only if there exists a preopen set U containing x such that pCl(U) C A.

(xiii) Intg(A) C pInte(A) C A.

(xiv) pClg(X \ A) = X \ pIntg(A).

xv) pIntg(X \ A) = X \ pCly(A).

Next, we characterize the concepts of 8-preopen, f-preclosed, strongly 8-preopen, and strongly
f-preclosed functions.

Definition 2.8. Let X and Y be topological spaces. A function f : X — Y is said to be 6-
preopen (resp., f-preclosed, strongly #-preopen, strongly 6-preclosed) on X if f(G) is 6-preopen
(resp., O-preclosed, f-preopen, f-preoclosed) in Y for every #-open (resp., 6-closed, open, closed)
set G in X.

Remark 2.9. Every strongly 6-preopen (resp., strongly 6-preclosed) function is #-preopen
(resp., O-preclosed) but not conversely.

We note that 6-preopen and 6-preclosed (strongly -preopen and strongly 6-preclosed) func-
tions are equivalent if f is bijective.

Theorem 2.10. Let X and Y be topological spaces and f : X — Y be a function. Then the
following statements are equivalent:

(i) f is O-preopen on X.
(ii) f(Intg(A)) C pInte(f(A)) for every A C X.

(iii) For each x € X and for every open set U in X containing x, there exists a preopen set V
in'Y containing f(x) such that pCl(V') C f(U).

Proof. (i)=(ii): Suppose that f is #-preopen on X. Let A C X. Then f(Ints(A)) C f(A).
Since Intyg(A) is G-open, f(Intg(A)) is O-preopen in Y contained in f(A). Since pInty(f(A)) is
the largest #-preopen set contained in f(A), f(Intg(A)) C pInte(f(A)).

(ii)=-(iii): Let x € X and U be open in X containing x. Note that CI(U)N(X\CI(U)) = .
This means that © ¢ Clp((X \ Cl(U))) = X \ Intg(ClL(U)) C X \ Inte(U). It follows that
f(x) € f(Intg(U)) C pIntg(f(U)). In view of Remark 2.7 (xii), there exists a preopen set V'
containing f(x) such that pCI(V) C f(U).

(iii)=(iv): Let U be #-open in X. Let y € f(U). Then there exists x € X such that
f(z) = y. By assumption, there exists a preopen set V' containing y such that pCl(V') C f(U).
By Lemma 2.2, f(U) is f-preopen. O

Theorem 2.11. Let X and Y be topological spaces and f : X — Y be a function. Then the
following statements are equivalent:
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0-Preopen Sets on Topological Spaces
(i) f is O-preclosed on X.
(ii) pClo(f(B)) C f(Cly(B)) for each B C X.

Proof. (i)=(ii): Suppose that f is 6-preclosed on X. Let B C X. Then f(B) C f(Cly(B)).
Since Cly(B) is #-closed, f(Cly(B)) is f-preclosed in Y containing f(B). Since pClg(f(B)) is
the smallest #-preclosed set containing in f(B), pCly(f(B)) C f(Cly(B)).

(ii)=-(iii): Let U be #-closed in X. Then U = Clg(U). By assumption, f(U) C pCly(f(U)) C
f(Cly(U)) = f(U). Thus, f(U) is #-preclosed. O

Following the same argument as in Theorems 2.10 and 2.11, respectively, the following two
results hold.

Theorem 2.12. Let X and Y be topological spaces and f : X — Y be a function. Then the
following statements are equivalent:

(i) f is strongly 0-preopen on X.

(ii

(iii

)
) f(Int(A)) C pIntg(f(A)) for every A C X.

) f(B) is O-preopen for every basic open set B in X.

(iv) For each x € X and for every open set U in X containing x, there exists an open set V
in'Y containing f(x) such that pCl(V') C f(U).

Theorem 2.13. Let X and Y be topological spaces and f : X — Y be a function. Then the
following statements are equivalent:

(i) f is strongly O-preclosed on X.
(i) pClo(£(G)) C F(CUG)) for cach G C X.

3 Strongly 6-Precontinuous Functions in the Product Space

This section provides a characterization of a #-precontinuous function [17, p.286] and strongly
f-precontinuous function [19, p.308] from an arbitrary topological space into the product space.

