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Abstract

This study explores the concepts of F-atoms and p-atoms within a measure space and
examines their interrelationship. Conditions are identified under which the atoms of a o-
algebra coincide with the atoms of a measure. The study also investigates F-atoms in trace
o-algebra and pre-image o-algebra. The concept of quarks is introduced as a generalization
of F-atoms which is then used in characterizing atoms in product o-algebra.

1 Introduction

The notion of an atom in mathematics was first formally introduced and defined by G. Birkhoff,
in his book “Lattice Theory” in 1940 [2]. It refers to a minimal nonzero element in a partially
ordered set, particularly within a lattice. Later, in 1950, P. R. Halmos, in his book “Measure
theory” [10], redefined the concept of an atom in the context of measure theory, describing
atoms as indivisible elements in a measure ring. Since then, the term “atom” has been ap-
plied to many areas in mathematics, specifically atoms in a measure space and atoms of a
o-algebra. The notion of atoms of a measure as well as the purely atomic (or atomic) measure
was introduced by E. Marczewski in 1955 [13]. He investigated when convergence in measure
implies convergence almost everywhere or, respectively, convergence everywhere. In 1961, R. R.
Phelps [15] characterized purely atomic measure spaces within the framework of Banach spaces.
Nearly a decade later, in 1970, R. A. Johnson [11] further explored the properties of atomic and
non-atomic measures. Moreover, his work demonstrated that every measure can be uniquely
decomposed as the sum of a purely atomic measure and a non-atomic measure. More recently,
in 2020, A. J. Al-Afloogee and N. F. Al-Mayahi [1] investigated normed spaces of measurable
functions, discussing their properties in relation to atomic measures. In 2022, following the R.
A. Johnson, A. Milazzo and P. Siorpaes [14] introduced an abstract decomposition of measures
and analyzed how the outputs of the decomposition depend on its inputs. The concept of atoms
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has also been explored within o-algebras. In 2008, J. Zhang [20] investigated conditions under
which an atom of a o-algebra can be determined from its generator. More recently, in 2022,

S. Rao and A. Steinicke [16], examined the distributivity of products for o-algebras with re-
spect to intersection. Their findings showed that the existence of atoms significantly influences
measure-theoretic operations, particularly in product spaces. In most of these studies, the au-
thors use the concept of atoms in a o-algebra and atoms in a measure as a condition to achieve
their main objectives. In this study, we focus more directly on these concepts of atoms of a
o-algebra and atoms of a measure. We characterize atoms of a o-algebra on some o-algebras.
Additionally, this paper investigates the relationship between atoms of a o-algebra and atoms
of a measure in a measure space.

2 Preliminaries

We will discuss some concepts mentioned in [6], [7], [8], [16], [18], and [20] that is needed in
this study. In the following, we let © be a nonempty set. A collection S C 2% is called a set
system if it contains the empty set, that is, ) € S. A collection D C 2% is a Dynkin system or
d-system if the following conditions hold; (i) @ € D, (ii) If D € D, then D¢ € D (closed under
complements), (iii) If (D;);en is a sequence of pairwise disjoint sets such that D; € D for all j,
then UjeN Dj € D. We say that P C 22 is a m-system if it is closed under intersection, that is,
if E,F € G then ENF € P. A collection G C 2% is called an algebra on Q if it is closed under
finite intersection and complement, and Q,0 € G. In addition, F C 2% is called a o-algebra
on € if it is closed under countable intersection and complement, and Q,) € F. Let F be a
o-algebra on Q. The pair (2, F) is called measurable space.

