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Abstract5

In this paper, we introduced and characterized a new class of open set called θβ-open6

set. Notably, the collection of all θβ-open sets forms a topology. We then examined the7

relationship between θβ-open sets and other well-known concepts, such as classical open8

sets, θ-open sets, and β-open sets. Additionally, we defined and investigated the concepts9

of θβ-interior and θβ-closure of a set, as well as θβ-open functions, θβ-closed functions,10

θβ-continuous functions, and θβ-connectedness. Finally, we present characterizations of θβ-11

continuous functions from an arbitrary topological space into the product space, along with12

some versions of separation axioms.13

1 Introduction and Preliminaries14

Over time, numerous mathematicians have been drawn to the idea of refining or expanding15

classical topological concepts by replacing them with alternatives that possess either weaker or16

stronger properties. This approach can be traced back to Levine [16] in 1963 when he introduced17

the concepts of semi-open and semi-closed sets, as well as semi-continuity for functions. This18

pioneering idea led to the development of new results, many of which serve as generalizations19

of established theories.20

In 1968, Velicko [21] introduced the concepts of θ-closure and θ-interior for subsets of a21

topological space, and subsequently defined the notion of θ-continuity for functions in topological22

spaces. Several authors then have obtained results related to θ-open sets, see [1, 4, 5, 6, 7, 8].23

Let (X,T) be a topological space and A ⊆ X. The θ-closure and θ-interior of A are,24

respectively, denoted and defined by25

Clθ(A) = {x ∈ X : Cl(U) ∩A ̸= ∅ for every open set U containing x}26

and27

Intθ(A) = {x ∈ X : Cl(U) ⊆ A for some open set U containing x},28
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where Cl(U) is the closure of U in X. A subset A of X is θ-closed if Clθ(A) = A and θ-open if29

Intθ(A) = A. Equivalently, A is θ-open if and only if X \ A is θ-closed. It is known that the30

collection Tθ of all θ-open sets forms a topology on X, which is strictly coarser that T.31

In 1983, El-Monsef et al. [10] introduced the concept of β-open sets and expanded the32

theory by defining and characterizing β-continuous functions and β-open mappings. Several33

papers have studied the concepts of β-open sets and its corresponding topological concepts,34

such as [3, 11, 18].35

A subset A of a topological space (X,T) is said to be β-open if A ⊆ Cl(Int(Cl(A))). The36

complement of β-open is called β-closed set. For a given subset A of a topological space (X,T),37

βCl(A) = A ∪ Int(Cl(Int(A))) [11]. Moreover, the union of all β-open sets in X that are38

contained in A is called β-interior of A and is denoted by βInt(A) [11]. Equivalently, A is39

β-open (resp., β-closed) if and only if A = βInt(A) (resp., A = βCl(A)). It is worth noting40

that the collection of all β-open sets is not necessarily a topology on X.41

A topological space (X,T) is said to be connected (resp., θ-connected, β-connected [19]) if42

X cannot be written as the union of two nonempty disjoint open (resp., θ-open, β-open) sets.43

Otherwise, (X,T) is disconnected (resp., θ-disconnected, β-disconnected). Furthermore, it has44

been shown in [13] that β-connected ⇒ connected.45

It is known that Intθ(A) is the largest θ-open set contained in A and Clθ(A) is the smallest46

θ-closed set containing A [14]. Moreover, x ∈ Intθ(A) if and only if there exists an open set U47

containing x such that Cl(U) ⊆ A and x ∈ Clθ(A) (resp., x ∈ βCl(A)) if and only if for every48

open set (resp., β-open set) U containing x, Cl(U) ∩A ̸= ∅ [21] (resp., U ∩A ̸= ∅ [11]).49

Let A be an indexing set and {Yα : α ∈ A} be a family of topological spaces. For each α ∈ A,50

let Tα be the topology on Yα. The Tychonoff topology on {Yα : α ∈ A} is the topology generated51

by a subbase consisting of all sets ⟨Uα⟩ = p−1
α (Uα), where pα :

∏
{Yα : α ∈ A} → Yα, the αth52

coordinate projection map is defined by pα(⟨Yβ⟩) = yα, Uα ranges over all members of Tα, and53

α ranges over all elements of A. Corresponding to Uα ⊆ Yα, denote p
−1
α (Uα) by ⟨Uα⟩. Similarly,54

for finitely many indices α1, α2, · · · , αn and sets Uα1 ⊆ Yα1 , Uα2 ⊆ Yα2 , · · · , Uαn ⊆ Yαn , the55

subset56

⟨Uα1⟩ ∩ ⟨Uα2⟩ ∩ · · · ∩ ⟨Uαn⟩ = p−1
α (Uα1) ∩ p−1

α (Uα2) ∩ · · · ∩ p−1
α (Uαn)57

is denoted by ⟨Uα1 , Uα2 , · · · , Uαn⟩. We note that for each open set Uα subset of Yα, ⟨Uα⟩ =58

p−1
α (Uα) = Uα×

∏
β ̸=α Yβ. Hence, a basis for the Tychonoff topology consists of sets of the form59

⟨Bα1 , Bα2 , · · · , Bαk
⟩, where Bαi is open in Yαi for every i ∈ K = {1, 2, · · · , k}.60

Now, the projection map pα :
∏
{Yα : α ∈ A} → Yα is defined by pα(⟨yβ⟩) = yα for each61

α ∈ A. It is known that every projection map is a continuous open surjection. Also, it is well62

known that a function f from an arbitrary space X into the Cartesian product Y of the family63

of spaces {Yα : α ∈ A} with the Tychonoff topology is continuous if and only if each coordinate64

function pα ◦ f is continuous, where pα is the α-th coordinate projection map.65

In this paper, we introduced the concept of θβ-open sets and explore their relationships66

with other well-established concepts in topology, including classical open sets, θ-open sets, and67

β-open sets. Some topological concepts related to θβ-open sets are also defined and studied.68

2 θβ-Open and θβ-Closed Functions69

In this section, we define and characterize the concepts of θβ-open and θβ-closed functions.70

Throughout this paper, if no confusion arise, let X and Y be topological spaces.71

Definition 2.1. Let X be a topological space. A subset A of X is said to be θβ-open if for all72

x ∈ A, there exists an open set U containing x such that βCl(U) ⊆ A. A subset F of X is said73

to be θβ-closed if its complement X \ F is θβ-open.74
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Theorem 2.2. Let X be a topological space and A ⊆ X. Then the following holds:75

(i) If A is θ-open, then A is θβ-open.76

(ii) If A is θβ-open, then A is open.77

Proof. (i) Let A be θ-open and let x ∈ A. Then there exists an open set U containing x such78

that Cl(U) ⊆ A. Moreover, βCl(U) ⊆ Cl(U) ⊆ A, see [2, Diagram I]. Thus, A is θβ-open.79