Definition 3.1. Let X and Y be topological spaces. A function f : X — Y is said to be
f-precontinuous [17, p.286] (resp., strongly #-precontinuous [19, p.308]) on X if for each x € X
and each open set V of Y containing f(x), there exists a preopen set U containing z such that

fpCUU)) € CUV) (resp., f(pCLU)) S V).

Theorem 3.2. Let X and Y be topological spaces and f : X — Y be a function. Then the
following statements are equivalent:

(i
(ii) f(pClyg(A) C Clg(f(A)) for each A C X.

is B-precontinuous on X.

(iv Y(@) is O-preopen in X for each 0-open subset G of Y.

) [
)
(iii) pCla(f~1((B)) € f~1(Clo(B)) for each BC Y.
)
)

I
(v) f7Y(F) is O-preclosed in X for each 0-closed subset F of Y.
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Proof. The equivalence of (i), (ii), (iii) is proved in [17, Theorem 3.1].
(iii)=(v): Let F be #-closed in Y. Then Cly(F) = F so that

pClo(f~H(F)) € fH(Clo(F)) = f~H(F) € pClo(f(F)).

This means that f~!(F) is f-preclosed in X.

(v)=(ili): Let B C Y. In view of [12, Lemma 2], Clyp(B) is #-closed. By assumption,
f~Y(Cle(B)) is f-preclosed containing f~!(B). Using Remark 2.7 (iii), pCla(f~1((B)) C
f1(Cly(B)).

):

(iii)<(v): This is immediate since the inverse mapping preserves set operations. O
Following the same argument as in Theorems 3.2, the following result holds.

Theorem 3.3. Let X and Y be topological spaces and f : X — Y be a function. Then the
following statements are equivalent:

(i) f is strongly 0-precontinuous on X.
(ii

(ii

)

) f~YG) is O-preopen in X for each open subset G of Y.

) f
(iii) f~1(B) is O-preopen for each (subbasic) basic open set B in'Y.

)

)

~L(F) is 0-preclosed in X for each closed subset F of Y.
(iv) f(pCly(A) C CIU(f(A)) for each A C X.
pClo(f~1((B)) C f~Y(CIl(B)) for each BCY.

The proof of the following result is standard, hence omitted.

(v

Theorem 3.4. Let X and Y be topological spaces and fa : X — D the characteristic function
of subset A of X, where D is the set {0,1} with discrete topology. Then fa is 0-precontinuous
if and only if fa is strongly 0-precontinuous if and only if A is both 0-preopen and 0-preclosed.

In the following results, if Y = II{Y, : « € A} is a product space and A, C Y, for each
a € A, we denote Ay, X -+ X A, xI{Y, : o ¢ K} by (Any, ..., Aq,), where K = {aq,...,an}.
IfY =T1I{Y; : 1 <i <n} is a finite product, denote Ay x --- x A, by (A1,..., Ap).

Theorem 3.5. Let X be a topological space and Y = II{Y, : a € A} be a product space.
A function f : X — Y is strongly 0-precontinuous on X if and only if po o [ is strongly
0-precontinuous on X for every a € A.

Proof. Assume that f is strongly #-precontinuous on X. Let o € A and O, be open in Y,,. Since
P is continuous, p,1(O,) is open in Y. Hence, f~1(p;(04)) = (pa o f) 1 (O4) is f-preopen in
X. Thus, p, o f is strongly 8-precontinuous for every o € A.

Conversely, assume that each coordinate function p, o f is strongly #-precontinuous. Let G,
be open in Y,. Then (G,) is a subbasic open set in Y and (p o f) 1 (Ga) = f (031 (Ga)) =
F1((G4)) is H-preopen in X. In view of Theorem 3.3 (iii), f is strongly #-precontinuous on
X. O

Corollary 3.6. Let X be a topological space, Y = II{Y, : a € A} be a product space, and
fa : X — Y, be a function for each o« € A. Let f : X — Y be the function defined by
f(x) = (fa(z)). Then f is strongly 6-precontinuous on X if and only if each fo is strongly
0-precontinuous on X for each o € A.
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0-Preopen Sets on Topological Spaces

Lemma 3.7. [6, 17] Let Y = II{Y, : @ € A} be a product space, K = {ai,a2,...,an} C A
and @ # Uy, CY,, for each a; € K. Then

(i) U= (Unyy---,Uy,) is preopen in Y if and only if each Uy, is preopen in Yy,,; and
(ii) pCI(II{A, : a € A}) CIH{pCIl(Ay) : v € A}.