For every collection S C 2, there exists a smallest (also called minimal or coarsest) o-
algebra containing S. This is the o-algebra generated by S, denoted by o(S), and S is called
its generator. A topological space (Q,7T) consists of a set Q # () and a collection 7 C 29,
called a topology, which satisfies the following properties; (i) 0,Q € T, (ii) If U,V € T, then
UNV e T and (iii) If {U;}es is an arbitrary collection of sets in 7, then J,c;U; € T. A
set U € T is called an open set. A set F C € is closed if its complement F¢ is open. The
o-algebra o(O™) generated by the open sets O™ of R" is called the Borel o-algebra, and its
members are the Borel sets or Borel measurable sets. We write B(R™) or B"™ for the Borel
sets in R™. Let F be a o-algebra on 2. A non-empty set A € F is said to be an atom if
and only if for all F € F, F C A implies FF = (). A o-algebra F is called atomic if Q is
the union of the atoms of F. A collection C C 2% is called a rk-class, if it is closed under
countable intersection and countable union. Denote by x(C) the minimum k-class containing
C. The set C is called the generator of k(C). A (positive) measure on a set 2 is a mapping
p: F — [0,00] defined on a o-algebra F satisfying; (M1) p(0) = 0. (M2) (o-Additivity) For
any countable family of pairwise disjoint sets (F})jen € F, p (UjeN Fj> = jen H(Fj). Let F
be a o-algebra on 2, and p a measure on 2. The triple (Q,F, pu) is called a measure space.
A measure p defined on (2, F) will be called finite if ;1(©2) < co. The measure u is o-finite if
Q=UZ,F, FieF, and p(F;) <oofori=1,2,...

Let F be a o-algebra on 2, and p be a (nonnegative and o-additive) o-finite measure on
(QF). Aset M € F is an atom of the measure p if u(M) > 0 and for every B € F,
B C M, either u(B) =0 or u(B) = pu(M). We say that a measure p is (purely) atomic if every
measurable set of strictly positive measure contains an atom of u, and diffuse (or non-atomic)
if F contains no atom of u. Let (Q,F, ) be a measure space. We will call the atoms of F as
F-atoms and atoms of a measure p as p-atoms.
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3 JF-Atoms and pu-Atoms

This section explores the relationship between F-atoms and p-atoms in a measure space. We
first define the following; Let (€2, F) be a measurable space, where F is a o-algebra on 2. For
any w € ), define 7, = {B € F |w € B} and A, =gz, B

Theorem 3.1. Let (2, F) be a measurable space and F' an F-atom containing w. Then
F=A,.

Proof. Let F be an F-atom and w € F. Then F € F and () # A, C F. Since F is an F-atom,
F=A,. O

We call A, = ﬂBe]—‘w B atom of F containing w. We then use the next lemma to prove the
following theorem.

Lemma 3.2. [20] Let (€2, ) be a measurable space. Then Vw,w’ € Q, A, = Ay or A,NA, = (.
Theorem 3.3. Let (2, F) be a measurable space. Then A, is an F-atom.

Proof. Note that () # A, € F. Suppose on the contrary that A, is not an F-atom. Then there
exists ) # F' € F such that FF C A,. If w € F, then F € F,. So, A, = (\ger, B € F. This
implies that F = A, a contradiction. If w ¢ F, then F € F \ F,. Since F # (), there exists
w’ € F such that w’ # w. Since F C A,, ' € A,. This implies that A, C A,. Hence, by 3.2,
A, = A,,. Since w’ € F, by previous argument, F' = A, = A, a contradiction. Therefore, A,
is an F-atom. O

Lemma 3.4. Let (Q,F) be a measurable space, A be an F-atom, ) # B € F and AN B # 0.
Then A C B.

Proof. Since AN B # (), there exists w € Q such that w € A and w € B. By 3.1, A = A,. In
addition, B € F,. Thus, A=A, C B. O

Theorem 3.5. Let (Q,F) be a measurable space. F is atomic if and only if for every element
w € (Q, there is an F-atom containing w.

