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Abstract

This study applies a Bayesian dynamic spatio-temporal modeling (DSTM) framework,
motivated by advection–diffusion processes, to generate short-term probabilistic forecasts of
shortwave radiation (SWR) fields over Mindanao, Philippines. Using the Himawari-9 Level 2
Short Wave Radiation product at 5 km spatial and 10-minute temporal resolution, we model
the latent irradiance field as evolving under a stochastic partial differential equation (SPDE)
with diffusion and time-varying advection components. The continuous formulation is dis-
cretized via a finite-difference scheme, resulting in sparse, linear-Gaussian dynamics suitable
for state-space modeling. Inference is carried out using a Gibbs sampling algorithm that
integrates a fixed-lag ensemble Kalman smoother (EnKS) to efficiently approximate poste-
rior distributions of the high-dimensional latent states. The model is applied to satellite
observations collected, and posterior summaries provide insight into the temporal evolution
of advection parameters, spatial uncertainty, and irradiance exceedance probabilities. Poste-
rior predictive simulations yield short-term forecasts that remain coherent up to 30 minutes
ahead, after which forecast uncertainty increases substantially. Results demonstrate the
potential of the DSTM framework for assimilating satellite data and delivering calibrated
probabilistic nowcasts of irradiance in tropical environments, supporting decision-making in
solar energy operations and other weather-sensitive sectors.

1 Introduction

Short-wave radiation (SWR) plays a key role in connecting Mindanao’s two most climate-
sensitive sectors: electricity generation and agriculture. The Philippine Energy Plan 2023–2050
projects more than 1.5 GW of new utility-scale photovoltaics on the island, raising renew-
able penetration on the Mindanao grid above 50 % by 2030 [8]. Operating a power system
with such weather-dependent generation requires forecasts that resolve the convective cloud
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systems driving minute-scale irradiance ramps and, crucially, that quantify their uncertainty.
Ensemble extensions of the Weather Research and Forecasting model with solar augmentations
(WRF-Solar) already demonstrate that 5 km, 10-min probabilistic irradiance forecasts lower
reserve procurement costs and improve reliability relative to deterministic baselines [16, 29].
Yet the governing transport physics of tropical clouds—advection by low-level winds and diffu-
sion by turbulent mixing—are only crudely represented in existing numerical-weather-prediction
(NWP) post-processing, motivating a Bayesian dynamic spatio-temporal model explicitly rooted
in advection–diffusion dynamics.

Recent literature highlights two key developments relevant to short-term irradiance forecast-
ing. First, ensemble extensions of numerical weather prediction (NWP) models like WRF-Solar
have demonstrated improvements in probabilistic forecasting of solar irradiance at resolutions
suitable for grid operation [16, 29]. However, such approaches typically lack explicit repre-
sentation of the underlying physical processes, particularly the advection–diffusion dynamics
governing cloud-driven irradiance variability. Second, high-resolution satellite data products
such as the Himawari-9 Short Wave Radiation (SWR) product now offer continuous obser-
vations of irradiance fields at 10-minute and 5-kilometer resolution, but these observational
data are rarely integrated within a physically interpretable, probabilistic forecasting frame-
work. This study addresses this gap by developing a Bayesian dynamic spatiotemporal model
explicitly driven by advection–diffusion physics, which assimilates Himawari-9 SWR data to
generate short-term probabilistic forecasts of irradiance fields, providing a physically coherent
and statistically rigorous approach that complements and extends beyond existing deterministic
or purely data-driven methodologies.

Table 1 summarises representative probabilistic solar-irradiance models drawn from recent
literature to clarify how existing work aligns with three complementary developments we in-
tegrate: (i) physics-driven advection–diffusion dynamics, (ii) fully dynamic spatio-temporal
state-space structure, and (iii) ensemble Kalman smoothing within a Bayesian hierarchy. Cali-
brated machine-learning or NWP-ensemble post-processing methods deliver good short-horizon
skill but generally omit an explicit advection–diffusion state-space layer at 5 km/10-min reso-
lution—precisely the gap our framework targets.

The subsequent discussion details a physically motivated spatio-temporal statistical model
that sits within the hierarchical Dynamic Spatio-Temporal Model (DSTM) framework [3, 27, 7].
In a DSTM the joint space–time dependence is induced through a pair of conditional stages—a
process-evolution equation and an observation equation—so that the latent field follows a Gaus-
sian vector autoregressive (VAR) dynamic. This conditional construction bypasses the notorious
difficulty of specifying non-separable space-time covariance functions directly while retaining
full probabilistic coherence. Consequently, DSTMs have become a work-horse for weather-
and climate-scale problems, including multivariate extremes [18, 24] and non-stationary rainfall
fields [21, 14]. The resulting Kalman-filter (or ensemble) algorithms deliver scalable inference,
seamless data assimilation, and automatic propagation of parameter uncertainty—capabilities
that are essential for the 5 km, 10-min short-wave-radiation forecasts targeted in this study.

We include a stochastic advection–diffusion partial differential equation (SPDE) in the pro-
cess layer since variability in cloud-driven irradiance is primarily influenced by wind move-
ment (advection) and local turbulence (diffusion). This approach produces realistic space–time
correlations, clearly reflects physical processes, and—after discretization using finite differ-
ences—results in sparse, linear-Gaussian dynamics compatible with the dynamic spatiotempo-
ral modeling (DSTM) framework [4, 26]. Recent studies indicate that such advection–diffusion
models improve the accuracy of high-resolution precipitation forecasts [14] and form the basis
of advanced solar irradiance prediction systems such as CIADCast [1]. Additionally, Clarotto
et al. [6] demonstrated that accurate approximations to advection–diffusion SPDEs can be ob-
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Table 1: Representative probabilistic solar-irradiance forecasting models

Study Framework Data / resolution / lead Key finding

Zelikman et
al. [30]

NGBoost +
calibration

SURFRAD GHI; 5–60 min Lowest intra-hour CRPS among
tested baselines

Bai et al. [2] Deep ensemble
ConvLSTM

Multi-site GHI; 10–60 min Better CRPS than deterministic
counterparts

Feng et al. [10] PSolarNet
(CNN+BMA)

All-sky images; 10 min 5.62% nRMSE; 2.77% nCRPS at 10
min

Opoku et al. [22] Bayesian copula
regression

FAWN GHI; 15–60 min CRPS cut from 166.2 to 27.7 vs.
baseline

Sigauke et
al. [25]

Spatiotemporal
Gaussian-process
(GP) model

AWS network; 1 h–1 d ≈12% MAE reduction over
benchmarks

Kim et al. [17] WRF-Solar ensemble
+ AnEn

NWP ensemble; ∼3–9 km;
1–36 h

Post-processed ensembles show
higher reliability

tained through a combination of spatial finite element methods and implicit Euler methods for
time discretization.

