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Abstract

In this paper, we characterize the concept of ds-continuous functions from an arbitrary
topological space into the topological space with the box topology. Moreover, we introduce
and characterize some versions of separation axioms related to ds-open sets.

1 Introduction

In 1963, Norman Levine [18] made the first approach to the study of open sets in topological
spaces by introducing the concepts of semi-open sets, semi-closed sets, and semi-continuity.
His groundbreaking work provided a foundation that inspired subsequent research into the
characterization of open sets, leading to the development of numerous characterization of open
sets.

In 1971, Crossley and Hildebrand [6] introduced the concept of semi-closure of a subset of
a topological space. This concept was further explored by Das in 1973 [7], who investigated its
applications through utilizing the concept of semi-open sets. Subsequently, in 2008, Navalagi
and Gurushantanavar [24] contributed some characterizations for both semi-interior and semi-
closure.

Let (X, T) be a topological space and G C X. Then G is semi-open, if for every x € G there
exists an open set O containing z such that O C G C CI(O). Equivalently, G is semi-open
if G C Cl(Int(G)). A subset F of X is semi-closed if its complement X \ F' is semi-open in
X. The semi-closure and semi-interior of G are, respectively, denoted and defined by sCI(G) =
(W F': F is semi-closed and G C F'} and sInt(G) = [J{U: U is semi-open and U C G'}. More-
over, sCl(G) = G U Int(CIl(Q)).

In 1968, Velicko [32] introduced the notions of f-continuity, 6-closure, and f-interior of a
subset of a topological space, in order to study the important class of H-closed spaces in terms
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of arbitrary filterbases. This paper extends Velicko’s pioneering work [5, 16, 22, 8, 9], thereby
contributing to a deeper understanding of 6-open set.

A subset G of a topological space X is said to be G-open if for every x € G there exists an
open set O such that x € O C CI(O) C G. The #-closure and #-interior of G are, respectively,
denoted and defined by Cly(G) = {x € X: Cl(U) NG # & for every open set U containing =}
and Intg(G) = {z € X: Cl(U) C G for some open set U containing z}. A subset A of X is
O-closed if Clg(A) = A and 6-open if Intg(A) = A. It is known that the collection Ty of all
f-open sets forms a topology on X with Ty C T.

In 1986, Maio and Noiri [21] introduced the concept of semi-f-open set and provided some
characterization and properties. Additionally, the concepts of semi-#-interior and semi-#-closure
of a subset of a topological space are introduced. In 2022, Singh and Gupta [30] introduced a
new class of open set called semi-delta-open sets (briefly ds-open sets) and investigated their
properties. Moreover, the notion of ds-open mappings and §s-continuity are introduced and
investigated. In 2023, the concept of ds-closure, ds-interior, §s-open mappings and dg-continuity
was further investigated in [31].

A subset G of a topological space X is ds-open [30] (resp., semi-f-open [21], #-semi-open
[13]) if for every = € G, there exists an open (resp., semi-open) set U containing = such that
Int(sCl(U)) € G (resp., sCl(U) C G, Cl(U) € G). A subset F of X is ds-closed (resp.,
semi-f-closed, resp., f-semi-closed) if its complement is X \ F' is ds-open (resp., semi-6-open,
f-semi-open). A point p € X is a semi-delta-interior (briefly ds-interior) [30] (resp., semi-6-
interior [25]) point of G if there exists a ds-open (resp., semi-open) set U in X containing p
such that U C G (resp., sCI(U) C G). We denote by Ints, (G) (resp., sIntg(G)) the set of all
ds-interior (resp., semi-f-interior) point of G. A point p € X is a semi-delta-closure (briefly
ds-closure) [30] (resp., semi-f-closure [21]) point of G if for every open (resp., semi-open) set U
in X containing p, Int(sCl(U)) N G # & (resp., sCI(U) NG # &). The set of all §-closure
(resp., semi-f-closure) point of G is denoted by Cls, (G) (resp., sClp(G)).

It is known that sInt(G) [24] (resp., Intg(G) [16], Ints,(G) [31], sInty(G) [4]) is the largest
semi-open (resp., f-open, ds-open) set contained in G and sCIl(G) [24] (resp., Clp(G) [16],
Cls,(G) [31], sClg(G) [21]) is the smallest semi-closed (resp., #-closed, ds-closed, semi-6-closed)
set containing G. Note that x € sInt(G) [24] (resp., z € Inty(G) [32]) if and only if there exists
a semi-open (resp., open) set U containing x such that U C G (resp., Cl(U) C G). It is worth
noting that Int(G) C sInt(G) [24] (resp., Intg(G) C Int(G) [16], Ints,(G) C Int(G) [31]) and
sCl(G) € CUG) [24], (resp., CI(G) C Cly(G) [16], CI(G) C Cls,(G)[31], sCl(G) C sCly(G)
[4]). Moreover, a subset G of X is semi-closed [24] (resp., ds-closed [30]) if sCI(G) = G (resp.,
Cls,(G) = G) and semi-open [24] if sInt(G) = G.