Proof. Let F be atomic, S be a collection of atoms of 7 and w € Q. Then w € Q = [J 5 A.
This implies that there exist an atom B € S, of F, such that w € B. Now, suppose that for
every element w € (2, there is an F-atom containing w. Note that (J g4 € Q. Let 0 € Q.
By assumption, there exists an atom A(o) € S containing o. By 3.2, this atom containing o
is unique. Thus, 0 € (J cs A and Q C (J s A Hence, Q = [J 5 A and it follows that F is
atomic. O

Theorem 3.6. Let (2, F) be a measurable space. A non-empty set A € F is an atom if and
only if it cannot be written as the union of two non-empty, distinct, elements of F.

Proof. Let A be an F-atom and suppose on the contrary that there exist distinct, non empty
measurable sets, B,C € F such that A= BUC. Then B C A and C C A. Since A is an atom,
it follows that B = A or B =0 and C = A or C = {). By assumption, B,C are non-empty.
Hence, A = B = C, a contradiction.

Now, suppose that a non-empty set A € F cannot be written as the union of two non-empty,
distinct, elements of F. Let D C A. Then A = AU D. By assumption, it follows that D = ()
or D = A. Thus, A is an F-atom. O

Lemma 3.7. Let pu be a nonnegative, o-additive, o-finite measure on (2, F). If A is an F-atom
with pu(A) > 0, then A is also a p-atom.
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Proof. Let A be an F-atom with p(A) > 0. Then for all B € F such that B C A, B = A or
B =10. Thus u(B) = u(A) or u(B) = u(d) = 0. Hence, A is a p-atom. O

Remark 3.8. The converse of Lemma 3.7 is not necessarily true.

Example 3.9. Let Q = {1,2,3} and 2% = {0, {1}, {2}, {3}, {1,2}, {1, 3}, {2,3},Q}, the power
set of ). Define a set function p : F — [0, 00) as follows:

0, if A=0or A= {3},
pA) =1, it A={1},A={2},A={1,3}, A ={2,3},
2, if A={1,2),A=1{1,2,3).

Notice that p(0) = 0. In addition, consider pairwise disjoint subsets A; = {1}, A2 = {2},
As = {3}.

3
=1

and
3

DA = p({1h) +p(2) +p({3)) =1 +1+0=2.

i=1
Thus, o-additivity holds. To show o-finiteness, note that Q = {1}U{2}U{3}, where {1}, {2},{3} €
Fand pu({1}), u({2}), u({3}) are all finite. Thus, p is a non negative, o-finite, measure on (2, F).
Notice that {3} is an F-atom but not a p-atom and {1,3} is a p-atom but not an F-atom.

Proposition 3.10. Let (2, F, ) be a measure space, A be the collection of distinct F-atoms
and M be the collection of distinct p-atoms. A = M if and only if all of the following conditions
are satisfied:

(i) For all Ac A, p(A) > 0.
(ii) M is pairwise disjoint.
(iii) If B € F such that BC M, M € M, with u(B) =0, then B = ().

Proof. Let A = M. By 3.7, for all A € A, u(A) > 0 and by 3.2, M is pairwise disjoint. Let
B € F such that B C M, where M € M, with u(B) = 0 and suppose on the contrary that
B # (. Then B # (), BC M € A, a contradiction. Hence, B = ).

Now, let u(A) > 0 for all A € A, M be pairwise disjoint, and if B € F such that B C M,
M € M, with u(B) = 0, then B = (). By Result 2.3, it follows that A C M. Let M € M and
B € F such that B C M. Then u(B) =0 or u(B) = p(M). If u(B) = 0, then B C M, since
w(M) > 0. Thus by assumption, B = (). On the other hand, if u(B) = (M), then B # (.
Suppose that B C M. This implies that B € M since, if C' € F such that C € B C M,
w(C)=0or u(C)=pu(B) =pu(M). Thus, B, M € M such that B C M. A contradiction to the
assumption that M is pairwise disjoint. Hence, B = M. Thus, M € A and M C A. Therefore,
it follows that M = A. O