The high dimensionality of both the observation vector and the latent irradiance field ren-
ders exact Bayesian filtering impractical. We therefore pursue a simulation-based strategy that
integrates data augmentation with a Gibbs–ensemble Kalman smoother (GEnKS). Missing ob-
servations are handled naturally through the data-augmentation principle of [28]. Although joint
state draws could in theory be obtained by the forwards-filtering backwards-sampling (FFBS)
algorithm of [5], its O(Tn3) cost is prohibitive for our n≈2× 104 grid. We instead replace the
exact draw with an approximate sample generated by the ensemble Kalman smoother of [9],
reducing the computational burden to nearly linear in n. All remaining model parameters have
closed-form full conditional distributions, so the resulting sampler coincides with the GEnKS
scheme of [15], delivering accurate posterior summaries at a fraction of the cost of traditional
FFBS.

The remainder of this paper is organised as follows. Section 2 introduces the advec-
tion–diffusion vector-autoregressive process model and explains its physical rationale. The cor-
responding observation equation is described in Section 3. Section 4 completes the hierarchical
specification by assigning prior distributions, while the simulation-based inference strategy is
detailed in Section 5. The methodology is then applied to Himawari-9 short-wave-radiation
data in Section 6. Finally, Section 7 summarises the main findings and outlines directions for
future work. For ease of reference, a summary of the main symbols used throughout the paper
is provided in Table 2 in Appendix A.

2 Process Model

We represent the latent irradiance field over Mindanao as the solution to an advection–diffusion
stochastic partial differential equation (SPDE). Let S ⊂ R2 denote the set of centroids cor-
responding to an nx × ny regular grid covering the island, where each centroid is given by
{(xi, yj)}. Furthermore, let T = {1, . . . , T} index the ten-minute time steps.

For any (s, t) ∈ S×T , the continuous-time irradiance Y (s, t) is governed by the linear SPDE

∂tY = b∇2Y − v(s, t) · ∇Y + ε(s, t), (1)

where b > 0 is the diffusion coefficient, v = (vx, vy)
⊤ is a divergence-free wind field that

facilitates cloud advection, and ε denotes a zero-mean Gaussian process noise.
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Appendix B provides a detailed account of the finite-difference discretisation of (1). Here,
we present the resulting discrete dynamics.

Assuming a spatial step ∆d and a unit time step (∆t = 1), we define

β =
b

∆2
d

, νx =
vx
2∆d

, νy =
vy
2∆d

.

Then, the irradiance at the location (x, y) and time t evolves according to

Yt(x, y) = (1− 4β)Yt−1(x, y) + (β − νx)Yt−1(x+∆d, y) + (β + νx)Yt−1(x−∆d, y)

+ (β − νy)Yt−1(x, y +∆d) + (β + νy)Yt−1(x, y −∆d) + εt(x, y), (2)

where εt(x, y)
i.i.d.∼ N (0, σ2

η). Periodic boundary conditions are applied at the domain edges to
complete the stencil.

2.1 Spatial Dependence Structure

Equation (2) implies a five-point stencil arranged around the central grid cell (x, y) as follows: − β − νy −
β + νx 1− 4β β − νx
− β + νy −

 . (3)

This stencil couples each current cell with its four cardinal neighbours only, yielding a sparse
precision structure that is exploited in Section 5.

2.2 State–Space Representation

Let N = nxny and stack the grid in row-major order to obtain the state vector Yt ∈ RN ,

Yt =
(
Yt(x1, y1), . . . , Yt(xnx , yny)

)⊤
. Write νt = (νx(t), νy(t))

⊤ for the time-varying advection
parameters and collect them in the state equation

Yt = M(νt)Yt−1 + ηt, ηt ∼ N (0, σ2
ηIN ), (4)

where M(νt) encodes the stencil (3) under periodic boundaries. The advection parameters
themselves follow a first-order autoregression

νt = ανt−1 + ξt, ξt ∼ N (0, σ2
νI2), (5)

with |α| < 1 to ensure stationarity. Equations (4)–(5) constitute the Gaussian state-space model
that underpins the Bayesian inference strategy developed in Section 5.

3 Observation Model

This section specifies how measured Short Wave Radiation (SWR) data are linked to the la-
tent irradiance field introduced in Section 2. In practice, some measurements are missing
or discarded due to data-quality issues; hence, the model incorporates missing entries via a
data-augmentation scheme. At each grid cell s=(x, y) ∈ S and time t ∈ T , the observed SWR
Zt(s) is modeled as

Zt(s) = Yt(s) + εt(s), (6)
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where Yt(s) is the latent irradiance from the process model (4) and εt(s) ∼ N (0, σ2
ε) is the

measurement error. To allow for missing or invalid readings, we define:

Zobs
t (s) =

{
Zt(s), if observed,

NA, if missing,

and treat any missing Zt(s) as an unobserved variable Zmis
t (s), which we impute via the condi-

tional distribution
Zmis
t (s)

∣∣ Yt(s), σ2
ε ∼ N

(
Yt(s), σ

2
ε

)
.

This data-augmentation procedure preserves the joint Gaussianity of the observation vector
when some components are missing.

Collecting all spatial locations into Zt = (Zt(s1), . . . , Zt(sn))
⊤ and similarly Yt from (4),

the vectorized observation model is

Zt = Yt + εt, εt ∼ Nn

(
0, σ2

ε In
)
, (7)

where the missing entries of Zt are treated as latent variables. We assume a constant error vari-
ance σ2

ε , reflecting the fairly uniform methodology used to derive SWR from Himawari-9 data;
note that this variance is distinct from the process innovation variance σ2

η and the advection
innovation variance σ2

ν appearing in the state equations. Although errors are taken indepen-
dent across space and time, this can be relaxed if future analyses reveal systematic correlation
patterns.

In summary, the data model closes the hierarchical specification by linking the advec-
tion–diffusion state process of Section 2 to real-world SWR measurements. In combination with
the stochastic process model, this treatment of missing observations enables a fully Bayesian
inference scheme that assimilates irregularly sampled data without sacrificing the Gaussian
structure.