Let A be an indexing set and {Y,, : « € A} be a family of topological spaces. For each a € A,
let T, be the topology on Y,. The box topology on {Y, : a € A} is the topology generated

by a basis consisting of all sets of the form [] U, where U, is open in Y, for each a € A.
acA
In addition, the Tychonoff topology on {Y, : @ € A} is the topology generated by a subbase

consisting of all sets (U,) = p;1(Uy), where p, : [[{Ya : a € A} — Y, the ath coordinate
projection map is defined by po((ys)) = Ya, U ranges over all members of T,, and o ranges
over all elements of A. Corresponding to U, C Y, denote p;'(U,) by (U,). Similarly, for
finitely many indices a1, g, -, ap and sets Uy, C Yo, ,Uqy € Yo, -+ ,Ua, C Y, , the subset

<Ua1> N <Uaz> M---nN (Uan> :pgl(Uon) mpgl(Uaz) n--- ﬂpgl(Uan)

is denoted by (Ua,,Uay, -+ ,Ua,). We note that for each open set U, subset of Yy, (Uy) =
P (Us) = Uy <] 4o Yp- Hence, a basis for the Tychonoft topology consists of sets of the form
(Bay, Bas, -+, Bay), where B, is open in Y, for every i € K ={1,2,--- ,k}.
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Every projection map p, is a continuous open surjection. It is well known that a function
f from an arbitrary space X into the Cartesian product Y of the family of spaces {Y, : o € A}
with the Tychonoff topology is continuous if and only if each coordinate function p, o f is
continuous, where p,, is the a-th coordinate projection map.

In this paper, we characterize ds-continuous functions from an arbitrary topological space
into the topological space with either the box or Tychonoff topology. Moreover, we introduce
and characterize ds;-connected spaces and some versions of separation axioms related to ds-open
sets.

2 Some Properties of ),-Open and Semi-/-Open Sets

In this section, we revisit the concepts of ds-open and semi-f-open sets and determine the
connection of these type of open sets to other well-known versions of open sets related to semi-
open sets. Moreover, we revisit the concept of ds;-continuous functions. Throughout, if no
confusion arises, let X and Y be topological spaces.

Theorem 2.1. Let X be a topological space and A C X. Then the following holds:
(i) If A is O-open, then A is ds-open.
(ii) If A is ds-open, then A is semi-6-open.

Proof. (i) Suppose that A is 8-open and let x € A. Then there exists an open set U containing z
such that CI(U) C A. Note that every closed set is semi-closed set so that C1(U) is semi-closed.
By [24, Theorem 4.21 (i)], U C sCIl(U) C CI(U) C A. Also, Int(sCl(U)) C Int(ClL(U)) C
Int(A) C A. Thus, Int(sCl(U)) C A. Therefore, A is ds-open.

(ii) Assume that A is d;-open and let x € A. Then there exists an open set U containing z
such that Int(sCl(U)) C A. By [21, Lemma 2.1], sCI(U) = Int(CI(U)) so that Int(sCl(U)) =
Int(Int(ClL(U))) = Int(Cl(U)) € A. Since every open set is semi-open set, it follows that
there exists a semi-open set U such that Int(Cl(U)) € A. Suppose on the contrary that
A is not semi-6-open. Then for every semi-open set U containing z, sCI(U) ¢ A. Since
sCl(U) =UUInt(CUU)), UUInt(CLU)) ¢ A. Note that Int(CI(U)) C U U Int(Cl(U)) € A,

O

a contradiction.

Corollary 2.2. Let X be a topological space and A C X. Then the following holds:
(i) If A is O-closed, then A is ds-closed;
(ii) If A is ds-closed, then A is semi-0-closed.

The following remark is an immediate consequence of [26, Lemma 7.1 and Diagram 1], [27,
Lemma 6.1], Theorem 2.1, and [31, Remark 19].

Remark 2.3. The following diagram holds for any subset of a topological space.

f-open > dg-open open
f-semi-open > semi-6-open semi-open
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We note that the above diagram is also true for their respective closed sets. Moreover, none
of the reverse implications above is true, as shown in the following examples.

Example 2.4. Let X = {a,b, ¢} with topology T = {@, X, {a}, {b}, {a,b}}. Consider the open
set A = {a,b}. Note that Int(sCl({a})) = {a} C A and Int(sCi({b})) = {b} C A. Hence, A is
ds-open. To show that A is not f-open, observe that the only open sets containing a are {a},
{a,b} and X. However, Cl(X) = Cl({a,b}) = X € {a,b} and Ci({a}) = {a,c} € {a,b}. Thus,
A is not #-open.

Example 2.5. Let X = {a,b, c,d} with topology

T =A{2,X,{a},{c}, {a,b},{a,c},{a,b,c}, {a,c,d}}.

Consider the open set B = {a,c,d}. Observe that X and {a,c,d} are the only open sets that
contain d. However, Int(sCl({a,c,d})) = Int(sCl(X)) = X ¢ B. Then B is not ds-open.

Example 2.6. Consider the set of all real numbers R with the usual topology. Note that the
closed and bounded interval [1, 3], which is not open R, is semi-open since [1, 3] C Cl(Int([1,3])) =
[1,3]. Note also that CI([1,3]) = [1,3] C [1,3]. This means that [1, 3] is #-semi-open. This also
follows that [1, 3] is semi-f-open. Since [1, 3] is not open, it also not ds-open and not #-open.