(ii) Suppose that A is θβ-open and let x ∈ A. By Definition 2.1, there exists an open set U80

containing x such that βCl(U) ⊆ A. Observe that U ⊆ βCl(U) ⊆ A. Hence, A is open.81

Corollary 2.3. Let X be a topological space and A ⊆ X. Then the following holds:82

(i) If A is θ-closed, then A is θβ-closed.83

(ii) If A is θβ-closed, then A is closed.84

Proof. (i) Suppose that A is θ-closed. Then X \A is θ-open so that by Theorem 2.2 (i), X \A85

is θβ-open. Thus, X \ (X \A) = A is θβ-closed.86

(ii) Assume that A is θβ-closed. Then X \ A is θβ-open and by Theorem 2.2 (ii), X \ A is87

open. Hence, X \ (X \A) = A is closed.88

In view of [2, Diagram I], Theorem 2.2, and Corollary 2.3, the following remark holds.89

Remark 2.4. The following diagram holds for any subset of a topological space:90

θ-open ====⇒ θβ-open ====⇒ open ====⇒ β-open.

We note that the above diagram is also true for their respective closed sets. The reverse91

implications of Remark 2.4 are not true as shown in the next examples.92

Example 2.5. Let X be a topological space given by X = {a, b, c, d} with topology T =93

{∅, X, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}}. The sets {a}, {b}, {c}, {a, b}, {a, c}, and {b, c}94

are θβ-open but not θ-open.95

Example 2.6. Consider again the topological space X in Example 2.5. Observe that {a, b, c}96

is open but not θβ-open.97

Example 2.7. Consider the space X given in Example 2.5. Let A = {b, c, d}. Then A is β-open98

not open.99

Example 2.8. Consider the real line R with the standard topology TR. It is known that every100

open interval (a, b) where a, b ∈ R and a < b is open in R. Now, we will show that every open101

interval is θ-open.102

Indeed, (a, b) is θ-open since for every x ∈ (a, b), there exists ε > 0 such that103

x ∈ (x− ε, x+ ε) ⊆ Cl((x− ε, x+ ε)) = [x− ε, x+ ε] ⊆ (a, b).

Since every θ-open is θβ-open by Theorem 2.2 (i), (a, b) is also θβ-open. Therefore, TR = Tθ =104

Tθβ in R with the usual topology.105

The following result is likely known, but despite a thorough search of the literature, we were106

unable to find a suitable reference. For the sake of completeness, we provide the statement and107

proof below.108
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Lemma 2.9. Let X be a topological space and A,B ⊆ X. Then the following statements hold:109

(i) If A ⊆ B, then βCl(A) ⊆ βCl(B).110

(ii) βCl(A ∩B) ⊆ βCl(A) ∩ βCl(B).111

Proof. (i) Let A ⊆ B and x ∈ βCl(A). Then for every β-open set U containing x, U ∩ A ̸= ∅.112

Since A ⊆ B, U ∩B ̸= ∅. Thus, x ∈ βCl(B). Accordingly, βCl(A) ⊆ βCl(B).113

(ii) Because A ∩B ⊆ A and A ∩B ⊆ B, we have βCl(A ∩B) ⊆ βCl(A) and βCl(A ∩B) ⊆114

βCl(B) by (i). It follows that βCl(A ∩B) ⊆ βCl(A) ∩ βCl(B).115

Remark 2.10. Let X be a topological space. Then116

(i) The arbitrary union of θβ-open sets is θβ-open.117

(ii) The finite intersection of θβ-open sets is θβ-open.118

Proof. (i) Let {Oα : α ∈ A} be a collection of θβ-open subsets of X and let x ∈
⋃

α∈A
Oα. Then119

x ∈ Oα0 for some α0 ∈ A. Since Oα0 is θβ-open, there exists an open set Fα0 containing x such120

that βCl(Fα0) ⊆ Oα0 ⊆
⋃

α∈A
Oα. Thus,

⋃
α∈A

Oα is θβ-open.121

(ii) Let G1 and G2 be θβ-open sets and x ∈ G1 ∩G2. Then there exist open sets U1 and U2122

with x ∈ U1 ∩U2 such that βCl(U1) ⊆ G1 and βCl(U2) ⊆ G2. Now, U1 ∩U2 is an open set that123

contains x so that124

βCl(U1 ∩ U2) ⊆ βCl(U1) ∩ βCl(U2) ⊆ G1 ∩G2

by Lemma 2.9. Hence, G1 ∩G2 is θβ-open and the result follows.125

Hence, in view of Remark 2.10, the family of all θβ-open subsets of a topological space X126

forms a topology on X, denoted by Tθβ .127

Corollary 2.11. Let X be a topological space. Then128

(i) The arbitrary intersection of θβ-closed sets is θβ-closed.129

(ii) The finite union of θβ-closed sets is θβ-closed.130

Proof. (i) Let {Fα : α ∈ A} be a family of θβ-closed sets in X. Then X \ Fα is θβ-open for131

all α ∈ A. By Remark 2.10 (i), X \
⋂

α∈A
Fα =

⋃
α∈A

(X \ Fα) is θβ-open. Therefore,
⋂

α∈A
Fα is132

θβ-closed.133

(ii) Let F1 and F2 be θβ-closed sets in X. Then X \ F1 and X \ F2 are θβ-open. Since134

X \ (F1 ∪ F2) = (X \ F1) ∩ (X \ F2) is θβ-open by Remark 2.10 (ii), F1 ∪ F2 is θβ-closed.135

Therefore, the conclusion hold.136

Theorem 2.12. Let (X,T) be a topological space and A ⊆ X. Assume that A is open. If A is137

β-closed, then A is θβ-open. In this case, T = Tθβ .138

Proof. Let A be both open and β-closed. Then for all x ∈ A, we have x ∈ A ⊆ βCl(A) = A ⊆ A.139

Hence, A is θβ-open and the claim holds.140

Definition 2.13. Let X be a topological space and A ⊆ X.141

(i) The θβ-interior of A, denoted by Intθβ (A), is defined by Intθβ (A) =
⋃
{U : U is a θβ-open142

set and U ⊆ A}. By Remark 2.10, Intθβ (A) is the largest θβ-open set contained in A.143

Moreover, x ∈ Intθβ (A) if and only if there exists a θβ-open sets U containing x such that144

U ⊆ A.145
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(ii) The θβ-closure of A denoted by Clθβ (A), is defined by Clθβ (A) =
⋂
{F : F is a θβ-146

closed set and A ⊆ F}. In view of Remark 2.10, Clθβ (A) is the smallest θβ-closed set147

containing A. Moreover, x ∈ Clθβ (A) if and only if for every θβ-open set U containing x,148