4 Bayesian Hierarchical Specification

With the process model in (4)–(5) and the observation model in (7) in hand, we now collect them
into a single Bayesian hierarchy. Let Z1:T = {Zt}Tt=1 denote the observed (short-wave-radiation)
data, Y0:T = {Yt}Tt=0 the latent irradiance states, and ν0:T = {νt}Tt=0 the time-varying advec-
tion parameters. So we have,

Zt | Yt, σ
2
ε

ind∼ NN

(
Yt, σ

2
εIn
)
,

Yt | Yt−1,νt, σ
2
η

ind∼ NN

(
M(νt)Yt−1, σ

2
ηIN

)
,

νt | νt−1, α, σ
2
ν

ind∼ N2

(
ανt−1, σ

2
νI2
)
, (8)

for t = 1, . . . , T . The process innovations ηt = Yt −M(νt)Yt−1 and advection innovations
ξt = νt − ανt−1 are assumed independent, zero-mean Gaussian, and independent across time:

ηt ∼ NN (0, σ2
ηIN ), ξt ∼ N2(0, σ

2
νI2).

Here σ2
η controls the magnitude of process innovations in the latent irradiance field, σ2

ν governs
the variability of the advection parameters, and σ2

ε (from Section 3) represents measurement-
error variance in the satellite-retrieved SWR. These three variance components play distinct
roles in the hierarchy and are not used interchangeably. For the initial states we specify diffuse
Gaussian priors

Y0 ∼ NN (m0,C0), ν0 ∼ N2(mν0,Cν0),
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where m0,mν0 and C0,Cν0 are chosen to encode vague prior information about irradiance
levels and prevailing wind velocities, respectively. The hierarchy is completed by assigning
prior distributions to Θ; these and the resulting joint posterior density are introduced in the
next subsection.

4.1 Prior Distribution

In keeping with the Gaussian state–space structure, we use weakly informative priors that
respect basic physical constraints. The initial advection vector is assigned

ν0 ∼ N2(0, 0.001 I2),

and the initial irradiance field
Y0 ∼ NN (m0,C0),

where (m0,C0) are obtained from a short pre-training window of Himawari-9 frames and provide
a vague, data-driven prior for the illumination field (see Section 6). The diffusion coefficient is
given a stability-aware prior

β ∼ Unif(0, 0.25),

restricting it to the Courant–Friedrichs–Lewy stable range implied by the finite-difference sten-
cil, while the advection autoregressive parameter follows

α ∼ TN(0.5, 0.01; 0, 1),

favouring moderately persistent yet stationary dynamics. For the variance components we fix
σ2
ε using external Himawari-8/9 validation studies and choose σ2

ν so that the implied variability
in νt corresponds to realistic low-level winds; attempts to estimate all variance terms freely led
to weak identifiability and poor mixing in pilot runs. The state-innovation variance σ2

η is treated
as a tuning parameter and selected from a small grid of candidates using DIC and WAIC in the
empirical application, but the framework can accommodate conjugate Inverse-Gamma priors if
full hierarchical learning is desired.

4.2 Joint Posterior Density

Combining the observation equation (7) with the state dynamics (4) and (5) and the priors spec-
ified above yields the joint posterior distribution of the unknown quantities {Y0:T ,ν0:T , β, α}
given the data Z1:T :

π
(
Y0:T ,ν0:T , β, α | Z1:T

)
∝

T∏
t=1

Nn

(
Zt | Yt, σ

2
εIn
)

︸ ︷︷ ︸
likelihood

×
T∏
t=1

NN

(
Yt |M(νt)Yt−1, σ

2
ηIN

)
︸ ︷︷ ︸

process

×
T∏
t=1

N2

(
νt | ανt−1, σ

2
νI2
)

︸ ︷︷ ︸
advection

×NN (Y0 |m0,C0)N2(ν0 |mν0,Cν0)

×N (β | mβ, vβ) TN(α | mα, vα; 0, 1). (9)
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Define the augmented state vector xt =
(
Y⊤

t , ν
⊤
t

)⊤ ∈ RN+2 and the block matrices

H =
[
IN 0N×2

]
, Gt(β, α) =

[
M(νt) 0N×2

02×N αI2

]
.

Equations (7), (4) and (5) can then be rewritten in the familiar dynamic linear model (DLM)
form

Zt = Hxt + εt, xt = Gt xt−1 +wt,

with εt ∼ N (0, σ2
εIn) and wt =

(
η⊤t , ξ

⊤
t

)⊤
Gaussian and block-diagonal in covariance. Because

the joint distribution of
{
x0:T ,Z1:T

}
is Gaussian, the full conditional density π(Y0:T | ·) (and

analogously π(ν0:T | ·)) is available in closed form and, in moderate dimensions, a draw can
be obtained via the forwards-filtering backwards-sampling (FFBS) algorithm of [12]. In our
application the latent field dimension is N = 124 × 176 = 21,824, so FFBS would require
manipulating 21,824 × 21,824 covariance matrices at every iteration—an intractable burden.
Instead we replace the exact FFBS step with an approximate draw produced by the ensemble
Kalman smoother (EnKS), yielding the Gibbs–EnKS sampler introduced in Section 5. The
remaining full conditional distributions for β and α follow immediately from (9) and admit
direct sampling because both priors are conjugate (Gaussian or truncated Gaussian).

5 Posterior Computation

Inference proceeds by drawing samples from the joint posterior density in (9). Although
closed-form full conditional distributions (FCDs) are available for all unknown quantities, the
high dimensionality of the latent state Y0:T (with N = 21 824 per time point) makes exact
joint sampling via forwards-filtering backwards-sampling (FFBS) computationally prohibitive.
Element-wise updates, while avoiding expensive covariance computations, would lead to slow
mixing. Similarly, designing a global Metropolis–Hastings proposal for the high-dimensional
state would be challenging and likely yield low acceptance rates.

To address these issues, we propose a hybrid strategy: the latent state Y0:T is updated
using a fixed-lag ensemble Kalman smoother (EnKS), which provides an approximate draw
from π(Y0:T | ·), while the advection parameters ν0:T and the static parameters β and α
are updated via their closed-form full conditional distributions. The resulting Gibbs sampler
alternates between the EnKS step for the latent state and direct Gibbs updates for the remaining
parameters, yielding a computationally tractable and efficient scheme. The next subsection
details the EnKS step and its integration into the overall sampler.

5.1 State Sampling using Fixed–lag Ensemble Kalman Smoother

Our state sampling algorithm is based on the ensemble Kalman smoother (EnKS) of [9], which
has proven effective in nonlinear and high-dimensional settings. Key to the successful imple-
mentation of the EnKS is the accurate estimation of the (cross-)covariance matrices needed to
compute the Kalman gain, particularly when the ensemble size Ne is small relative to the state
or observation dimensions. In our approach, these covariance matrices are approximated from
the so-called deterministic ensemble, thereby ensuring robust performance in practice.
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Algorithm 1 Fixed–lag Ensemble Kalman Smoother (EnKS)

Require: Observations Z1:T , ensemble size Ne, lag L, model parameters {νt}, noise variances

σ2
η, σ

2
ε , initial ensemble {Y(j)

0 }
Ne
j=1.