Theorem 3.11. Let (2, F, 1) be a measure space and F be atomic. Then there exist a p-atom
in F if and only if there exists an F-atom A € F such that u(A) > 0.
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Proof. Let (€2, F, ) be a measure space and F be atomic. Then € = |J,; A; such that A; is
an F-atom for all i € I. If i = 1, then Q = Ay, F = {0,Q}, and we are done. Suppose that
i > 2. Then by 3.2, (A;),c; is pairwise disjoint. Let M € F be a p-atom and suppose on the
contrary that for all F-atom A € F, u(A) = 0. Then M # () and u(M) > 0. Since M € F,
M C Q = J;c; Ai. Moreover, since (A;);.; is pairwise disjoint, there exists j € I such that A;
is an F-atom and M C A;. This implies that u(M) < u(A;) =0, a contradiction. Thus, there
exists an F-atom A € F such that p(A4) > 0.

Now, let B be an F-atom such that u(B) > 0. Then by 3.7, B is a p-atom in F. O

Theorem 3.12. Let (2, F, i) be a measure space and F be atomic. If M is a p-atom, then M
s an F-atom.

Proof. Let F be atomic and M a p-atom. Then M C Q = |J,.; A; such that A; is an F-atom
for all i € I. By 3.2, (A;);c; is pairwise disjoint. Thus, there exists a unique & € I such that
M C Ay. Since M # () and Ay, is an F-atom it follows that M = A and M is an F-atom. [

Theorem 3.13. Let (12, .7-') be a measurable space, and {C; | i € N} C F.

) If U C; # 0, then U C; is an F-atom if and only if there exist i € N such that C; is an

F- atom and C; = C for all j € N such that Cj # 0 and j # i.

+oo “+o0o
(i) If ﬂ C; # 0, then ﬂ C; is an F-atom if and only if there exists a unique ) # A € F

i=1 =1
such that A is an F-atom and A C C; for all i € N.

“+o00
Proof. Let F, := U C; be non-empty and an F-atom. Proceeding by contradiction, suppose
i=1
that for all 7 € N, C; is not an F-atom. Since F, # (), there exists k € N such that () # C € F
+oo

and Cf is not an F-atom. Hence, there exists ) # A € F such that A C C C U C; =F,, a
contradiction. On the other hand, suppose there exists j € N such that for j #£ Zz,:lC] # (), and
Cj # C;. Then C; € F and 0 # C; C UCZ- = F,, a contradiction. Conversely, suppose that
there exist ¢« € N such that Cj is an f—iz:tt)m and C; = Cj for all j € N such that C; # 0 and
j #i. Then F, = DO C; is non-empty and F, = Cj;. It follows that F, = DO C; is an F-atom,
and hence, conditié?(i) holds. -

400

Now, let Gs := ﬂ C; be an F-atom. Then Gy C Cj for all ¢+ € N. Suppose there exists
i=1

“+oo
() # C € F such that C C C; for all i € N. Then C C ﬂ C; = Gg. Since Gy is an F-atom, it
i=1
400 '
follows that C' = G5. Conversely, let G5 = m C; be non-empty and suppose that there exists a
i=1
unique () # A € F such that A is an F-atom and A C C; for all i € N. Note that G5 € F and
“+00 “+o00

= ﬂ C; C C; for all i € N. By assumption, A = Gy and it follows that G = m C; is an
i=1 i=1
F-atom. Hence, (ii) holds. O]
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4 Atoms of Trace o-Algebra and Pre-image o-Algebra

This section examines the concepts of atoms in trace o-algebras and pre-image o-algebras. The
definition of trace o-algebra is defined in [18] as follows; Let £ C Q be any set and let F be
o-algebra on Q. Then Fg:={ENF | F € F} is a o-algebra on E, called the trace o-algebra
on E.

Theorem 4.1. Suppose Y C Q, (2, F) be a measurable space and B={Y NA: A€ F} be the
Trace o-algebra on Y. If A is an F-atom then Y N A is a B-atom.