Example 2.7. Consider again the set A = {a,b} in Example 2.4, which is a ds-open set.
It follows that A is semi-f-open. However, A is not #-semi-open, since the only semi-open
sets containing a are {a}, {a,b}, {a,c}, and X, but Ci({a}) = Ci({a,c}) = {a,c} € A and
Cl({a,b}) =Cl(X) =X ¢ A.

Example 2.8. Let X = {a, b} with topology T = {@, X, {a}}. Cosider the open set B = {a},
which is also a semi-open set. Note that the only semi-open sets containing a are {a} and X,
but sCl({a}) = sCl(X) = X ¢ B. It follows that B is not a semi-f-open set.

Remark 2.9. The following statements are true:
(i) @-semi-open and ds-open sets are independent notions.
(ii) semi-f-open and open sets are independent notions.
(iii) @-semi-open and open sets are independent notions.

To verify (i), consider again the interval [1,3] in Example 2.6, which is a #-semi-open set
but not ds-open. From Example 2.4, the set A = {a,b} is ds-open. It has been shown in
Example 2.7, that A is not #-semi-open.

To verify (ii), consider again the interval [1,3] in Example 2.6, which is a semi-f-open set
but not open. From Example 2.8, the set B = {a} is open but not semi-f-open.

For item (iii), if open implies #-semi-open, then open implies semi-f-open, which is a con-
tradiction from (ii). Moreover, every f-semi-open set is not necessarily open since the interval
[1,3] in Example 2.6 is a #-semi-open set but not open.

Theorem 2.10. Let X be a topological space and A C X. Then the following holds:
(i) If A is both open and semi-closed, then A is ds-open.

(ii) If A is both semi-open and semi-closed, then A is semi-6-open.
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Proof. (i) Suppose that A is both open and semi-closed and let z € A. Using [24, Theorem
4.21 (ii)], A = sCI(A). Hence, A is an open set containing x with Int(sCIl(A)) = Int(A) C A.
Therefore, A is ds-open.

(ii) Suppose that A is both semi-open and semi-closed and let © € A. It follows that A C
sCl(A) = A C A. Since A is semi-open and sCI(A) C A, A is semi-f-open. O

Theorem 2.11. Let X be a topological space and A C X. Then the following statements are
equivalent:

(i) = € Ints, (A).
(ii) There exists a ds-open set U containing x such that U C A.

(iii) There exists an open set O containing x such that Int(sCl(O)) C A.

Proof. (i)=-(ii) Direct consequence of [30, Definition 3.5].

(ii)=-(ili) Suppose that there exists a ds-open set U containing x such that U C A. By [30,
Definition 3.1], for every « € U there exists an open set O containing x such that Int(sC1(0)) C
UCA.

(iii)=(i) It follows directly from [30, Definition 3.1 and Remark 4.2 (iii)]. O

The next results revisit the concept of §;-continuous function and investigate its relationship
to the other well-known versions of continuity.

Definition 2.12. Let X and Y be topological spaces. A function f: X — Y is said to be d,-
continuous [30] (resp., O-continuous [16], continuous [10], semi-continuous [18]) on X if f~1(A)
is ds-open (resp., f-open, open, semi-open) in X for every open set A in Y.

Theorem 2.13. Let X and Y be topological spaces and f4 : X — D the characteristic function
of subset A of X, where D is the set {0,1} with the discrete topology. Then f4 is ds-continuous
if and only if A is both §s-open and ds-closed.

Proof. Suppose that f4 is ds-continuous on X. Let O7 = {1} and Oy = {2}. Then O; and Oy
are both open in D. By assumption, A = f~1(01) and X \ 4 = f~1(O) are ds-open in X.
Hence, A is both §5-open and ds-closed.

Conversely, suppose that A is both ds-open and d4-closed. Let O be an open set in D. Then,
we have the following

& fo=go
1 _ X if O=1{0,1}
a7 (0) = A fo={1}
X\A4 if O={0}
Hence, f;l(O) is ds-open in X. Therefore, f4 is ds-continuous on X. O

Theorem 2.14. Let X and Y be topological spaces and f: X — Y be a function. Then the
following holds:

(i) If f is O-continuous on X, then f is ds-continuous on X.

(i) If f is ds-continuous on X, then f is continuous on X.
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Proof. (i) Assume that f is §-continuous on X. Let A be an open set in Y. Then f~1(A4) is
f-open in X. Since every #-open is ds-open, it follows that f~1(A) is §s-open in X. Hence, f is
ds-continuous on X.

(ii) Suppose that f is ds-continuous on X. Let A be an open set in Y. Then f~1(A) is
ds-open in X. Since every ds-open set is an open set, it follows that f~!(A) is open in X.
Therefore, f is continuous on X. O

It is known that every continuous function is semi-continuous function [18], but not con-
versely. In view of Theorem 2.14, we have the following remark.

Remark 2.15. The following diagram holds for any subset of a topological space.

f-continuity —— d4-continuity —— continuity —— semi-continuity

The converse of Remark 2.15 is not necessarily true as shown in the following examples.