1: for t = 1, . . . , T do

2: Forecast. For each j = 1, . . . , Ne, draw process noise η
(j)
t ∼ N (0, σ2

ηI) and propagate

Y
(j)
t|t−1 = M(νt)Y

(j)
t−1 + η

(j)
t .

3: Generate pseudo-observations

Z
(j)
t|t−1 = Y

(j)
t|t−1 + ε

(j)
t , ε

(j)
t ∼ N (0, σ2

εI).

4: Form ensemble matrices Yf =
[
Y

(1)
t|t−1, . . . ,Y

(Ne)
t|t−1

]
and Zf =

[
Z
(1)
t|t−1, . . . ,Z

(Ne)
t|t−1

]
.

5: Compute ensemble means ȳt and z̄t, and anomaly matrices

Y′ = Yf − ȳt1
⊤, Z′ = Zf − z̄t1

⊤.

6: Compute the Kalman gain

Kt =
1

Ne − 1
Y′Z′⊤

(
1

Ne − 1
Z′Z′⊤ + σ2

εI

)−1

.

7: Analysis update (smoothing). For each lag l = max(1, t− L+ 1), . . . , t:

8: Compute the state anomaly matrix Y′
l from the ensemble {Y(j)

l }
Ne
j=1.

9: Compute the smoother gain

Kl,t =
1

Ne − 1
Y′

lZ
′⊤
(

1

Ne − 1
Z′Z′⊤ + σ2

εI

)−1

.

10: Update the state ensemble at time l:

Y
(j)
l ← Y

(j)
l +Kl,t

(
Zobs
t − Z

(j)
t|t−1

)
, j = 1, . . . , Ne.

11: end for
12: Output: Smoothed ensemble trajectories {Y(j)

0:T }
Ne
j=1.

Algorithm 1 outlines the fixed–lag EnKS procedure. In each assimilation step, an ensemble
of latent states is first propagated forward according to the advection–diffusion process model
(4). Pseudo-observations are then generated using the Gaussian observation model (7), and
ensemble anomalies are computed to estimate the covariance matrices. The Kalman gain is
calculated using a regularised inversion via a Sherman–Morrison–Woodbury scheme, ensuring
computational efficiency. Finally, for a fixed lag L, the analysis update retroactively adjusts
the state estimates over previous time steps to incorporate the new information, yielding a
smoothed ensemble approximation of π(Y0:T | ·). When L = 0 the procedure reduces to the
standard ensemble Kalman filter (EnKF); choosing L > 0 distributes each innovation backward
in time, producing a smoothed ensemble that approximates the joint draw from π(Y0:T | ·)
required by the Gibbs sampler.
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5.2 MCMC Sampling Algorithm

Our MCMC sampling algorithm targets the joint posterior distribution

π
(
Y0:T ,ν0:T , β, α | Z1:T

)

as given in (9). In our Gibbs sampler, the latent state Y0:T is updated using the fixed–lag
ensemble Kalman smoother (EnKS), following the approach in [15]—in which a single state
trajectory is selected uniformly from the ensemble produced by the EnKS. The advection pa-
rameters ν0:T and the static parameters β and α are then updated from their closed–form full
conditional distributions (see Appendix C).

Algorithm 2 Gibbs Sampling for the Joint Posterior

Require: Data Z1:T , initial values Y
(0)
0:T , ν

(0)
0:T , β

(0), α(0), number of iterations K.
1: for k = 1, . . . ,K do

2: State update: Sample Y
(k,1:Ne)
0:T from Y

(k)
0:T ∼ π

(
Y0:T | Z1:T ,ν

(k−1)
0:T , β(k−1), α(k−1)

)
using the Algorithm 1, and set Y

(k)
0:T = Y

(k,l)
0:T for a j sampled uniformly at random from

{1, . . . , Ne}
3: Advection update: For each t = 0, . . . , T , sample

ν
(k)
t ∼ π

(
νt | Y(k)

0:T , β
(k−1), α(k−1),Z1:T

)
.

4: Static parameters update: Sample

β(k) ∼ π
(
β | Y(k)

0:T ,ν
(k)
0:T ,Z1:T

)
and

α(k) ∼ π
(
α | Y(k)

0:T ,ν
(k)
0:T ,Z1:T

)
.

5: end for
6: Output: Posterior samples {Y(k)

0:T ,ν
(k)
0:T , β

(k), α(k)}Kk=1.

Despite the serial nature of Gibbs samplers, we achieved substantial runtime reductions by
parallelising the EnKS computations within each iteration. The EnKS core is implemented in
Julia and called from a Python driver that handles the remaining Gibbs updates. All experi-
ments were run on a Paperspace Linux server with a single Intel® Xeon Gold 6226R CPU (12
cores at 2.9GHz) and 16GB RAM. For the Mindanao experiment (N = 21,824, T = 29, ensem-
ble size Nens = 100), 2,000 GEnKS iterations (with 1,000 burn-in) required approximately 3–4
hours of wall-clock time and comfortably fit within the available memory; storing 500 thinned
posterior draws of the latent fields and advection parameters occupied about 2.5GB of com-
pressed disk space. Since the dominant EnKS operations scale approximately linearly in N
and T under the sparse stencil, the framework can be extended to moderately larger or more
frequent grids, or to near-real-time operation, by modestly increasing computing resources or
reducing the ensemble size.
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Figure 1: Posterior distributions of the advection parameters νx (left panel) and νy (right
panel). The shaded regions represent the 95% credible intervals computed from the posterior
samples (excluding the last time point), and the solid lines indicate the posterior means. This
visualization summarizes the evolution of the advection parameters over time.

6 Empirical Application to Himawari-9 Shortwave Radiation
over Mindanao

This study employs the Short Wave Radiation (SWR) Level 2 product Version 2.1 derived from
Himawari-9 data provided by the P-Tree System, Japan Aerospace Exploration Agency (JAXA).
The SWR data, expressed in watts per square meter (Wm−2), cover the full-disk observation
area with a spatial resolution of 5 km and temporal resolution of 10 minutes. Specifically,
data corresponding to April 4, 2025, spanning from 00:00 to 23:50 UTC, were downloaded and
subsequently subsetted to the geographic extent covering Mindanao, Philippines, defined by
the bounding coordinates 4.47◦N to 10.67◦N latitude and 117.86◦ E to 126.66◦ E longitude.
The Himawari-9 SWR product relies on algorithms detailed in Frouin and Murakami [11] and
utilizes ancillary ozone data sourced from the Japan Meteorological Agency’s global chemical
transport model MRI-CCM2 [13]. The product employed, originally developed for Himawari-8,
incorporates vicarious calibration coefficients updated in Version 2.1 to enhance the temporal
accuracy of irradiance estimates.