Theorem 3.8. Let Y =II{Y,, : a € A} be a product space and A, C Yy for each a € A. Then
pClo(Il{Aq : a € A}) CIH{pClp(An) : o € A}.

Proof. Let © = (xq) € pClg(II{Aq : a € A}). Suppose that x ¢ II{pClg(As) : @ € A}. Then
xzg ¢ pClo(Ag) for some B € A. This means that there exists a preopen set Ug > xg such that
pClg(Ug) N Ag = @. In view of Lemma 3.7, (Ug) is preopen, x € (Ug), and

pCl(({Ug)) NII{Ay : € A} C  (pCl(Ug)) NII{Ay : o € A}

= I{Aa:a# B} x (pCU(Ug) N Ap)
= 2.

This is a contradiction to the assumption that = € pCly(II{A, : « € A}) . Thus, z €
IH{pCly(As) : a € A} O

Theorem 3.9. Let Y = II{Y; : 1 < i < n} be a finite product space and A; C'Y; for each
i=1,...,n. Then (pIntg(A1),...,pIntg(A4,)) C pIntg({A1,..., An)).

Proof. Let © = (x;) € (pIntg(A1),...,pInte(Ay)). Then z; € pInty(A;) for all i = 1,2,...,n.
This means that there exists a preopen set U; 3 x; such that pCl(U;) C A;. In view of
Lemma 3.7, (U1, Us, . ..,U,) is preopen containing = and

Hence, x € pIntg((Ai,..., An)). O

Theorem 3.10. Let Y =TI{Y, : a € A} be a product space and & # Oy C Y, for each o € A.
Then O = (Oqy, - .., 04,) is O-preopen in Y if each Oy, is 6-preopen in Yy, .

Proof. Suppose that each O,, # @ is 6-preopen in Y,,. Let = = (z,) € O. Then x4, € Oy,
for all o; € K. Hence, there exists a preopen set Uy, 3 x4, such that pCl(Uy,,) € O,,. Let
U= (Uay,-..,Uy,). By Lemma 3.7, U is preopen containing = and

pClU) = pCl({(Uay,---,Ua,))
(pCUTny)s - -, pCUT))
(Oars O

= 0.

N 1N

Thus, O is a #-preopen set in Y. ]

Theorem 3.11. [17, Theorem 4.7] Let X =II{X,:a € A} and Y =1I{Y, : a € A} be product
spaces and for each a € A, let fo : Xo — Yo be a function. If each fo is 0-precontinuous on
Xa, then the function f: X —'Y defined by f({(zq)) = (fa(za)) is -precontinuous on X.

The following result can be proved using the same technique employed by the author in [17,
Theorem 4.7]. However, we will give an alternative proof for the following theorem.
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Theorem 3.12. Let X =1I{X, :a € A} and Y = II{Y, : a € A} be product spaces and for
each o € A, let fo 1 Xoo = Yo be a function. If each fo is strongly 0-precontinuous on X, then
the function f: X — Y defined by f((xa)) = (fa(xa)) is strongly O-precontinuous on X.

Proof. Let (Va,,...,Va,) be a basic open set in Y. Then

f71(<V0617’ . '7V04n>) = <f0711(va1)7 .- '7f07n1(vﬂén)>'

Since each fq, is strongly #-precontinuous, by Theorem 3.3 (iii), fajil(Vai) is f-preopen in X,,.
Let © = (za) € f' ((Vay,- -+, Va,)). Then z,, € f;'(Va,) for all a; € K. This means that
there exists a preopen set On, 3 Zq, such that pCl(Oq,) C fi'(Va,). By [17, Lemma 4.6],
(Oqyy---,0q,) is preopen in X containing z and

pCl({Oay, .-, 0a,)) (pC1(Oa,), .- .,pCl(Oa,))
FalVa)s - fa (Va)
= T Vay,o o, Va)).