Example 2.16. Let X = {a,b,c} and Y = {1,2} be two topological spaces with respective
topologies Tx = {@, X, {a},{b},{a,b}} and Ty = {@, X,{2}}. Define f: X — Y by f(a) =
f(b) = 2 and f(c) = 1. Clearly, f is ds-continuous on X but not #-continuous on X since
F~1({2}) = {a, b} is not f-open in X.

Example 2.17. Let X = {a,b,c,d} and Y = {1,2,3} be topological spaces with respective
topologies Tx = {9, X, {a}, {b}, {a,b},{b,d},{a,c},{a,b,c}, {a,b,d}} and Ty = {9,Y,{2,3}}.
Define f: X =Y by f(a) = f(d) =2, f(b) =3 and f(c) = 1. Note that f is continuous on X
but not ds-continuous on X.

Example 2.18. Let X = {z,y,z,w} and Y = {a, b, ¢, d} be topological spaces with respective
topologies Tx = {2, X, {y},{z},{v, 2}, {z, z,w}} and Ty = {2, Y, {b},{a,d},{a,b,d}}. Define
f: X—=Ybyf(z)=c fly) =b, f(2) =aand f(w) =d. Then f is semi-continuous on X but
not continuous on X.

3 ¢,-Continuous Functions in the Box Topology

In this section, we provide a characterization of ds-continuous functions from an arbitrary topo-
logical space into the topological space with the box topology.

Theorem 3.1. Let X be a topological space andY = [[{Ya: a € A} be a topological space with
either the box or Tychonoff topology. A function f: X — Y is ds-continuous on X if and only
if pa o f is ds-continuous on X for every o € A.

Proof. Assume that f is ds-continuous on X. Let o € A and O, be open in Y,. Since p, is
continuous, p,'(0,) is open in Y. Hence, f~1(p5(04)) = (pa © f)"1(O4) is ds-open in X.
Thus, po © f is ds-continuous for every a € A.

Conversely, suppose that each coordinate function p, o f is ds-continuous on X for every
a € A. Let B, be open in Y, for each o € A. Then (B,) is a subbasic open set in Y and
(pao f) Y Ba) = fTH(p7'(Ba)) = f~1({Ba)) is ds-open in X. Therefore, f is ds-continuous on
X. O

Corollary 3.2. Let X be a topological space and Y = [[{Ya: a € A} be a topological space
with either the box or Tychonoff topology and f, : X — Y, be a function for each oo € A. Let
f: X =Y be the function defined by f(x) = (fa(x)). Then f is ds-continuous on X if and only
if each fo is ds-continuous on X for each a € A.
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Before we proceed with results involving closure and interior operators with respect to d,-
open sets in the box topology, we shall consider first the following results related to semi-open
sets.

Theorem 3.3. Let Y = [[{Ya: a € A} be a topological space with the box topology and & #
Oq C Y, for each a € A. Then each O, is semi-open in Yy, if and only if O = [[{Oq: o € A}
s semi-open in Y .

Proof. Following the proof of [12, Theorem 3.4], O = [[{O4: a € A} is semi-open in Y if each
Oy is semi-open in Yj,.

Conversely, suppose that [[{Oy: a € A} is semi-open in Y. Then there exists a basic open
set G = [[{Ga: @ € A} in Y such that G C O C Cl(G) = [[{Cl(Gyn: o € A)}. Hence, for all
a €A, Gy is open in Y, and G, C O, C Cl(Gy). Thus, each O, is semi-open in Y. O

The proof of the following theorem is similar to [12, Theorem 3.5], hence omitted.

Theorem 3.4. Let Y = [[{Ya: a € A} be a topological space with the box topology. If A, C Y,
for each a € A, then sCI([[{Aa: a € A}) C[[{sCl(A,): a € A}.

Since the interior operator is preserved in the box topology, the following result holds.

Theorem 3.5. Let Y = [[{Ya: a € A} be a topological space with the box topology. If Aq C Y,
for each a € A, then Cls ([[{Aa: @ € A}) C[I{Cls.(An): a € A}.

Proof. Assume that © = (x,) € Cls,(J][{Aa: @ € A}). Suppose on the contrary that z ¢

[[{Cl5,(Aq): o € A}. Then for some 8 € A, zg ¢ Cls (Ag). This means that there exists an

open set Vg containing xg such that Int(sCl(Vg)) N Ag = @. Let Vg x [] Yo — (V3). Then
a#B

(V) is a basic open in Y containing (z,). By Theorem 3.4, sCI((V3)) C (sCl(Vp)). It follows
that Int(sCl((Vg))) C Int((sCl(V3))) = (Int(sCl(V3))). Thus, we have

Int(sCl((Vg))) N[[{Aa: a € A} C (Int(sCl(Vp))) N][{Aa: a € A}
= (Int(sCUV3)) N Ag) x (T[{Ya: @ # B} N [[{Aa: @ # 5})
= (sCl(V3))

(sCl(V3))

(Int(sCl(V3)) N Ag) x [[{Ya NAs: a # B}
= (Int(sCl(V3)) N Ag) x [[{Aa: a # B}
= g,
a contradiction. Therefore, x € [[{Cls,(An): o € A}. O

Theorem 3.6. Let Y = [[{Ya: a € A} be a topological space with the box topology. If Ay C Y,
for each a € A, then [[{Ints,(An): a € A} C Ints ([[{Aa: @ € A}).