For model training and evaluation, the dataset was partitioned temporally into two segments
following Philippine Standard Time (PST). The training set spans from 9:00AM to 2:00PM
PST, and the test set covers from 2:00PM to 3:00PM PST, both on April 4, 2025. Consequently,
the resulting length of the training time series is T = 29 time steps, with each time step
comprising N = 124× 176 = 21, 824 spatial observations.

Our primary objective is to infer the latent irradiance field at ground level. Since direct
ground truth observations are unavailable, we account for the measurement uncertainty of
the satellite-derived irradiance by fixing the observation error variance to σ2

ε = 1200, corre-
sponding to a standard deviation of about 35Wm−2. This choice is informed by Himawari-
8/9 validation studies, which report typical midday uncertainties in the range 30–100W/m2

[19, 20]. The remaining priors follow Section 4.1: ν0 ∼ N (0, 0.001 I2), β ∼ Unif(0, 0.25), and
α ∼ TN(0.5, 0.01; 0, 1). For the initial latent field Y0, we adopt a data-driven strategy analo-
gous to Primiceri [23], using a short pre-training period to form an empirical mean image and
adding Gaussian perturbations from N (0, 5000 I) to encode vague but finite uncertainty around
this mean.

To determine an appropriate value for the innovation variance parameter σ2
η, we considered
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three candidate values: σ2
η ∈ {500, 800, 1200}. Posterior draws were obtained using the MCMC

algorithm described in Section 5, consisting of 2000 iterations, with the first 1000 iterations
discarded as burn-in. Convergence was assessed through visual inspection of the trace plots
of the complete data log-likelihood, the static parameters, and a randomly selected subset of
latent states.

Figure 2: Spatiotemporal summary of the posterior latent irradiance field at six selected time
points (t = 5, 10, 15, 20, 25, 29). Rows show: (top) radar observations, (second) posterior mean
E(Yt(x, y) | Z), (third) posterior standard deviation SD(Yt(x, y) | Z), and (bottom) exceedance
probability Pr(Yt(x, y) > 400 | Z).

Model fit was evaluated using DIC and WAIC. Both criteria strongly favored the model
with σ2

η = 500, which yielded the lowest values for DIC and WAIC among the candidates (DIC
= 1.87× 109; WAIC = 1.87× 109). These results indicate that a lower innovation variance
provides a better balance between model fit and complexity in capturing the underlying spatio-
temporal dynamics of the irradiance field. The posterior mean and standard deviation for the
autoregressive parameter α are E(α | Z) = 0.84 and SD(α | Z) = 0.05, with a 95% highest
density interval (HDI) of [0.74, 0.94], indicating strong temporal persistence in the evolution
of the advection parameters. For the diffusion coefficient β, we obtain a posterior mean of
E(β | Z) = 0.23 and standard deviation SD(β | Z) = 0.0022, with a narrow 95% HDI of
[0.23, 0.23], suggesting high certainty in the estimation of the spatial smoothing effect induced
by the diffusion mechanism.

The time-varying posterior estimates of the advection parameters νt = (νx,t, νy,t)
⊤ are shown

in Figure 1, where shaded regions represent the 95% pointwise credible intervals and the solid
lines indicate the posterior means. The νx component (left panel) fluctuates around zero for
the first half of the window, exhibiting both positive and negative excursions, before gradually
increasing and attaining more positive values toward the latter time steps. This behavior sug-
gests minor east–west transport effects in the early hours, transitioning to stronger eastward
tendencies closer to noon. In contrast, νy (right panel) displays a more stable pattern, with
predominantly negative values throughout the window, indicating persistent southward advec-
tion. However, a gradual upward trend is observed after t = 15, with νy approaching closer to
zero by the final time steps. The dynamic evolution captured here reflects the spatiotemporal
variability of the advective effects governing the latent irradiance field over Mindanao during
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Figure 3: Posterior predictive distribution of shortwave radiation (SWR) forecasts over Min-
danao. The top row shows actual radar-based SWR observations at forecast horizons of +10 to
+60 minutes. The second and third rows display the posterior predictive mean and standard
deviation, respectively. The last three rows present three representative predictive draws from
the posterior predictive distribution, highlighting spatial variability and forecast uncertainty.

the modeled period.

Figure 2 provides a spatiotemporal summary of the posterior latent irradiance field across
selected time points, offering insight into both the central tendency and uncertainty of the in-
ferred surface-level shortwave radiation. The posterior mean E(Yt(x, y) | Z) (second row) closely
mirrors the spatial structure of the observed data (top row), capturing key irradiance gradients
and cloud-shadowed regions while exhibiting smoother patterns due to model regularization.
The posterior standard deviations (third row) remain relatively low (mostly below 20 W/m²),
indicating high certainty in the state estimates across most locations and time points, although
uncertainty increases slightly in areas with substantial missingness or abrupt spatial transitions.
The bottom row displays the posterior probability Pr(Yt(x, y) > 400 | Z), revealing well-defined
high-irradiance regions—shown in yellow—that persist throughout the day and align well with
expected clear-sky conditions. These summaries illustrate the model’s ability to yield spatially
coherent irradiance fields while quantifying uncertainty and enabling probabilistic interpretation
of threshold exceedance.

Figure 3 presents spatial posterior predictive forecasts for radar-based shortwave radiation
(SWR) over Mindanao at six forecast horizons: +10, +20, +30, +40, +50, and +60 minutes.
The top row displays the actual radar observations, serving as a reference. The second and
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Figure 4: Spatial and temporal evaluation of forecast performance. Panels (a)–(b) show the
spatial distribution of MSPE and CRPS averaged over lead times; panels (c)–(d) display the
evolution of domain-averaged MSPE and CRPS across forecast horizons from +10 to +60
minutes.

third rows summarize the forecast distribution via the posterior predictive mean and standard
deviation, respectively, while the last three rows illustrate three representative predictive draws.
These forecasts are generated by forward simulation from the fitted hierarchical model (8). Ag-
gregated over the one-hour hold-out period, the domain-averaged mean squared prediction error
(MSPE) increases from about 3.1×104 (Wm−2)2 at +10 minutes to roughly 4.0×104 (Wm−2)2

at +30 minutes, with a sharper rise thereafter; the corresponding Continuous Ranked Proba-
bility Score (CRPS) grows from approximately 100 to 160 Wm−2 over the same range and
continues to worsen beyond +30 minutes. Figure 4 summarises these patterns spatially and
by lead time. Together, these diagnostics confirm that the model delivers reliable probabilis-
tic nowcasts up to about +30 minutes, with forecast uncertainty and loss of spatial coherence
becoming pronounced at longer lead times.