This implies that f='((V,,,...,Va,)) is #-preopen in X. Thus, f is strongly §-precontinuous
on X. ]

N 1N

4 60-Preconnected Space and Versions of Separation Axioms

This section characterizes the concepts of 6-preconnected space and some versions of separation
axioms.

Definition 4.1. A topological space X is said to be a #-preconnected (resp., f-connected [23],
connected) if it is not the union of two nonempty disjoint 6-preopen (resp., 8-open, open) sets.
Otherwise, X is f-predisconnected (resp., f-disconnected [23], disconnected). A subset B of X
is f-preconnected (resp., f-connected [23], connected) if it is f-preconnected (resp., f-connected,
connected) as a subspace of X.

In view of Theorem 3.4, the following result holds.
Theorem 4.2. Let X be a topological space. Then the following statements are equivalent:
(i) X is 0-preconnected.
(ii) The only subsets of X that are both -preopen and 0-preclosed are & and X.
(iii) No @-precontinuous function f : X — D is surjective.
(iii) No strongly 0-precontinuous function f : X — D is surjective.
By Remark 2.4, we have the following result.
Theorem 4.3. If a topological space X is O-preconnected, then X is 0-connected.
Since connected and -connected spaces [8] are equivalent, the following result holds.
Corollary 4.4. If a topological space X is 0-preconnected, then X is connected.

Remark 4.5. The following diagram holds for a subset of a topological space.

f-preconnected —— #-connected «+—— connected
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0-Preopen Sets on Topological Spaces
Definition 4.6. A topological space X is said to be

(i) #-preHausdorff if given any pair of distinct points p, ¢ in X there exist disjoint #-preopen
sets U and V such that p € U and ¢ € V;

(ii) O-preregular if for each closed set F' and each point = ¢ F', there exist disjoint #-preopen
sets U and V such that z € U and F' C V;

(iii) @-prenormal if for every pair of disjoint closed sets E and F' of X, there exist disjoint
f-preopen sets U and V such that E C U and F C V.

The following three results can be proved using the same techniques employed in [7].
Theorem 4.7. Let X be a topological space. Then the following statements are equivalent:
(i) X is 0-preHausdorff.
(ii) Letx € X. Fory # x, there exists a O-preopen set U containing x such that y ¢ pCly(U).
(iii) For each x € X, C =n{pCly(U) : U is 0-preopen containing x}={x}.
Theorem 4.8. Let X be a topological space. Then the following statements are equivalent:
(i) X is O-preregular.

(ii) For each x € X and an open set U containing x, there exists O-preopen set V' such that
zeV CpCly(V) CU.

(iii) For each x € X and closed set F' with x ¢ F, there exists a 0-preopen set V' containing x
such that F NpCly(V) = @.

Theorem 4.9. Let X be a topological space. Then the following statements are equivalent:
(i) X is 6-prenormal.

(ii) For each closed set A and an open set U D A, there exists a 0-preopen set V' containing
A such that pCly(V) C U.

(iii) For each pair of disjoint closed sets A and B, there exists a O-preopen set V' containing A
such that pClg(V)N B = @.

A topological space X is said to be a Tj-space if for each p,q € X with p # ¢, there exist
open sets U and V such that pe U, ¢ U and g€ V,p ¢ V.

Theorem 4.10. Let X be a T1-space. Then
(i) If X is 0-prereqular, then X is 0-preHausdorff.
(ii) If X is O-prenormal, then X is O-preregular.

Proof. (i): Suppose that X is §-preregular. Since X is a T}-space, for each z,y € X with z # vy,
there exist disjoint open sets U and V such that x € U and y ¢ U, and y € V and = ¢ V. This
implies that ¢ X \ U and y ¢ X \ V. Since X is #-preregular, there exist disjoint f-preopen
sets A and B such that z € A and X \ U C B. Note that y € X \ U. Hence, y € B. Thus, X
is f-preHausdorff.

We can prove (ii) by following the same argument used in (i). O
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