U ∩A ̸= ∅.149

The statements in the succeeding remark can be obtained using arguments similar to those150

in classical topology and are therefore omitted.151

Remark 2.14. Let X be a topological space and A,B ⊆ X. Then the following statements152

hold:153

(i) Intθβ (A) ⊆ A.154

(ii) A ⊆ B implies that Intθβ (A) ⊆ Intθβ (B).155

(iii) A is θβ-open if and only if A = Intθβ (A).156

(iv) Intθβ (A) = Intθβ (Intθβ (A)).157

(v) Intθβ (A ∩B) = Intθβ (A) ∩ Intθβ (B).158

(vi) A ⊆ Clθβ (A).159

(vii) A ⊆ B implies that Clθβ (A) ⊆ Clθβ (B).160

(viii) A is θβ-closed if and only if A = Clθβ (A).161

(ix) Clθβ (A) = Clθβ (Clθβ (A)).162

(x) Clθβ (A ∪B) = Clθβ (A) ∪ Clθβ (B).163

(xi) Intθβ (X \A) = X \ Clθβ (A).164

(xii) Clθβ (X \A) = X \ Intθβ (A).165

(xiii) x ∈ Intθβ (A) if and only if there exists an open set U containing x such that βCl(U) ⊆ A.166

(xiv) x ∈ Clθβ (A) if and only if for every open set U containing x, βCl(U) ∩A ̸= ∅.167

(xv) Intθ(A) ⊆ Intθβ (A) ⊆ Int(A) ⊆ A.168

(xvi) A ⊆ Cl(A) ⊆ Clθβ (A) ⊆ Clθ(A).169

We shall give some characterizations of θβ-open and θβ-closed functions.170

Definition 2.15. Let X and Y be topological spaces. A function f : X → Y is said to be171

θβ-open on X if f(G) is θβ-open in Y for every open set G in X.172

Example 2.16. Consider X = {a, b, c} with the topology TX = {∅, X, {a, c}, {b}} and Y =173

{1, 2, 3} with the topology TY = {∅, Y, {1}, {2}, {1, 2}, {1, 3}}. Define f : X → Y by f =174

{(a, 1), (b, 2), (c, 3)}. Note that the open sets in X are ∅, X, {a, c}, and {b}. Also, f(∅) =175

∅, f(X) = Y, f({a, c}) = {1, 3}, and f({b}) = {2}. Clearly, ∅ and Y are θβ-open in Y .176

Moreover, since {2} is open in Y and βCl({2}) = {2} ⊆ {2}, {2} is θβ-open in Y . Similarly,177

βCl({1, 3}) = {1, 3} ⊆ {1, 3} so that {1, 3} is θβ-open in Y . This implies that ∅, Y, {2}, and178

{1, 3} are all θβ-open in Y . Thus, f is θβ-open function on X.179
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Definition 2.17. Let X and Y be topological spaces. A function f : X → Y is said to be180

θβ-closed on X if f(F ) is θβ-closed in Y for every closed set F in X.181

Example 2.18. Consider X = {a, b, c} with the topology TX = {∅, X, {a, b}, {c}} and Y =182

{1, 2, 3} with the topology TY = {∅, Y, {1}, {2}, {1, 2}, {1, 3}}. Define f : X → Y by f =183

{(a, 3), (b, 1), (c, 2)}. Note that the closed sets in X are ∅, X, {c}, and {a, b}. Also, f(∅) =184

∅, f(X) = Y, f({c}) = {2}, and f({a, b}) = {1, 3}. Clearly, ∅ and Y are θβ-closed in Y .185

Furthermore, since {2} is open in Y and βCl({2}) = {2} ⊆ {2}, {2} is θβ-open in Y . Thus,186

Y \ {2} = {1, 3} is θβ-closed in Y . Similarly, βCl({1, 3}) = {1, 3} ⊆ {1, 3} so that {1, 3} is187

θβ-open in Y which implies that Y \ {1, 3} = {2} is θβ-closed in Y . Therefore, ∅, Y, {1, 3}, and188

{2} are all θβ-closed in Y so that f is θβ-closed function on X.189

In view of Remark 2.4, and Definitions 2.15 and 2.17, we have the following remark.190

Remark 2.19. The following diagram holds for a function f : X → Y :

θ-open function ====⇒ θβ-open functionww�
β-open function ⇐==== open function

Note that the diagram is also true for their respective closed functions. Moreover, the reverse191

implications of Remark 2.19 are not necessarily true as shown in the subsequent examples.192

Example 2.20. Let X = {1, 2, 3, 4} with topology TX = {∅, X, {1, 2}, {3, 4}} and Y =193

{a, b, c, d} with topology TY = {∅, Y, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}}. Define a func-194

tion f : X → Y by f = {(1, a), (2, c), (3, b), (4, d)}. Then f is θβ-open on X but not θ-open195

since f({1, 2}) = {a, c} and f({3, 4}) = {b, d} are not θ-open in Y .196

Example 2.21. Consider X = {0, 1, 2} with topology TX = {∅, X, {0}, {1}, {0, 1}} and Y =197

{i, o, u} with topology TY = {∅, Y, {i}, {o}, {i, o}}. Define f : X → Y by f = {(0, i), (1, o), (2, u)}.198

Then f is open on X but not θβ-open since f({0, 1}) = {i, o} is not θβ-open on Y .199

Example 2.22. Consider X = {1, 2, 3, 4} and Y = {a, b, c, d} with respective topologies200

TX = {∅, X, {1, 2}, {3, 4}} and TY = {∅, Y, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}}. Define201

a function f = {(1, c), (2, a), (3, b), (4, d)}. Then f is β-open on X but not open on X since202

f({3, 4}) = {b, d} is not open on Y .203

Theorem 2.23. Let X and Y be topological spaces and f : X → Y be a bijective function.204

Then f is θβ-open if and only if f is θβ-closed.205

Proof. Suppose that f is θβ-open on X and let F be closed on X. Then X \ F is open in X206

and f(X \ F ) is θβ-open in Y . Since f is bijective, f(X \ F ) = Y \ f(F ) is θβ-open in Y , that207

is f(F ) is θβ-closed in Y .208

Conversely, assume that f is θβ-closed on X and let G be open on X. Then X \G is closed209

on X and f(X \G) is θβ-closed in Y . Since f is bijective, f(X \G) = Y \ f(G) is θβ-closed in210

Y , that is, f(G) is θβ-open in Y .211

Theorem 2.24. Let X and Y be topological spaces and f : X → Y be a function. Then the212

following statements are equivalent213

(i) f is θβ-open on X;214

(ii) f(Int(A)) ⊆ Intθβ (f(A)) for each A ⊆ X; and215
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(iii) f(B) is θβ-open for every basic open set B in X.216