Proof. Let © = (z4) € [[{Ints,(An): a € A}. Then z, € Ints (A,) for all @ € A. This means
that for each o € A, there exists an open set V, containing x, such that Int(sCl(V,)) C A,.
Note that [[{Va: a € A} is open containing 2. Then by Theorem 3.4, sCI([[{Va: a € A}) C
[[{sCl(V,): a € A}. Thus, we have

Int(sClJ[{Va: a € A})) C Int(J[{sCl(Vy): a € A})
= [[{Int(sCl(Vy)): a € A}
C J[{Aa: a € A}

Therefore, x € Ints, ([[{Aa: o € A}). O
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It is worth noting that the interior operator is preserved in the product space provided that
the collection is finite. Following the same argument as in Theorem 3.5 and Theorem 3.6, the
following result holds.

Corollary 3.7. Let Y = [[{Yi: 1 < i < n} be a finite product space and A; C'Y; for each
i€ {1,2,...,n}. Then Cls,((A1,...,Apn)) C(Cls,(4;),...,Cls,(An)).

Corollary 3.8. Let Y = [[{Yi: 1 < ¢ < n} be a finite product space and A; C'Y; for each
i€{1,2,...,n}. Then (Ints (A;),...,Ints,(An)) C Ints, ((A1,...,An)).

Following the same argument as in Theorem 3.3, we have the following result.

Theorem 3.9. Let Y = [[{Ya: a € A} be a topological space with the box topology and & #
On C Y, for each o € A. If for each o € A, O, is ds-open in Yy, then O = [[{Oq: a € A} is
ds-open in Y.

Corollary 3.10. Let Y = [[{Yi: 1 < i < n} be a finite product space and & # O; C'Y; for each
i€ {1,2,...,n}. If each O; is 6s-open in Y;, then O = (O1,...,0y,) is ds-open in Y.

Theorem 3.11. Let X = [[{Xo: @ € A} and Y = [[{Ya: a € A} be topological spaces with
the box topology and for a € A and let fo: Xo — Yo be a function. If each f, is ds-continuous
on Xq, then the function f: X =Y defined by f((za)) = (fa(Ta)) is ds-continuous on X.

Proof. Let [],cq Va be a basic open set in Y. Then f~'([T,cqVa) = [Toea fa'(Va). Since
each fq is ds-continuous, f3'(Va) is d;-open in Xo. Let = (zq) € f'([I,eq Vo). Then
Ta € fo 1(Va) for all o € A. This means that there exists an open set O, containing x, such
that Int(sCl1(Oy)) C fi'(Va). Note that [[{Oq: a € A} is open in X containing x and by

Theorem 3.4, Int(sCl(]],cqOa)) € [laea Int(sCl(On)) C [laca f;l(Va) = f_l(Ha€A Va)-
This implies that f~'([T,cq Va) is ds-open in X. Therefore, f is ds-continuous on X. O

4 ¢,~Connected Space and Some Version of Separation Axioms

In this section, we introduce and characterize §s-connected space. Moreover, some versions of
separation axioms related to ds;-open sets are introduce and characterize.

Definition 4.1. A topological space X is said to be a ds-connected if it is not a union of
two nonempty disjoint ds-open sets. Otherwise, X is ds-disconnected. A subset B of X is
ds-connected if it is dg-connected as a subspace of X.

Theorem 4.2. Let X be a topological space. Then the following statements are equivalent:
(i) X is ds-connected;
(ii) The only subsets of X that are both ds-open and ds-closed are & and X ;

(iii) No ds-continuous function f: X — D is surjective.

Proof. (i)=-(ii) Assume that X is ds-connected and let A C X. Let A be both ds-open and
ds-closed. Then X \ A is both ds-open and Js-closed. Note that X = AU (X \ A). Since X is
ds-connected, it follows that A is either @ or X.

(ii)=-(iii) Suppose that @ and X are the only subsets of X that are both ds-open and d,-closed.
Let f : X — D be a §s-continuous surjection. Then f~1({0}) # @ and f~1({0}) # X. Note
that every set in D is open. Since {0} is both open and closed in D, it follows that f~1({0}) is
both ds-open and §,-closed in X, a contradiction.
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(iii)=(i) Suppose that no ds-continuous function f : X — D is surjective. Let X = AUB, where
A and B are disjoint nonempty Js-open sets. Then A and B are also ds-closed sets. Consider
the characteristic function f4 : X — D of A C X. By Theorem 2.13, f4 is ds-continuous, a
contradiction. Thus, X is §s;-connected. ]

Theorem 4.3. Let X be a topological space. Then the following holds:
(i) X is connected if and only if X is 0-connected [16];
(ii) If X is semi-connected, then X is connected [18].
In view of Theorem 2.1 and Theorem 4.3 (i), the proof of the following theorem is omitted.

Theorem 4.4. Let X be a topological space. Then X is ds-connected if and only if X is
connected.

Remark 4.5. The following diagram holds for any subset of a topological space.

0-connected

connected «—— semi-connected

ds-connected

The reverse implication for connected and semi-connected spaces is not true, as shown in
the following example.