Proof. Let A be an F-atom and 0 # A=Y NAeB. Let BB € Band B' C A’. If B’ = () then
we are done. Suppose B’ # ). Then there exists ) # B € F such that B =Y NB # (. In
addition, B =Y NB C A =Y N A. This implies that B’ C A. Suppose B’ € F. Since A is an
F-atom, B’ = A. Hence, /=Y NA=YNB' =YN({YNB)=YNB=D0B.

Now, Let B’ ¢ F. Note that B’ =Y N B C A. This means that AN B # (. By 3.4, A C B.
Thus, A =Y NACY NB =B and it follows that A’ = B’. Therefore, A’ is an F-atom. [

The definition of Pre-image o-Algebra is defined in [18] as follows; Let 2 and Y be nonempty
sets, f : 2 — Y be a map and let F be a o-algebra on Y. Then f~Y(F):= {f~1(F) | F € F}
is a o-algebra on 2, called the pre-image o-algebra.

Theorem 4.2. Let f be a function from a set Q) to a set Y, F be a o-algebra on Y, and
o(f) ={f"YF)| F € F} be the o-algebra on . A nonempty A’ € o(f) is a o(f)-atom if there
exists an F-atom A such that f~1(A) = A’.

Proof. Let f be a function from a set 2 to a set Y, F be a g-algebra on Y, o(f) = {f~1(F) |
F € F} be the o-algebra on Q and let C' be an F-atom and () # f~1(C) = C’" € o(f). Let
D' € o(f) such that D’ C C’. Then there exists D € F such that f~}(D) =D’ C C' = f~1(0O).
If D=0, then D' = f~1(D) = () and we are done. Suppose D # (. If f~1(D) = (), then we are
also done. Suppose D # () and f~1(D) = D’ # . Since ) # f~1(C), C N D # (). By Lemma
3.4, C € D. Thus, f~4C) C f~YD) and it follows that C’ C D’. Hence, D' = C’ which
implies that C’ is an o(f)-atom. O

Theorem 4.3. The converse of Theorem 4.2 holds if A C f(Q).

Proof. Let F' be a o(f)-atom. Then () # F' € o(f) and there exists ) # F € F such that
F' = f~Y(F). Suppose F C f(2) and let G € F such that G C F. Then f~}(G) C f~}(F) = F'
and f~1(G) € o(f). This implies that f~1(G) =0 or f~1(G) = f~YF). If f~(G) = 0. Then
GNf(©2) = 0. Hence, G C (Y'\ f(©2)). Note that ' C f(2). Thus, G C FN(Y'\ f(22)) = 0 and it
follows that G = ). Suppose f~}(G) = f~1(F). Then f~Y(F\G) = f~Y(F)\ f~Y(G) = 0. This
implies that F\G C Y'\ f(€2). Notice that F\G C F C f(€2). Hence, F\G C f(Q)N(Y\f(R2)) =
(). Thus, F = G. Therefore, F' is an F-atom. O

5 Atoms of Product o-Algebra

This section examines the concepts of atoms in product c-algebras. But before that we in-
troduce the notion of quarks in set systems, examine their fundamental properties and their
relationship to o-algebras. Establishing these results are essential, as quarks will play a key role
in characterizing atoms within product o-algebras.

Definition 5.1. Let S be a set system of a set 2. A non-empty set Q) € S is a quark if for all
Se8,SCQ,implies S =0.
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Example 5.2. The following are examples of set systems with corresponding quarks if any.

(i) [19] Let Q@ = {1,2,...,2k} for some fixed k € N, and consider the Dynkin system
D={AC X |#Aiseven}. Then {1,2} is a quark of D.

(ii) Let © be a nonempty set. Consider S = {#} C 2. Then S is a set system but in this
case, § doesn’t have a quark.