(iv) For each x ∈ X and for every open set O in X containing x, there exists an open set W217

in Y containing f(x) such that βCl(W ) ⊆ f(O).218

Proof. (i) ⇒ (ii) Suppose that f is θβ-open on X. Then f(G) is θβ-open for all open set219

G ⊆ X. Let A ⊆ X. Observe that Int(A) ⊆ A so that f(Int(A)) ⊆ f(A). Since Int(A)220

is open, f(Int(A)) is θβ-open and is contained in f(A). Note that Intθβ (f(A)) is the largest221

θβ-open set contained in f(A) by Definition 2.13 (i). Thus, f(Int(A)) ⊆ Intθβ (f(A)).222

(ii) ⇒ (iii) Assume that (ii) holds. Let B be a basic open set in X. Then B is an open set223

in X and B = Int(B). By assumption,224

f(B) = f(Int(B)) ⊆ Intθβ (f(B)) ⊆ f(B).

Hence, f(B) = Intθβ (f(B)). Therefore, f(B) is θβ-open by Remark 2.14 (iii).225

(iii) ⇒ (iv) Suppose that (iii) holds. Let x ∈ X and let O be an open set in X containing226

x. Then there exists a basic open set B containing x such that x ∈ B ⊆ O. This implies that227

f(x) ∈ f(B) ⊆ f(O). Since f(B) is θβ-open, there exists an open set W in Y containing f(x)228

such that βCl(W ) ⊆ f(B) ⊆ f(O).229

(iv) ⇒ (i) Assume that (iv) holds. Let O be open in X and y ∈ f(O). Then there exists230

x ∈ O such that f(x) = y. By assumption, there exists an open set W in Y containing f(x) = y231

such that βCl(W ) ⊆ f(O). Hence, f(O) is θβ-open.232

Theorem 2.25. Let X and Y be topological spaces and f : X → Y be a function. Then the233

following statements are equivalent:234

(i) f is θβ-closed in X.235

(ii) Clθβ (f(A)) ⊆ f(Cl(A)) for every A ⊆ X.236

Proof. (i) ⇒ (ii) Suppose that f is θβ-closed in X. Let A ⊆ X. Observe that A ⊆ Cl(A) so237

that f(A) ⊆ f(Cl(A)). Since Cl(A) is closed, f(Cl(A)) is θβ-closed containing f(A). Moreover,238

since Clθβ (f(A)) is the smallest θβ-closed set containing f(A), we have Clθβ (f(A)) ⊆ f(Cl(A)).239

(ii) ⇒ (i) Suppose that (ii) holds. Let F be closed in X. Then F = Cl(F ). By assumption,240

f(F ) ⊆ Clθβ (f(F )) ⊆ f(Cl(F )) = f(F ),

that is, f(F ) = Clθβ (f(F )). Thus, f(F ) is θβ-closed.241

Theorem 2.26. Let X, Y , and Z be topological spaces. If f : X → Y is open on X and242

g : Y → Z is θβ-open on Y , then the composition g ◦ f : X → Z is θβ-open on X.243

Proof. Let x ∈ X and let U be open in X with x ∈ U . Since f is open on X, f(U) is open on244

Y . This means that there exists an open set VY in Y containing f(x) such that VY ⊆ f(U).245

Since g is θβ-open on Y , there exists an open set VZ in Z containing g(f(x)) = (g ◦ f)(x) such246

that βCl(VZ) ⊆ g(VY ), by Theorem 2.24 (iv). Hence,247

βCl(VZ) ⊆ g(VY ) ⊆ g(f(U)) = (g ◦ f)(U).

Therefore, by Theorem 2.24 (iv), g ◦ f is θβ-open on X.248

Theorem 2.27. Let X and Y be topological spaces and TA be the subspace topology on A ⊆ X.249

If f : X → Y is θβ-open on X and A is open on X, then f |A : A → Y is θβ-open on A.250
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Proof. Let x ∈ A and G be open in A containing x. Then G = A ∩ U , where U is open in X.251

Since A is open in X, G is also open in X. By assumption, f(G) is θβ-open in Y containing252

f(x), that is, there exists an open set V in Y containing f(x) = f |A(x) such that253

βCl(V ) ⊆ f(G) = f |A(G).

By Theorem 2.24 (iv), f |A : A → Y is θβ-open on A.254

Theorem 2.28. Let (X,TX) and (Y,TY ) be topological spaces and let TB and TC be two respec-255

tive subspace topologies on B,C ⊆ X. If X = B ∪ C and f : (X,TX) → (Y,TY ) is a function256

such that f |B : (B,TB) → (Y,TY ) and f |C : (C,TC) → (Y,TY ) are θβ-open, then f : X → Y is257

θβ-open on X.258

Proof. Let x ∈ X and U ∈ TX containing x. Since X = B ∪ C, it follows that x ∈ B or x ∈ C.259

If x ∈ B, then x ∈ B ∩ U ∈ TB. By assumption, there exists an open set W in Y containing260

f |B(x) = f(x) such that261

βCl(W ) ⊆ f |B(B ∩ U) ⊆ f(U).

Hence, f : X → Y is θβ-open by Theorem 2.24 (iv).262

If x ∈ C, then C ∩ U ∈ TC with x ∈ C ∩ U . By a similar argument, f : X → Y is θβ-open263

on X.264

3 θβ-Continuous Functions265

This section characterizes the concept of θβ-continuous functions and determines its relationship266

to the other versions of continuity.267

Definition 3.1. Let X and Y be topological spaces. A function f : X → Y is θβ-continuous268

on X if f−1(U) is θβ-open for every open U in Y .269

By Remark 2.4, we have the following remark.270

Remark 3.2. The following diagram holds for a function f : X → Y :

θ-continuous ====⇒ θβ-continuousww�
β-continuous ⇐==== continuous

The following examples illustrate that the reverse implications of Remark 3.2 do not hold.271

Example 3.3. Let X = {a, b, c, d} with topology TX = {∅, X, {a}, {b}, {c}, {a, b}, {a, c}, {b, c},272

{a, b, c}} and Y = {r, s, t, u} with topology TY = {∅, Y, {r, s}, {t, u}}. Define f : X → Y by273

f = {(a, r), (b, t), (c, s), (d, u)}. Then f−1 = {(r, a), (t, b), (s, c), (u, d)}. Now, f is θβ-continuous274

on X but not θ-continuous on X since f−1({r, s}) = {a, c} and f−1({t, u}) = {b, d} are not275

θ-open in X.276

Example 3.4. Consider X = {i, o, u} with topology TX = {∅, X, {i}, {o}, {i, o}} and Y =277