Example 4.6. Consider again the topological space in Example 2.6. Then X is connected but
not semi-connected.

The following results and versions of separation axioms are related to ds-open sets.
Definition 4.7. A topological space X is said to be

(i) semi-delta-Hausdorff (briefly ds-Hausdorff) if given any pair of distinct points p,q € X,
there exist disjoint ds-open sets U and V such that p € U and q € V;

(ii) semi-delta-regular (briefly ds-regular) if for each closed set F' and each point p ¢ F', there
exist disjoint ds-open sets U and V such that p € U and F C V;

(iii) semi-delta-normal (briefly ds-normal) if for every pair of disjoint closed sets E and F' of
X, there exist disjoint ds-open sets U and V such that £ C U and F C V.

Theorem 4.8. Let X be a topological space. Then the following statements are equivalent:
(i) X is ds-Hausdorff;
(ii) Let x € X. For y # x, there exists a ds-open set U containing x such that y ¢ Cls, (U);
(iii) For each x € X,V =({Cls,(U): U is ds-open set containing v} = {z}.
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Proof. (1)=(ii): Assume that (i) holds. Then for every distinct points x,y € X, there exist
distinct ds-open sets U and W such that x € U and y € W. Thus, y ¢ Cl;,(U).

(ii)=-(iii): Assume that (ii) holds. It is not difficult to see that = € V. By assumption, for
every = # y, there exists a ds-open set U containing x such that y ¢ Cls (U). This means that
y ¢ V. Since y is arbitrary, it follows that V = {x}.

(iii)=-(i): Assume that (iii) holds. Let z,y € X with x # y. By assumption, there exists a
ds-open set W containing y such that U N W = @&. Therefore, X is J;-Hausdorff. O

Theorem 4.9. Let X be a topological space. Then the following statements are equivalent:
(i) X is ds-regular;

(ii) For each x € X and an open set U containing x, there exists a ds-open set V' such that

2 €V CCls (V) CU;

(iii) For each x € X and closed set F with x ¢ F, there exists a ds-open set V' containing x
such that F N Cls, (V) = @.

Proof. (i)=(ii): Assume that X is ds-regular. Let x € X and U be an open set in X containing
. Then X \ U is closed in X with x ¢ X \ U. By assumption, there exist disjoint Js-open
sets V and W such that x € V and X \ U C W. Note that VNW = & so that V C X \ W.
Then, we have Cls (V) C Cls (X \ W) = X \ Ints,(W) = X \ W, since W is ds-open. Hence,
Cls.(V) W = @. Thus, Cls, (V)N (X \U) C Cls,(V) W = . It follows that Cls (V) C U.
Therefore, z € V C Cls, (V) C U.

(ii)=(iii): Assume that (ii) holds. Let z € X and F be a closed set in X with « ¢ F.
Then X \ F is an open set in X with z € X \ F. By assumption, there exists a Js;-open set V'
containing x such that V' C Cls (V) C X \ F. Hence, FNCls (V) = @.

(iii)=-(i): Assume that (iii) holds. Let z € X and F be a closed set in X with = ¢ F. By
assumption, there exists a ds-open set V' containing x such that FNCls, (V) = &. Since Cls, (V)
is d5-closed, it follows that X \ Cls, (V') is ds-open. Also, F' C X \ Cls, (V). Since Cls, (V) is the
smallest ds-closed set containing V', that is, V' C Cls (V), it follows that VN X \ Cls (V) = @.
Therefore, X is ds-regular. O

Theorem 4.10. Let X be a topological space. Then the following statements are equivalent:
(i) X is ds-normal;

(ii) For each closed set A and an open set U containing A, there exists a ds-open set V
containing A such that Cls (V) C U;

(iii) For each pair of disjoint closed sets A and B, there exists a ds-open set V' containing A
such that Cls, (V)N B = @.

Proof. (i)=(ii): Assume that X is ds-normal. Let A be a closed set in X and U be an open
set in X containing A. Then A and X \ U are disjoint closed sets in X. By assumption, there
exist disjoint ds-open sets V' and O such that A CV and X \ U C O. Since VN O = & and
X\ U CO, it follows that X \ O CU and V C X \ O. Thus, we have

Cls, (V) € Cls (X \ O) = X \ Int;,(0) = X\ O,

since O is ds-open. Thus, Cls (V) C U.

(ii)=-(iii): Assume that (ii) holds. Let A and B be disjoint closed sets in X. Then X \ B
is open in X with A C X \ B. By assumption, there exists a ds-open set V' containing A such
that Cls, (V) € X \ B. Hence, Cls,(V)NB = @.
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(iii)=-(i): Assume that (iii) holds. Let A and B be disjoint closed sets in X. Then there exists
ds-open set V' containing A such that Cls (V)N B = @. It follows that B C X \ Cls, (V). Since
Cls, (V) is ds-closed, it follows that X \ Cls, (V) is ds-open. Also, A CV and B C X \ Cls, (V).
Since V C Cls,(V), VN X\ Cls, (V) = @. Therefore, X is ds-normal. O

A topological space X is said to be a Ti-space if for each p,q € X with p # ¢, there exist
open sets U and V such that pe U, ¢ ¢ U and ge V,p ¢ V.