(iii) [19] Let © = [0,1], and let F be the o-algebra generated by the intervals (0, 1) and (
Then,

=~

1.

F={0,00,1), 3 3, (31,00, 3], [, 1, [0, 1) U (§,1), [0, 1]} .

Note that F is also a set system. Thus, the quarks of F are [0, %), [%, %], (%, 1]. In this
case, these quarks are precisely the atoms of F.

Theorem 5.3. Let (2, F) be a measurable space. Q is a quark of F if and only if Q is an
F-atom.

Proof. Let F be a o-algerba on Q and @ be a quark of F. Then () # Q € F such that for all
FeF, FCQ,F=0. Thus Q is an F-atom. Now, since F is a o-algerba on Q, () € F and it
follows that F is a set system on . Let Q be an F-atom. then () # Q € F such that for all
FeF, FCQ, F=0. Thus Q is a quark of F. O

Theorem 5.4. Let S be a set system of a set Q) that is closed under intersection. If Q and R
are quarks of S, then either Q@ = R or Q N R = ().

Proof. Since S is closed under intersections and @, R € S, it follows that Q@ N R € §. Suppose
QNR#(. Then QN R C Q, and since Q is a quark, we must have Q N R = . Similarly,
QN R C R, and since R is a quark, it follows that @ N R = R. Therefore, ) = R. Hence, either
Q=RorQNR=0. O

We introduce the following notation to be used in subsequent proofs: Let w € 2. Define
Sw ={B € S |w e B} and Qs(w) = [ges, B- Throughout the remainder of the paper, we
assume that S,, # () for all w € Q.

Theorem 5.5. Let S be a set system of a set Q) that is closed under intersection. Then Qs(w)
is a quark of S.

Proof. Since S is closed under intersection, Qs(w) € S. Let S € S such that S C Qs(w). If
w € S, then S € S,. So, Qs(w) =(\pes, B €S- This implies that S = Qs(w), a contradiction.
Ifwé¢ S, then S € S\ S,. Suppose S # (). Then there exists w’ € S such that ' # w. Since
S C Qs(w), w' € Qs(w). This implies that Qs(w’) C Qs(w). Hence, Qs(w') = Qs(w). Since
W' € S, by previous argument, S = Qs(w’') = Qs(w), a contradiction. Therefore, S = (). O]

Theorem 5.6. Let S be a set system of a set () that is closed under intersection. If Q is a
quark containing w, then Q = Qs(w).

Proof. Since @ € S such that w € Q, Qs(w) = pes, B € Q. Note that ) # Qs(w) € S, S
being closed under intersection, and @ is a quark. Hence, Q = Qs(w). O

We now state a lemma that will also be used in the theorem that follows.

Lemma 5.7. [6] (m — 0 Theorem) If P is a m-system and D is a Dynkin-system that contains
P, then o(P) C D.
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Theorem 5.8. Let P be a w-system and D be a Dynkin system where P C D. If Q is a quark
of D such that QQ € P, then there exist a o-algebra F such that Q is an F-atom.

Proof. Let P be a w-system, D be a Dynkin system where P C D, and @ be a quark of D such
that @ € P. By 5.7, P C o(P) C D. This means that @ € o(P). Suppose on the contrary that
@ is not an atom of o(P). Then there exists a non-empty S € o(P) such that S C Q. Since
o(P) € D, S € D, which implies that @ is not a quark of D, a contradiction. Thus, @ is a
o(P)-atom. Therefore, the conclusion holds. O

Corollary 5.9. If a quark QQ € D satisfies the properties of 5.8, then Q is also a quark of P if
and only if ) € P.