{0, 1, 2} with topology TY = {∅, Y, {0}, {1}, {0, 1}}. Define a function f : X → Y by f =278

{(i, 0), (o, 1), (u, 2)}. Then f−1 = {(0, i), (1, o), (2, u)}. Note that f is continuous on X but not279

θβ-continuous on X since f−1({0, 1}) = {i, o} is not θβ-open in X.280
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Example 3.5. Let X = {a, b, c, d} and Y = {1, 2, 3, 4} with respective topologies given by281

TX = {∅, Y, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}} and TY = {∅, X, {1, 2}, {3, 4}}. Define a282

function f = {(c, 1), (a, 2), (b, 3), (d, 4)}. Then f−1 = {(1, c), (2, a), (3, b), (4, d)}. Observe that283

f is β-continuous on X but not continuous on X since f−1({3, 4}) = {b, d} is not open on X.284

Theorem 3.6. Let X and Y be topological spaces and f : X → Y be a function. Then the285

following statements are equivalent:286

(i) f is θβ-continuous on X.287

(ii) f−1(F ) is θβ-closed in X for each closed subset F of Y .288

(iii) f−1(B) is θβ-open for each (subbasic) basic open set B in Y .289

(iv) For every x ∈ X and every open set V of Y containing f(x), there exists a θβ-open set U290

containing x such that f(U) ⊆ V .291

(v) f(Clθβ (A)) ⊆ Cl(f(A)) for each A ⊆ X.292

(vi) Clθβ (f
−1(B)) ⊆ f−1(Cl(B)) for each B ⊆ Y .293

Proof. (i) ⇒ (ii) Assume that f is θβ-continuous on X. Let F be closed in Y . Then Y \ F is294

open. Since f is θβ-continuous, f
−1(Y \ F ) = X \ f−1(F ) is θβ-open in X. Thus, f−1(F ) is295

θβ-closed in X.296

(ii) ⇒ (i) Suppose that (ii) holds and let O be open in Y . Then Y \ O is closed. By297

assumption, f−1(Y \ O) = X \ f−1(O) is θβ-closed in X. It follows that f−1(O) is θβ-open in298

X so that f is θβ-continuous on X.299

(i) ⇒ (iii) Assume that f is θβ-continuous on X. Since (subbasic) basic open sets are open,300

(iii) holds.301

(iii) ⇒ (i) Assume that (iii) holds. Let G be an open set in Y . Then G =
⋃
{B : B ∈ B∗}302

where B∗ ⊆ B is a basis for a topology in Y . This implies that303

f−1(G) =
⋃

{f−1(B) : B ∈ B∗},

where f−1(B) are θβ-open sets on X by assumption. By Remark 2.10 (i), the arbitrary union304

of all θβ-open sets is θβ-open. Then f−1(G) is θβ-open in X. Consequently, f is θβ-continuous305

on X.306

(i) ⇒ (iv) Suppose that f is θβ-continuous on X. Let x ∈ X and let V be an open set307

in Y containing f(x). Since f is θβ-continuous, f−1(V ) is θβ-open in X containing x. Set308

U = f−1(V ). Then f(U) = f(f−1(V )) ⊆ V .309

(iv) ⇒ (v) Assume that (iv) holds. Let A ⊆ X and x ∈ Clθβ (A). Let G be an open set in310

Y containing f(x). By assumption, there exists a θβ-open set U in X containing x such that311

f(U) ⊆ G. Since x ∈ Clθβ (A), U ∩A ̸= ∅ by Definition 2.13 (ii). Thus,312

∅ ̸= f(U ∩A) ⊆ f(U) ∩ f(A) ⊆ G ∩ f(A).

It follows that f(x) ∈ Cl(f(A)). Accordingly, f(Clθβ (A)) ⊆ Cl(f(A)).313

(v) ⇒ (vi) Let B ⊆ Y and let A = f−1(B). Then f(A) = f(f−1(B)) ⊆ B. By assumption,314

f(Clθβ (A)) ⊆ Cl(f(A)). Hence,315

Clθβ (f
−1(B)) ⊆ f−1(f(Clθβ (A))) ⊆ f−1(Cl(f(A))) ⊆ f−1(Cl(B)).

(vi) ⇒ (ii) Let F be a closed subset of Y . Then F = Cl(F ). By assumption,316

Clθβ (f
−1(F )) ⊆ f−1(Cl(F )) = f−1(F ) ⊆ Clθβ (f

−1(F )).

Thus, f−1(F ) = Clθβ (f
−1(F )). By Remark 2.14 (viii), f−1(F ) is θβ-closed in X.317
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Theorem 3.7. Let X and Y be topological spaces and fA : X → D the characteristic function318

of a subset A of X, where D is the set {0, 1} with discrete topology. Then fA is θβ-continuous319

if and only if A is both θβ-open and θβ-closed.320

Proof. Suppose that A is both θβ-open and θβ-closed. Let U be an open set in {0, 1}. Then

f−1
A (U) =


∅ if U = ∅,
X if U = {0, 1},
A if U = {1},

X \A if U = {0}.

Hence, f−1
A is θβ-open and so fA is θβ-continuous.321

Conversely, assume that fA is θβ-continuous. Let U1 = {1} and U2 = {0}. Then U1 and322

U2 are both open in {0, 1}. Thus, f−1
A (U1) = A and f−1

A (U2) = X \ A are θβ-open in X.323

Accordingly, A is both θβ-open and θβ-closed.324

Theorem 3.8. Let X, Y , and Z be topological spaces. If f : X → Y is θβ-continuous on X325

and g : Y → Z is continuous on Y , then the composition g ◦ f : X → Z is θβ-continuous on X.326

Proof. Let U be open in Z. Since g is continuous on Y , g−1(U) is open on Y . By assumption,327

f is θβ-continuous on X so that (g ◦ f)−1(U) = f−1(g−1(U)) is θβ-open on X. Thus, g ◦ f is328

θβ-continuous on X.329

4 θβ-Continuous Functions in the Product Space330

The following results are related to θβ-continuous functions from an arbitrary topological space331

into the product space.332

In the succeeding results, if Y =
∏
{Yα : α ∈ A} is a product space and Aα ⊆ Yα for each333

α ∈ A, we denote Aα1 × · · · × Aαn ×
∏
{Yα : α /∈ K} by ⟨Aα1 , . . . , Aαn⟩, K = {α1, . . . , αn}. If334

Y =
∏
{Yi : 1 ≤ i ≤ n} is a finite product, we denote A1 × · · · ×An by ⟨A1, . . . , An⟩.335

Theorem 4.1. Let Y =
∏
{Yi : 1 ≤ i ≤ n} be a finite product space and ∅ ̸= Oi ⊆ Yi for each336

i = 1, . . . , n. Then O = ⟨O1, . . . , On⟩ is β-open if and only if each Oi is β-open.337

Proof. Suppose that O = ⟨O1, . . . , On⟩ is β-open. Then338

O ⊆ Cl(Int(Cl(O)))

= Cl(Int(Cl(⟨O1, . . . , On⟩)))
= Cl(Int(⟨Cl(O1), . . . , Cl(On)⟩))
= Cl(⟨Int(Cl(O1)), . . . , Int(Cl(On))⟩)
= ⟨Cl(Int(Cl(O1))), . . . , Cl(Int(Cl(On)))⟩.