Theorem 4.11. Let X be a T1-space. Then the following statements hold
(i) If X is 6s-normal, then X is ds-reqular;
(i) If X is ds-regular, then X is §s-Hausdorff.

Proof. (i) Assume that X is dg-normal. Let I be a closed set and = ¢ F'. Since X is a T}-space,
{z} is closed in X. By assumption, there exist disjoint ds-open sets U and V such that {z} C U
and F C V. Note that € {z} so that x € U. Hence, X is ds-regular.

(ii) Assume that X is ds-regular. Let z,y € X with x # y. Then there exist open sets U
and V such that x e U,y ¢ U and y € V, x ¢ V. It follows that X \ U is closed with z ¢ X \ U
and y € X \ U. By assumption, there exist disjoint ds-open sets A and B such that x € A and
X\ U C B. Clearly, y € B. Therefore, X is J;-Hausdorff. O

Summary and Recommendations

This paper extends the concept of §s-continuous functions from an arbitrary topological space to
a topological space with either the box or Tychonoff topology. In addition, this paper introduces
the concepts of ds-connected space, ds-Hausdorff space, ds-regular space, and ds-normal space.
Future research may focus on developing the concept of ds-compact space and establishing
versions of Urysohn’s Lemma and the Tietze Extension Theorem for §,-open sets.

Acknowledgements

The authors are grateful to the anonymous referees for their helpful comments and suggestions.

References

[1] S. P. Arya and M. P. Bhamini, Some weaker forms of semi-continuous functions, Ganita
33 (1982), no. 2, 124-134, Zb1:0586.54017.

[2] J. A. Barquin and A. M. Asdain and M. A. Labendia, 8-somewhat nearly-open sets and 6-
somewhat nearly-continuity, Poincare J. A. Appl. 11 (2024), no.2, 163-180, doi:10.46753/
pjaa.2024.v011i102.006.

[3] L. L. Butanas and M. Labendia, 0,,-connected space and 0,,-continuity in the product space,
Poincare J. Appl. 7 (2020), no. 1, 70-88, doi:10.46753/pjaa.2020.v07i01.008.

[4] M. Caldas and S. Jafari, Some applications of semi-0-open sets. J. Egypt. Math. Soc. 11
(2003), 71-83, Zb1:1056.54500.

[5] M. Caldas, R. Latif, and S. Jafari, Sobriety via 6-open sets, An. Stiint. Univ. Al. I. Cuza
Tasi. Mat. (N.S) 56 (2010), 163167, doi:10.2478/v10167-010-0011-y.

MSU-ILIGAN INSTITUTE OF TECHNOLOGY
http://dx.doi.org/10.62071/tmjm.v7i2.720



https://zbmath.org/0586.54017
https://www.pjaa.poincarepublishers.com/pjaa/wp-content/uploads/2024/11/fp-PJAA-2024-112-6.pdf
https://www.pjaa.poincarepublishers.com/pjaa/wp-content/uploads/2024/11/fp-PJAA-2024-112-6.pdf
https://www.pjaa.poincarepublishers.com/pjaa/wp-content/uploads/2014/01/FP-PJAA-20201-8.pdf
https://zbmath.org/1056.54500
http://dx.doi.org/:10.2478/v10157-010-0011-y
https://msuiit.edu.ph
http://dx.doi.org/10.62071/tmjm.v7i2.720
https://msuiit.edu.ph

C. Paran, M. Labendia, and M. Frondoza

[6]
[7]

8]

146

S.G. Crossley and S.K. Hildebrand, Semi-closure, Texas J. Sci. 22 (1971), 99-112.

P. Das, Note on some applications of semi open sets, Progress of Math. BHU. 7 (1973),
33-44.

R. F. Dickman Jr. and J. R. Porter, 0-closed subsets of Hausdorff spaces, Pacific J. Math.
59 (1975), no. 2, 407-415, doi:10.2140/pjm.1975.59.407.

R. F. Dickman Jr. and J. R. Porter, 8-perfect and 8-absolutely closed functions, lllinois J.
Math. 21 (1977), 42-60, doi:10.1215/1ijm/1256049499.

J. Dugundji, Topology, Prentice-Hall of India Private Ltd., New Delhi, 1975.

A. M. Farhan and X. S. Yang, New Type of Strongly Continuous Functions in Topological
Spaces via I' — I?-Open Sets. European J. Pure and Appl. Math. 8 (2015), no. 2, 185-200,
Zbl:1389.54044.

J. Hassan and M. Labendia, 0s-open sets and 0s-continuity in the product space, J. Math.
Computer Sci. 25 (2022), no. 2, 182-190, doi:10.22436/jmcs.025.02.07.

S. Jafari, M. M. Kovar, and T. Noiri, Properties of 0s-US spaces. Acta Math. Hunga. 101
(2003), no. 1, 155-161, doi:10.1023/B: AMHU.0000003899.71926.50.

S. Jafari and T. Noiri, On strongly 0-semi-continuous functions, Indian J. Pure Appl. Math.
29 (1998), no. 11, 1195-1201, Zb1:0917.54017.