7 Conclusions

In this study, we developed a Bayesian dynamic spatio-temporal model for short-term probabilis-
tic forecasting of shortwave radiation (SWR) fields over Mindanao. Our approach integrates an
advection–diffusion process, informed by the physical dynamics of cloud movement and turbu-
lent mixing, with a hierarchical model that assimilates satellite-derived observations through a
Gaussian state-space formulation. A computationally efficient Gibbs sampler—incorporating
a fixed-lag ensemble Kalman smoother—was used to perform posterior inference on high-
dimensional latent states and time-varying advection parameters. Posterior summaries revealed
strong temporal persistence in advection dynamics and spatial coherence in the recovered latent
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irradiance fields, with reliable nowcasts up to 30 minutes.
For future work, several methodological extensions can be considered. First, alternative

MCMC sampling algorithms may be explored to improve posterior sample mixing and con-
vergence, especially for static parameters where autocorrelation remains high. Second, differ-
ent classes of stochastic partial differential equations (SPDEs) may be investigated to better
reflect physical processes beyond advection–diffusion, including those with non-stationary or
anisotropic components. Lastly, the model could be expanded to incorporate additional covari-
ates such as cloud optical depth, relative humidity, or topography, either as predictors in the
observation equation (through additive regression terms) or as forcings in the process layer that
modulate the local drift and diffusion coefficients. This would retain the existing hierarchical
structure while enabling more flexible and accurate forecasts under varying meteorological con-
ditions. These extensions will further enhance the applicability of the proposed framework for
operational solar energy forecasting and broader environmental modeling tasks.

A Notation Summary

This section summarises the main symbols and notation used throughout the paper for quick
reference.

Table 2: Summary of main notation used in the model

Symbol Description

Yt(s) Latent irradiance at location s and time t
Zt(s) Observed SWR at location s and time t
Yt Vector of latent irradiance over all locations at time t
Zt Vector of observations over all locations at time t

νt = (νx,t, νy,t)
⊤ Advection parameters (scaled wind components) at time t

β Scaled diffusion coefficient in the advection–diffusion stencil
M(νt) Sparse transition matrix implied by the five-point stencil and advection parameters
ηt Process innovations in the latent field, variance σ2

η

ξt Innovations in the advection process, variance σ2
ν

εt(s), εt Measurement error at location s (or vector form), variance σ2
ε

α Autoregressive coefficient in the advection dynamics
N = nxny Total number of spatial grid cells
Nens Ensemble size used in the EnKS

B Finite–Difference Discretization of the Advection–Diffusion
SPDE

To derive the discrete evolution equation from the continuous advection–diffusion equation (2),
we approximate equation (1) using the forward-time centered-space (FTCS) method. Consider
a regular lattice with spatial step size ∆d ≡ ∆x = ∆y and a unit temporal step ∆t = 1.

First, we express the advection term in two dimensions as

−v · ∇Y = −vx
∂Y

∂x
− vy

∂Y

∂y
. (10)

Next, we approximate the required partial derivatives using finite differences. For the tem-
poral derivative, we use a forward difference:

∂Y

∂t
≈ Yt+1(x, y)− Yt(x, y)

∆t
. (11)
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For the second-order spatial (diffusion) terms, we use the centered difference approximation:

∂2Y

∂x2
≈ Yt(x+∆d, y)− 2Yt(x, y) + Yt(x−∆d, y)

(∆d)2
, (12)

∂2Y

∂y2
≈ Yt(x, y +∆d)− 2Yt(x, y) + Yt(x, y −∆d)

(∆d)2
. (13)

Similarly, the first-order spatial (advection) derivatives are approximated by

∂Y

∂x
≈ Yt(x+∆d, y)− Yt(x−∆d, y)

2∆d
, (14)

∂Y

∂y
≈ Yt(x, y +∆d)− Yt(x, y −∆d)

2∆d
. (15)

Substituting these finite-difference approximations into the continuous advection–diffusion
equation (1), we obtain

Yt+1(x, y)− Yt(x, y)

∆t
= b

(
∂2Y

∂x2
+

∂2Y

∂y2

)
− vx

∂Y

∂x
− vy

∂Y

∂y
+ ϵt(x, y). (16)

Assuming ∆t = 1 for simplicity, substituting equations (12)–(15) into (16) yields

Yt+1(x, y) = Yt(x, y) + b

(
Yt(x+∆d, y)− 2Yt(x, y) + Yt(x−∆d, y)

(∆d)2

+
Yt(x, y +∆d)− 2Yt(x, y) + Yt(x, y −∆d)

(∆d)2

)

− vx
Yt(x+∆d, y)− Yt(x−∆d, y)

2∆d
− vy

Yt(x, y +∆d)− Yt(x, y −∆d)

2∆d
+ ϵt(x, y).

(17)

To simplify the notation, we define

β =
b

(∆d)2
, νx =

vx
2∆d

, νy =
vy
2∆d

. (18)

Substituting these definitions into (17), the evolution equation becomes

Yt+1(x, y) = Yt(x, y) + β
(
Yt(x+∆d, y)− 2Yt(x, y) + Yt(x−∆d, y)

+ Yt(x, y +∆d)− 2Yt(x, y) + Yt(x, y −∆d)
)

− νx

(
Yt(x+∆d, y)− Yt(x−∆d, y)

)
− νy

(
Yt(x, y +∆d)− Yt(x, y −∆d)

)
+ ϵt(x, y).

(19)

Grouping like terms, we finally obtain the discrete evolution equation in its compact form

Yt+1(x, y) = (1− 4β)Yt(x, y) + (β − νx)Yt(x+∆d, y) + (β + νx)Yt(x−∆d, y)

+ (β − νy)Yt(x, y +∆d) + (β + νy)Yt(x, y −∆d) + ϵt(x, y). (20)
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C Full Conditional Distributions (FCD)

This appendix provides a complete derivation of the full conditional distributions required in
the posterior sampling procedure.

C.1 Advection Parameter FCD

In this subsection, we derive the full conditional distribution for the advection parameter vector
νt = (νx,t, νy,t)

⊤, for each time step t = 0, . . . , T . We initially provide a detailed derivation for
the general case t = 1, . . . , T − 1, and subsequently outline the special cases for the initial time
(t = 0) and final time (t = T ).