Hence, for every i = 1, . . . , n, Oi ⊆ Cl(Int(Cl(Oi))). Therefore, each Oi is β-open.339

Conversely, assume that eachOi is β-open. Then for every i = 1, . . . , n, Oi ⊆ Cl(Int(Cl(Oi))).340

Thus,341

O = ⟨O1, . . . , On⟩
⊆ ⟨Cl(Int(Cl(O1))), . . . , Cl(Int(Cl(On)))⟩
= Cl(⟨Int(Cl(O1)), . . . , Int(Cl(On))⟩)
= Cl(Int(⟨Cl(O1), . . . , Cl(On)⟩))
= Cl(Int(Cl(⟨O1, . . . , On⟩)))
= Cl(Int(Cl(O))).
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Therefore, O is β-open.342

Theorem 4.2. Let Y =
∏
{Yi : 1 ≤ i ≤ n} be a finite product space and Ai ⊆ Yi for each343

i = 1, . . . , n. Then344

βCl(⟨A1, . . . , An⟩) ⊆ ⟨βCl(A1), . . . , βCl(An)⟩.
Proof. Observe that345

βCl(⟨A1, . . . , An⟩) = ⟨A1, · · · , An⟩ ∪ Int(Cl(Int(⟨A1, · · · , An⟩)))
= ⟨A1, · · · , An⟩ ∪ Int(Cl(⟨Int(A1), . . . , Int(An)⟩))
= ⟨A1, · · · , An⟩ ∪ Int(⟨Cl(Int(A1)), . . . Cl(Int(An))⟩)
= ⟨A1, · · · , An⟩ ∪ ⟨Int(Cl(Int(A1))), . . . , Int(Cl(Int(An)))⟩
⊆ ⟨A1 ∪ Int(Cl(Int(A1))), . . . , A2 ∪ Int(Cl(Int(An)))⟩
= ⟨βCl(A1), . . . , βCl(An)⟩

thereby completing the proof.346

Theorem 4.3. Let Y =
∏
{Yi : 1 ≤ i ≤ n} be a finite product space and Ai ⊆ Yi for each347

i = 1, . . . , n. Then348

Clθβ (⟨A1, · · · , An⟩) ⊆ ⟨Clθβ (A1), . . . , Clθβ (An)⟩.
Proof. Let x = ⟨ai⟩ ∈ Clθβ (⟨A1, · · · , An⟩). Then for all open set U containing x, βCl(U) ∩
⟨A1, · · · , An⟩ ≠ ∅. Suppose that for each j, there exists an open set Uj containing aj such that
βCl(Uj)∩Aj = ∅. Then ⟨U1, . . . , Uj , . . . , Un⟩ is an open set that contains x and by Theorem 4.2,

βCl(⟨U1, . . . , Uj , . . . , Un⟩) ∩ ⟨A1, . . . , Aj , . . . , An⟩
⊆ ⟨βCl(U1) ∩A1, . . . , βCl(Uj) ∩Aj , . . . , βCl(Un) ∩An⟩
= ∅,

a contradiction. Therefore, x ∈ ⟨Clθβ (A1), . . . , Clθβ (An)⟩.349

Theorem 4.4. Let Y =
∏
{Yi : 1 ≤ i ≤ n} be a finite product space and Ai ⊆ Yi for each350

i = 1, . . . , n. Then351

⟨Intθβ (A1), . . . , Intθβ (An)⟩ ⊆ Intθβ (⟨A1, · · · , An⟩).

Proof. Let x = ⟨ai⟩ ∈ ⟨Intθβ (A1), . . . , Intθβ (An)⟩. Then ai ∈ Intθβ (Ai) for all i = 1, . . . , n.352

This means that there exists an open set Ui containing ai such that βCl(Ui) ⊆ Ai. Then353

⟨U1, . . . , Un⟩ is an open set containing x and so by Theorem 4.2354

βCl(⟨U1, . . . , Un⟩) ⊆ ⟨βCl(U1), . . . , βCl(Un)⟩ ⊆ ⟨A1, · · · , An⟩.

Thus, x ∈ Intθβ (⟨A1, · · · , An⟩).355

Theorem 4.5. Let Y =
∏
{Yi : 1 ≤ i ≤ n} be a finite product space and ∅ ̸= Oi ⊆ Yi for each356

i = 1, . . . , n. If each Oi is θβ-open in Yi, then O = ⟨O1, . . . , On⟩ is θβ-open in Y .357

Proof. Let x = ⟨ai⟩ ∈ O. Then ai ∈ Oi for all i = 1, . . . , n. This implies that for each i, there358

exists an open set Ui containing ai such that βCl(Ui) ⊆ Oi. Let U = ⟨U1, . . . , Un⟩. Then U is359

open containing x and by Theorem 4.2,360

βCl(U) = βCl(⟨U1, . . . , Un⟩)
⊆ ⟨βCl(U1), . . . , βCl(Un)⟩
⊆ ⟨O1, . . . , On⟩
= O.

Hence, O = ⟨O1, . . . , On⟩ is θβ-open in Y .361
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Theorem 4.6. Let X =
∏
{Xi : 1 ≤ i ≤ n} and Y =

∏
{Yi : 1 ≤ i ≤ n} be finite product spaces362

and for each i = 1, . . . , n, let fi : Xi → Yi be a function. If each fi is θβ-continuous on Xi, then363

the function f : X → Y defined by f(⟨xi⟩) = ⟨fi(xi)⟩ is θβ-continuous on X.364

Proof. Let ⟨V1, . . . , Vn⟩ be a basic open set in Y . Then365

f−1(⟨V1, . . . , Vn⟩) = ⟨f−1
1 (V1), . . . , f

−1
n (Vn)⟩.