Proof. Let Q € D be a quark that satisfies the properties of 5.8 and suppose ) € P. Then P
is a set system and the argument proceeds in the same manner as the proof of Proposition 5.8,
substituting o(P) and P with the appropriate counterparts. Now, let @ be also a quark of P.
Then P is a set system and () € P. O

We now define Product o-Algebra as in [18] as follows; Let (X, ) and (Y, H) be two mea-
surable spaces. The product o-algebra on X x Y, denoted by J ® H, is the o-algebra generated
by IxH={JxH|JeJ, HeH}. Thatis, T@H:=c({JxH:Je€J, HecH}). The
measurable space (X X Y, J ® H) is called the product of the measurable spaces. The following
lemma will be used in the theorem that follows.

Lemma 5.10. [18] Let (X, J),(Y, ) be two measurable spaces, and V={JxH :J € J,H €
H}. Then V is closed under intersection and () € V.

Theorem 5.11. Let (X, J),(Y,H) be two measurable spaces, andV = {JxH : J € J,H € H}.
Then YV is a set system on X X Y. Moreover, A non-empty Q €V is an quark of V if and only
if there exists an atom Q1 € J and Q2 € H such that Q = Q1 X Q2.

Proof. By 5.10, V is a set system on X X Y. Let Q1 be a J-atom and Q)2 be an H-atom such
that Q = Q1 x Q2. Then Q1 # 0, Q2 # 0, and ) # Q € V. Suppose on the contrary that Q
is not a quark of V. Since V' # (), there exists non-empty sets V1 € J and V5 € H such that
V = V) x Va. Thus, Vi x Vo € @. This implies that Vi C @1 or Vo € @2, a contradiction.
Hence, @ is a quark of V.

Assume that @ is a quark of V. Then () # @ € V and there exists nonempty sets Q1 € J
and Q2 € H such that QQ = Q1 X Q2. Suppose on the contrary that either ()1 is not a J-atom
or (Q2 is not an H-atom. If Q; is not a J-atom, then there exists ) # R € J such that R C Q1.
Consider R X Q2. Notice that ) # R x Q2 € V and R X Q2 € @, a contradiction. A similar
argument holds if Q3 is not H-atom. Therefore, the claim holds. O

We now state a result which will be used in the following theorem.

Lemma 5.12. [20] Let C C 2%, F = ¢(C) and Ar(w) the atom of F containing w. Vw € Q,
define C, = {B € C | w € B} and A¢(w) = [\pec, B- If the generator C satisfies the property
that VA € C, A¢ € k(C), then Ar(w) = Ac(w).

Theorem 5.13. Let (X, 7),(Y,H) be two measurable spaces, V = {J x H : J € J,H € H}
and J @ H = o(V) be the product o-algebra on the product space X XY . S is a J @ H-atom if
and only if S is a quark of V.
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Proof. To prove this theorem we need to show that a J ® H-atom, S, that contains z € X xY
is equal to a quark, @), in V that also contains x € X x Y. Notice that by 5.10, V is closed under
intersection and is a set system on X xY. Hence, 5.5 and 5.6 holds. Let V € V. Then V = Jx H
such that J € J, H € ‘H. Since J and H are g-algebra on X and Y respectively, it follows that
J¢e J,H¢ € H. Hence, (J¢ x H®),(J*x H),(J x H®) € V C (V). Now, since (V) is closed
under countable union, it follows that V¢ = (J x H)¢ = (J°x H*)U(J*x H)U(J x H®) € k(V).
Thus, by 5.12, our claim holds. O

Summary and Recommendations

In this study, we discussed the concepts of u-atoms and F-atoms and examined their relationship
within a measure space (2, F, u). We identified conditions under which the F-atoms coincide
with p-atoms. We also characterized F-atoms in trace, pre-image, and product o-algebras.
Moreover, we introduced the notion of a quark and explored its properties. These results
contribute to a deeper understanding of the structure of set systems and their minimal elements.

For future directions, it is recommended to construct explicit examples of set systems where
neither F-atoms nor p-atoms exist, to better understand when atoms do not exist in more
general settings. Additionally, formulating a counterpart to the p-atom concept within a set
system could provide a broader framework for analyzing minimal elements in more general
setting.
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