C.1.1 General Case

For the general case t = 1, . . . , T − 1, the full conditional distribution for νt is proportional to
the product of the following three densities:

• the process model for νt given by p(νt | νt−1, α, σ
2
ν);

• the process model for νt+1 given by p(νt+1 | νt, α, σ2
ν); and

• the latent field process model for Yt+1 given by p(Yt+1 | Yt, β,νt, σ
2
η).

Explicitly, we have

p(νt | ·) ∝ p(νt | νt−1, α, σ
2
ν) p(νt+1 | νt, α, σ2

ν) p(Yt+1 | Yt, β,νt, σ
2
η)

∝ exp

(
− 1

2σ2
ν

∥νt − ανt−1∥2
)
exp

(
− 1

2σ2
ν

∥νt+1 − ανt∥2
)

× exp

(
− 1

2σ2
η

N∑
i=1

(Yt+1,i − µt,i)
2

)
, (21)

where the conditional mean µt,i is given by the discretized advection–diffusion model:

µt,i = (1− 4β)Yt,i + (β − νx,t)Yt,j1 + (β + νx,t)Yt,j2 + (β − νy,t)Yt,j3 + (β + νy,t)Yt,j4 .

Here, j1, j2, j3, j4 denote indices of the right, left, up, and down neighbors of location i.
Expanding the quadratic terms:

p(νt|·) ∝ exp

(
− 1

2σ2
ν

(ν⊤
t νt − 2αν⊤

t−1νt)−
1

2σ2
ν

(α2ν⊤
t νt − 2αν⊤

t+1νt)

− 1

2σ2
η

N∑
i=1

(Yt+1,i − µt,i)
2

)
(22)

Now, we focus on the last term of (22). We can expand it as

N∑
i=1

(Yt+1,i − µt,i)
2 =

N∑
i=1

(Yt+1,i − (1− 4β)Yt,i − (β − νx,t)Yt,j1 − (β + νx,t)Yt,j2

− (β − νy,t)Yt,j3 − (β + νy,t)Yt,j4)
2

=

N∑
i=1

(Ai − νx,tBi − νy,tCi)
2 (23)
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where

Ai = Yt+1,i − (1− 4β)Yt,i − β(Yt,j1 + Yt,j2 + Yt,j3 + Yt,j4)

Bi = Yt,j2 − Yt,j1

Ci = Yt,j4 − Yt,j3

Expanding this quadratic term (23), we have

N∑
i=1

(Ai − νx,tBi − νy,tCi)
2 =

N∑
i=1

(A2
i + ν2x,tB

2
i + ν2y,tC

2
i − 2Aiνx,tBi − 2Aiνy,tCi + 2νx,tνy,tBiCi)

=

N∑
i=1

A2
i + ν2x,t

N∑
i=1

B2
i + ν2y,t

N∑
i=1

C2
i − 2νx,t

N∑
i=1

AiBi − 2νy,t

N∑
i=1

AiCi

+ 2νx,tνy,t

N∑
i=1

BiCi

= A⊤A+ ν2x,tB
⊤B+ ν2y,tC

⊤C− 2νx,tA
⊤B− 2νy,tA

⊤C+ 2νx,tνy,tB
⊤C

= A⊤A+ [νx,t, νy,t]

[
B⊤B B⊤C
C⊤B C⊤C

] [
νx,t
νy,t

]
− 2[νx,t, νy,t]

[
B⊤A
C⊤A

]
= A⊤A+ ν⊤

t R⊤Rνt − 2ν⊤
t R⊤A

= ν⊤
t R⊤Rνt − 2A⊤Rνt +A⊤A (24)

where R = [B,C] is an N × 2 matrix with columns B and C, and A is the vector of Ai values.
Incorporating (24) to (22), we have

p(νt|·) ∝ exp

(
− 1

2σ2
ν

(ν⊤
t νt − 2αν⊤

t−1νt)−
1

2σ2
ν

(α2ν⊤
t νt − 2αν⊤

t+1νt)

− 1

2σ2
η

(ν⊤
t R⊤Rνt − 2A⊤Rνt +A⊤A)

)

∝ exp

(
− 1

2σ2
ν

(ν⊤
t νt − 2αν⊤

t−1νt)−
1

2σ2
ν

(α2ν⊤
t νt − 2αν⊤

t+1νt)

− 1

2σ2
η

(ν⊤
t R⊤Rνt − 2A⊤Rνt)

)

= exp

(
− 1

2σ2
ν

ν⊤
t νt +

1

σ2
ν

αν⊤
t−1νt −

1

2σ2
ν

α2ν⊤
t νt +

1

σ2
ν

αν⊤
t+1νt

− 1

2σ2
η

ν⊤
t R⊤Rνt −

1

σ2
η

A⊤Rνt)

)

= exp

(
− 1

2
ν⊤
t

(
νt
σ2
ν

+
α2νt
σ2
ν

+
R⊤Rνt

σ2
η

)
+

(
αν⊤

t−1

σ2
ν

+
αν⊤

t+1

σ2
ν

+
A⊤R

σ2
η

)
νt

)

= exp

(
− 1

2
ν⊤
t

(
1 + α2

σ2
ν

I+
R⊤R

σ2
η

)
νt + ν⊤

t

(
ανt−1

σ2
ν

+
ανt+1

σ2
ν

+
R⊤A

σ2
η

))

= exp

(
− 1

2
ν⊤
t

(
1 + α2

σ2
ν

I+
R⊤R

σ2
η

)
νt + ν⊤

t

(
α

σ2
ν

(νt−1 + νt+1) +
R⊤A

σ2
η

))
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Collecting all terms involving νt

p(νt|·) ∝ exp

(
− 1

2
ν⊤
t

(
1 + α2

σ2
ν

I+
1

σ2
η

R⊤R

)
νt

+ ν⊤
t

(
α

σ2
ν

(νt−1 + νt+1) +
1

σ2
η

R⊤A

))

This is a quadratic form in νt, indicating a Gaussian distribution. We define

Qν,t =
1 + α2

σ2
ν

I+
1

σ2
η

R⊤R (25)

bν,t =
α

σ2
ν

(νt−1 + νt+1) +
1

σ2
η

R⊤A (26)

Therefore, the full conditional distribution is:

p(νt|·) ∼ N (Q−1
ν,tbν,t,Q

−1
ν,t )

C.1.2 Initial Condition

At t = 0 only the forward transition is present and the prior is given by

ν0 ∼ N2

(
mν0,Cν0

)
.

Thus, from the forward transition we have

p
(
ν1 | ν0

)
∝ exp

{
− 1

2σ2
ν

∥∥∥ν1 − αν0

∥∥∥2}.
Define A0 and R0 as the counterparts of A and R using data at t = 0; that is, for each spatial
index i

A0,i = Y1,i − (1− 4β)Y0,i − β
(
Y0,j1 + Y0,j2 + Y0,j3 + Y0,j4

)
,

and R0 is the N × 2 matrix with columns defined by

B0,i = Y0,j2 − Y0,j1 , and C0,i = Y0,j4 − Y0,j3 .