Since each fi is θβ-continuous, f
−1
i (Vi) is θβ-open in Xi. Let x = ⟨xi⟩ ∈ f−1(⟨V1, . . . , Vn⟩).366

Then xi ∈ f−1
i (Vi) for all i = 1, . . . , n. This means that there exists an open set Oi containing367

xi such that βCl(Oi) ⊆ f−1
i (Vi). Then ⟨O1, . . . , On⟩ is open in X and contains x. By Theorem368

4.2369

βCl(⟨O1, . . . , On⟩) ⊆ ⟨βCl(O1), . . . , βCl(On)⟩
⊆ ⟨f−1

1 (V1), . . . , f
−1
n (Vn)⟩

= f−1(⟨V1, . . . , Vn⟩).

This implies that f−1(⟨V1, . . . , Vn⟩) is θβ-open on X. Therefore, f is θβ-continuous on X.370

Theorem 4.7. Let X be a topological space and Y =
∏
{Yα : α ∈ A} be a product space. A371

function f : X → Y is θβ-continuous if and only if pα ◦ f is θβ-continuous on X for every372

α ∈ A.373

Proof. Assume that f is θβ-continuous on X. Let a ∈ A and Uα be open in Yα. Since pα is374

continuous, p−1
α (Uα) is open in Y . Hence,375

f−1(p−1
α (Uα)) = (pα ◦ f)−1(Uα)

is θβ-open in X. Therefore, pα ◦ f is θβ-continuous on X for every α ∈ A.376

Conversely, suppose that each coordinate function pα ◦ f is θβ-continuous on X. Let ⟨Oα⟩377

be a subbasic open set in Y . Then Oα is open in Yα for every α ∈ A and378

(pα ◦ f)−1(Oα) = f−1(p−1
α (Oα) = f−1(⟨Oα⟩)

is θβ-open in X. Thus, f is θβ-continuous on X.379

Corollary 4.8. Let X be a topological space, Y =
∏
{Yα : α ∈ A} be a product space, and380

fα : X → Yα be a function for each α ∈ A. Let f : X → Y be the function defined by381

f(x) = ⟨fα(x)⟩. Then f is θβ-continuous on X if and only if each fα is θβ-continuous on X382

for each α ∈ A.383

Proof. For each α ∈ A and every x ∈ X, we have384

(pα ◦ f)(x) = pα(f(x)) = pα(⟨fβ(x)⟩) = fα(x).

Hence, pα ◦ f = fα. The result follows from Theorem 4.7.385

5 θβ-Connected Space and Versions of Separation Axioms386

In this section, we provide characterizations of θβ-connected space and some versions of sepa-387

ration axioms.388

Definition 5.1. A topological space X is said to be a θβ-connected if it is not the union of two389

nonempty disjoint θβ-open sets. Otherwise, X is θβ-disconnected.390
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Theorem 5.2. Let X be a topological space. Then the following statements are equivalent:391

(i) X is θβ-connected.392

(ii) The only subsets of X that are both θβ-open and θβ-closed are ∅ and X.393

(iii) No θβ-continuous function f : X → D is surjective.394

Proof. (i) ⇒ (ii) Suppose that X is θβ-connected. Let F ⊆ X which is both θβ-open and θβ-395

closed. Then X \ F is also both θβ-open and θβ-closed. Note that X = F ∪ (X \ F ). Since X396

is θβ-connected, either F = ∅ or F = X.397

(ii) ⇒ (iii) Suppose that (ii) holds and let f : X → D be a θβ-continuous surjection. Then398

f−1({0}) ̸= ∅, X. Since {0} is both open and closed in D, f−1({0}) is both θβ-open and399

θβ-closed in X, a contradiction. Thus, (iii) follows.400

(iii) ⇒ (i) Assume that (iii) holds and let X = A∪B, where A and B are nonempty disjoint401

θβ-open sets. Then X is θβ-disconnected. Note that A and B are also θβ-closed sets. Consider402

the characteristic function fA : X → D of A ⊆ X, which is surjective. By Theorem 3.7, fA is403

θβ-continuous. This gives a contradiction. Thus, X must be θβ-connected.404

Theorem 5.3. Let X be a topological space. Then X is θβ-connected if and only if X is405

θ-connected.406

Proof. Assume that X is θβ-connected. Then X cannot be the union of two nonempty disjoint407

θβ-open sets. By Theorem 2.2 (i), every θ-open set is θβ-open. It follows that X is not a union408

of θ-open sets. Accordingly, X is θ-connected.409

Conversely, suppose that X is θ-connected. Then X is connected. Hence, X cannot be the410

union of two nonempty disjoint open sets. Since every θβ-open set is open by Theorem 2.2411

(ii), it follows that X is not the union of two nonempty disjoint θβ-open sets. Therefore, X is412

θβ-connected.413

Corollary 5.4. Let X be a topological space. Then X is θβ-connected if and only if X is414

connected.415

Proof. Follows from Theorem 5.3 and from the fact that connected and θ-connected spaces are416

equivalent [21].417

Remark 5.5. The following diagram holds for a subset of a topological space.

β-connected =====⇒ connected~ww�
θβ-connected ⇐====⇒ θ-connected

The reverse implication for connected and β-connected spaces is not true as shown in the418

next example.419

Example 5.6. Let X = {a, b, c} with topology T = {∅, X, {a}, {b}, {a, b}}. Clearly, X is420

connected but not β-connected since {a, c} and {b} are two disjoint β-open sets, with X =421

{a, c} ∪ {b}.422

Definition 5.7. A topological space X is said to be423

(i) θβ-Hausdorff if given any pair of distinct points p, q in X, there exist disjoint θβ-open424

sets U and V such that p ∈ U and q ∈ V ;425
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(ii) θβ-regular if for each closed set F and each point x /∈ F , there exist disjoint θβ-open sets426

U and V such that x ∈ U and F ⊆ V ;427

(iii) θβ-normal if for every pair of disjoint closed sets E and F ofX, there exist disjoint θβ-open428

sets U and V such that E ⊆ U and F ⊆ V .429

Theorem 5.8. Let X be a topological space. Then the following statements are equivalent:430

(i) X is θβ-Hausdorff.431

(ii) For distinct x,w ∈ X, there exists a θβ-open set U containing x such that w /∈ Clθβ (U).432

(iii) For each x ∈ X,433

Cx =
⋂

{Clθβ (U) : U is θβ-open containing x} = {x}.