S. Jafari and T. Noiri, Properties of 0-continuous functions, J. Inst. Math. Comput. Sci.
13 (2000), 123-128.

M. Labendia and S. Canoy, On super-open and super-closed maps on topological spaces, J.
Min. Math. 4 (2009), 015-018.

R. M. Latif, Delta—open sets and delta—continuous functions, Int. J. Pure Math. 8 (2021),
122, doi:10.46300/91019.2021.8.1.

N. Levine, Semi-open sets and semi-continuity in topological spaces. Amer. Math. Monthly
70 (1963), no. 1, 36-41, doi:10.2307/2312781.

G. D.Maio and T. Noiri, Weak and strong forms of irresolute functions. Rendiconti del
Circolo Matematico di Palermo, Serie II, Supplemento 18 (1986), Suppl., 255-273. Third
National Conference on Topology (Italian) (Trieste, 1986), Zbl:0663.54010.

G. D.Maio and T. Noiri, Weak and strong forms of irresolute functions. Universita di
Napoli. Dipartimento di Matematica e Applicazioni 'R. Caccioppoli’ 19 (1987), no. 18,
255-273.

G. D. Maio and T. Noiri, On s-closed spaces. Indian J. Pure Appl. Math. 18 (1987), no. 3,
226-233, Zb1:0625.54031.

M. Mrgevié and D. Andrijevié, On 8—connectedness and 0—closure spaces, Topology Appl.
123 (2002), no. 1, 157-166, doi:10.1016/S0166-8641(01)00179-1.

J. Munkres. Topology. 2nd Edition, (2000), Prentice Hall, Upper Saddle River, 130.

G. Navalagi and S.V. Gurushantanavar, Some more properties of semi-neighbourhoods in
topology. Pacific-Asian J. Math. 2 (2008), 117-126.

THE MINDANAWAN JOURNAL OF MATHEMATICS
TMJM Vol. 7 (2025), no. 2, pp. 135-147


https://msp.org/pjm/1975/59-2/p10.xhtml
https://projecteuclid.org/journals/illinois-journal-of-mathematics/volume-21/issue-1/theta-perfect-and-theta-absolutely-closed-functions/10.1215/ijm/1256049499.full
https://www.ejpam.com/index.php/ejpam/article/view/2055
http://dx.doi.org/10.22436/jmcs.025.02.07
https://link.springer.com/article/10.1023/B:AMHU.0000003899.71926.50
https://zbmath.org/0917.54017
https://www.naun.org/main/NAUN/puremath/2021/a022019-001(2021).pdf
http://dx.doi.org/:10.2307/2312781
https://zbmath.org/0663.54010
https://zbmath.org/0625.54031
https://www.sciencedirect.com/science/article/pii/S0166864101001791?via%3Dihub
https://journals.msuiit.edu.ph/tmjm
https://journals.msuiit.edu.ph/tmjm

Semi-Delta-Continuous Functions in the Box Topology and Some Versions of Separation Axioms

[25]

[26]

[27]

[28]

[29]

[30]

[31]

32]

MSU-ILIGAN INSTITUTE OF TECHNOLOGY

T. Noiri, On 0-semi-continuous functions, Indian J. Pure Appl. Math. 21 (1990), 410415,
Zb1:0702.54011.

T. Noiri and V. Popa, A unified theory of contra-continuity for functions. Annales Univ.
Sci. Budapest. 44 (2002), 115-137.

T. Noiri and V. Popa, On m-quasi irresolute functions. Mathematica Moravica 9 (2005),
25—41, doi:10.5937/MATMOR0509025N.

J. H. Park, B. Y. Lee, and M. J. Son, On §-semiopen sets in topological spaces. J. Indian
Acad. of Math. 19 (1997), no. 1, 59-67, Zb1:0904.54002.

J. P. Sarker and G. Das, Locally semi-connectedness in topological spaces. Indian J. Pure
Appl. Math. 16 (1985), no. 12, 1488-1494, Zb1:0578.54015.

K. Singh and A. Gupta, Semi-delta-open sets in topological space, Bol. Soc. Paran. Math.
42 (2022), 1-9, doi:10.5269/bspm.62837.

K. Singh and A. Gupta, New operators via semi-delta-open sets, Internat. J. App. Math.
36 (2023), no. 1, 75-87, doi:10.12732/ijam.v361i1.6.

N.V. Velicko, On the theory H-closed topological spaces Sib. Math. J. 8 (1967), 569-575,
doi:10.1007/BF02196476.

http://dx.doi.org/10.62071/tmjm.v7i2.720



 https://zbmath.org/0702.54011
https://scindeks.ceon.rs/Article.aspx?artid=1450-59320509025N
https://zbmath.org/0904.54002
 https://zbmath.org/0578.54015
https://www.researchgate.net/publication/380141538_Semi-delta-open_sets_in_topological_space
http://dx.doi.org/10.12732/ijam.v36i1.6
https://link.springer.com/article/10.1007/BF02196476
https://msuiit.edu.ph
http://dx.doi.org/10.62071/tmjm.v7i2.720
https://msuiit.edu.ph

	Introduction
	Some Properties of s-Open and Semi–Open Sets
	s-Continuous Functions in the Box Topology
	s-Connected Space and Some Version of Separation Axioms