Then, by similar derivations as for the general case (see Section C.1.1), the kernel of the full
conditional distribution for ν0 becomes

ν0 | · ∝ exp

{
−1

2

[
ν⊤
0

( 1

σ2
η

R⊤
0 R0 +

α2

σ2
ν

I2 +C−1
ν0

)
ν0 − 2ν⊤

0

( 1

σ2
η

R⊤
0 A0 +

α

σ2
ν

ν1 +C−1
ν0 mν0

)]}
.

Thus, the full conditional distribution for ν0 is

ν0 | · ∼ N2

(
µ0,Σ0

)
,

with

Σ0 =
( 1

σ2
η

R⊤
0 R0 +

α2

σ2
ν

I2 +C−1
ν0

)−1
, µ0 = Σ0

( 1

σ2
η

R⊤
0 A0 +

α

σ2
ν

ν1 +C−1
ν0 mν0

)
.
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C.1.3 Terminal Condition

At t = T only the backward evolution is present,

p(νT | ·) ∝ exp

{
− 1

2σ2
ν

∥νT − aνT−1∥2
}
,

which directly yields

νT | · ∼ N2

(
aνT−1, σ

2
ν I2

)
.

C.2 Diffusion Parameter FCD

The full conditional distribution for the diffusion parameter β is proportional to the product of
the likelihood from the latent field process model and the prior for β. That is,

p(β | ·) ∝

[
T∏
t=1

p(Yt | Yt−1, β,νt−1, σ
2
η)

]
× p(β). (27)

Expanding the right-hand side, we obtain

p(β | ·) ∝ exp

{
− 1

2σ2
η

T∑
t=1

N∑
i=1

(
Yt(i)− µt(i)

)2}

× exp

{
− 1

2vβ

(
β −mβ

)2}
. (28)

Here, the conditional mean µt(i) for the latent state at location i is given by the discretized
evolution equation:

µt(i) = (1− 4β)Yt−1(i) + (β − νx,t−1)Yt−1(j1) + (β + νx,t−1)Yt−1(j2)

+ (β − νy,t−1)Yt−1(j3) + (β + νy,t−1)Yt−1(j4). (29)

To simplify the exposition, we rewrite the residual (Yt(i)− µt(i)) in the compact form:

Yt(i)− µt(i) = At(i)− β Bt(i), (30)

where

At(i) = Yt(i)− Yt−1(i) + νx,t−1

[
Yt−1(j2)− Yt−1(j1)

]
+ νy,t−1

[
Yt−1(j4)− Yt−1(j3)

]
, (31)

Bt(i) = −4Yt−1(i) + Yt−1(j1) + Yt−1(j2) + Yt−1(j3) + Yt−1(j4). (32)

Substituting (30) into (28) and expanding the square yields

p(β | ·) ∝ exp

{
− 1

2σ2
η

T∑
t=1

N∑
i=1

[
At(i)

2 − 2At(i)Bt(i)β +Bt(i)
2β2
]

− 1

2vβ

(
β2 − 2mββ +m2

β

)}
. (33)
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Collecting the terms that are quadratic and linear in β, we define the precision and the
associated weighted sum as follows:

Qβ =
1

σ2
η

T∑
t=1

N∑
i=1

Bt(i)
2 +

1

vβ
,

bβ =
1

σ2
η

T∑
t=1

N∑
i=1

At(i)Bt(i) +
mβ

vβ
.

Thus, the kernel in (33) can be written as

p(β | ·) ∝ exp

{
−1

2

[
Qβ β

2 − 2bβ β
]}

. (34)

Recognizing the kernel of a univariate Gaussian distribution, we conclude that the full
conditional distribution for β is

β | · ∼ N
(

bβ
Qβ

,
1

Qβ

)
.

C.3 Autoregressive Parameter FCD

The full conditional distribution for α is proportional to the product of the transition densities
for the advection parameters and the prior for α. That is,

p(α | ·) ∝

[
T∏
t=1

p
(
νt | νt−1, α, σ

2
ν

)]
× p(α), (35)

where for each t = 1, . . . , T the transition density is given by

p
(
νt | νt−1, α, σ

2
ν

)
∝ exp

{
− 1

2σ2
ν

∥∥∥νt − ανt−1

∥∥∥2},
and the prior for α is assumed to be Gaussian (truncated on the interval (0, 1)),

p(α) ∝ exp

{
− 1

2vα

(
α−mα

)2}
I(0,1)(α).

Expanding the likelihood term in (35), we have

p(α | ·) ∝ exp

{
− 1

2σ2
ν

T∑
t=1

(
νt − ανt−1

)⊤(
νt − ανt−1

)}

× exp

{
− 1

2vα

(
α−mα

)2}
I(0,1)(α). (36)

Expanding the quadratic form in the exponent, we obtain

T∑
t=1

(
νt − ανt−1

)⊤(
νt − ανt−1

)
=

T∑
t=1

[
ν⊤
t νt − 2αν⊤

t νt−1 + α2 ν⊤
t−1νt−1

]
.
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Thus, equation (36) becomes

p(α | ·) ∝ exp

{
− 1

2σ2
ν

T∑
t=1

[
ν⊤
t νt − 2αν⊤

t νt−1 + α2 ν⊤
t−1νt−1

]
− 1

2vα

(
α2 − 2αmα +m2

α

)}
I(0,1)(α).

Collecting the terms involving α, we can write

p(α | ·) ∝ exp

{
−1

2

[(
1

σ2
ν

T∑
t=1

ν⊤
t−1νt−1 +

1

vα

)
α2

− 2

(
1

σ2
ν

T∑
t=1

ν⊤
t νt−1 +

mα

vα

)
α

]}
I(0,1)(α). (37)

Defining the precision and weighted sum as

Qα =
1

σ2
ν

T∑
t=1

ν⊤
t−1νt−1 +

1

vα
,

bα =
1

σ2
ν

T∑
t=1

ν⊤
t νt−1 +

mα

vα
,

the kernel in equation (37) becomes

p(α | ·) ∝ exp

{
−1

2

[
Qα α

2 − 2bα α
]}

I(0,1)(α). (38)

Equation (38) corresponds to the kernel of a normal distribution, except that the support is
truncated to the interval (0, 1). Therefore, the full conditional distribution for α is a truncated
normal distribution:

α | · ∼ TN

(
bα
Qα

,
1

Qα
; 0, 1

)
,

which completes the derivation.
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