Proof. (i) ⇒ (ii) Let X be θβ-Hausdorff. By Definition 5.7 (i), for every pair of distinct points434

x,w ∈ X, there exist disjoint θβ-open sets U and V such that x ∈ U and w ∈ V . This means435

that U ∩ V = ∅. Thus, w /∈ Clθβ (U).436

(ii) ⇒ (iii) Suppose that (ii) holds. Note that x ∈ Cx. By assumption, for every x ̸= w,437

there exists a θβ-open set U containing x such that w /∈ Clθβ (U). Thus, w /∈ Cx. Since w is438

arbitrary, Cx = {x}.439

(iii) ⇒ (ii) Assume that (iii) holds. Let x,w ∈ X such that x ̸= w. By assumption, x ∈ Cx.440

Since x ̸= w, w /∈ Cx, that is, w /∈
⋂
{Clθβ (U) : U is θβ-open containing x}. This means that441

there exists a θβ-open set U containing x such that w /∈ Clθβ (U). This completes the proof.442

(ii) ⇒ (i) Suppose that (ii) holds. Let x,w ∈ X such that x ̸= w. By assumption, there443

exists a θβ-open set U containing x such that w /∈ Clθβ (U). By Definition 2.13 (ii), there exists444

a θβ-open set V containing w such that U ∩ V = ∅. Hence, X is θβ-Hausdorff.445

Theorem 5.9. Let X be a topological space. Then the following statements are equivalent:446

(i) X is θβ-regular.447

(ii) For each x ∈ X and an open set U containing x, there exists a θβ-open set V such that448

x ∈ V ⊆ Clθβ (V ) ⊆ U .449

(iii) For each x ∈ X and closed set F with x /∈ F , there exists a θβ-open set V containing x450

such that F ∩ Clθβ (V ) = ∅.451

Proof. (i) ⇒ (ii) Suppose that X is θβ-regular. Let x ∈ X and U be an open set containing x.452

Then X \ U is closed and x /∈ X \ U . By assumption, there exist disjoint open sets V and W453

such that x ∈ V and X \ U ⊆ W . Since V ∩W = ∅, V ⊆ X \W . By Theorem 2.14 (xii),454

Clθβ (V ) ⊆ Clθβ (X \W ) = X \ Intθβ (W ) = X \W.

This means that Clθβ (V ) ∩W = ∅. Consequently,455

Clθβ (V ) ∩ (X \ U) ⊆ Clθβ (V ) ∩W = ∅.

Hence, Clθβ (V ) ⊆ U . Thus, x ∈ V ⊆ Clθβ (V ) ⊆ U .456

(ii) ⇒ (iii) Suppose that (ii) holds. Let x ∈ X and F be a closed set with x /∈ F . Then457

X \ F is open and x ∈ X \ F . By assumption, there exists a θβ-open set V containing x such458

that V ⊆ Clθβ (V ) ⊆ X \ F . This means that F ∩ Clθβ (V ) = ∅.459

(iii) ⇒ (i) Let x ∈ X and F be a closed set such that x /∈ F . By assumption, there exists460

a θβ-open set V containing x such that F ∩ Clθβ (V ) = ∅. Observe that X \ Clθβ (V ) is a461

θβ-open set and F ⊆ X \ Clθβ (V ). Since V ⊆ Clθβ (V ), V ∩X \ Clθβ (V ) = ∅. Therefore, X is462

θβ-regular.463
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Theorem 5.10. Let X be a topological space. Then the following statements are equivalent:464

(i) X is θβ-normal.465

(ii) For each closed set A and an open set U ⊇ A, there exists a θβ-open set V containing A466

such that Clθβ (V ) ⊆ U .467

(iii) For each pair of disjoint closed sets A and B, there exists a θβ-open set V containing A468

such that Clθβ (V ) ∩B = ∅.469

Proof. (i) ⇒ (ii) Assume that X is θβ-normal. Let A be a closed set and U be an open set470

such that A ⊆ U . Then A and X \ U are disjoint closed sets in X. By assumption, there exist471

disjoint θβ-open sets V and W such that A ⊆ V and X \ U ⊆ W . Since X \ U ⊆ W and472

V ∩W = ∅, X \W ⊆ U and V ⊆ X \W . By Theorem 2.14 (xii),473

Clθβ (V ) ⊆ Clθβ (X \W ) ⊆ X \ Intθβ (W ) = X \W.

Thus, Clθβ (V ) ⊆ X \W ⊆ U .474

(ii) ⇒ (iii) Suppose that (ii) holds. Let A and B be a pair of disjoint closed sets in X. Then475

A ⊆ X \B and X \B is open. By assumption, there exists a θβ-open set V containing A such476

that Clθβ (V ) ⊆ X \B. This means that Clθβ (V ) ∩B = ∅.477

(iii) ⇒ (i) Suppose that (iii) holds. Let A and B be disjoint closed sets in X. By assumption,478

there exists a θβ-open set V containing A such that Clθβ (V )∩B = ∅. Then B ⊆ X \Clθβ (V ).479

Observe that Clθβ (V ) is a θβ-closed set. Thus, X \Clθβ (V ) is a θβ-open set. Since V ⊆ Clθβ (V ),480

V ∩ (X \ Clθβ (V )) = ∅. Accordingly, X is θβ-normal.481

A topological space X is said to be a T1-space if for each p, q ∈ X with p ̸= q, there exist482

open sets U and V such that p ∈ U, q /∈ U , and q ∈ V, p /∈ V .483

Theorem 5.11. Let X be a T1-space. Then the following statements hold:484

(i) If X is θβ-regular, then X is θβ-Hausdorff.485

(ii) If X is θβ-normal, then X is θβ-regular.486

Proof. (i) Assume that X is θβ-regular. Let x,w ∈ X with x ̸= w. Since X is a T1-space,487

there exist open sets U and V such that x ∈ U , w /∈ U , and w ∈ V , x /∈ V . This implies488

that x /∈ X \ U , w ∈ X \ U , and X \ U is closed. Since X is θβ-regular, there exist disjoint489

θβ-open sets A and B such that x ∈ A and X \ U ⊆ B. Since w ∈ X \ U , w ∈ B. Thus, X is490

θβ-Hausdorff.491

(ii) Let X be θβ-normal. Since X is a T1-space, there exist open sets U and V such that492

x ∈ U , w /∈ U , and w ∈ V , x /∈ V . This implies that x /∈ X \ U , w /∈ X \ V and X \ U and493

X \ V are disjoint closed sets. Since X is θβ-normal, there exist disjoint θβ-open sets E and F494

such that X \U ⊆ E and X \ V ⊆ F . Note that x ∈ X \ V ⊆ F . Hence x ∈ F and X \U ⊆ E.495

Therefore, X is θβ-regular.496

By Theorem 5.11, we have the following remark.497

Remark 5.12. For a T1-space, the following diagram holds:498

θβ-normal ====⇒ θβ-regular ====⇒ θβ-Hausdorff.
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L. A. Añora and M. Labendia

References501

[1] T. A. Al-Hawary, On super continuity of topological spaces, MATEMATIKA 21 (2005),502

43–49, doi:10.11113/matematika.v21.n.513.503

[2] Z. A. Ameen, Somewhat near continuity and some applications, Asia Mathematika 5 (2021),504

no. 3, 30–43, doi:10.5281/zenodo.5809178.505
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